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PREFACE 

ri^HIS book aims at introducing the reader to more 
I advanced treatises and original papers on Groups 
of finite order. The subject requires for its study 
only an elementary knowledge of Algebra (especially 
Theory of Numbers), but the average student may 
nevertheless find the many excellent existing treatises 
rather stiff reading. I have tried to lighten for him 
ohe initial difficulties, and to show that even the most 
ecent developments of pure Mathematics are not 
ecessarily beyond the reach of the ordinary mathe- 
ical reader. 

I have omitted as far as possible lengthy and 
iifficult investigations; their place is taken by an 
unusually numerous selection of examples. Students 
who have had no previous acquaintance with the 
subject should work a few of these examples after 
reading each section. Many of them can be solved 
at sight, and are inserted merely to make the reader 
familiar with the definitions and theorems of the text. 
Hints for the solution of the rest will be found at the 
end of the book. 

In an elementary treatise references would be out 
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of place ; for complete lists the reader may consult 
Easton’s Constructive Development of Group-Theory 
(Philadelphia University, 1902), and Miller’s ‘ Eeports 
on Group-Theory’ in Bulletin Ainer. Math. Soc., v 
(1899), p. 227 ; vii (1900), p. 121 ; ix (1902), p. 106 ; 
xiv (1907), pp. 78, 124. 

I have derived much help from Burnside’s Theory 
of Groups (Cambridge Univ. Press, 1897), Weber’s 
Algebra (Vieweg und Sohn, 1898), Seguier’s Groupes 
Abstraits (Gauthier-Villars, 1904), Bianchi’s Gruppi 
di Sostituzioni (Spoerri, 1900), Dickson’s Linear 
Groups (Teubner, 1901), &c. : to these treatises I hope 
to introduce the reader. In addition I have consulted 
a very large number of papers in Proc. London Math. 
Soc., Berliner Sitzungsberichte, Bulletin Amer. Math. 
8oc.i Amer. Journal Math., Math. Annalen, Crelle's 
Journal, Messenger of Math., and other periodicals. 
Most of the examples are taken from these books 
and papers, but I have added others of my own when 
I could not otherwise find a suitable illustration of 
any theorem. 

The theory of Group-characteristics seemed to be 
too advanced for an introductory treatise, but I have 
devoted one short chapter to the subject to assist 
the reader in understanding Frobenius’ and Burnside’s 
recent contributions to group-theory. 

I have omitted the theory of Algebraic equations ; 
partly from considerations of space, and partly because 
the necessary information is already accessible to 
English readers, e. g. in Dickson’s Theory of Algebraic 
Equations (Chapman, 1903) and in Mathews’ Alge- 



PREFACE 


V 


hrak Equations (Cambridge Math. Tracts, No. 6, 
1907). 

The nomenclature of the subject is by no means 
settled. I have tried to select definitions which have 
the advantage of being either self-explanatory (e.g. 
‘greatest common subgroup’) or concise (‘normal’); 
but the task was not at all easy. 

I have treated the pure group-theory with greater 
thoroughness than the applications. The aim of 
chapters II, III, IV, VI, VII, VIII is to stimulate 
interest, rather than to give a complete or rigid 
investigation of the subjects there dealt with. On 
a first reading the student may omit, if he chooses, 
chapters III, IV, VII, VIII, XIV, XV, and the last 
section of Chapter V. 

The following conventions are adopted : — (1) p 
denotes a positive prime integer throughout ; (2) a 
reference such as VIO means ‘the tenth section of 
the fifth chapter’, while VIO3 means ‘the third 
example in the tenth section of the fifth chapter’. 

Lastly, it is my pleasant duty to express my 
warmest thanks to three mathematicians who have 
given me most valuable assistance. Prof. E. B. EUiott, 
P.R.S., at whose suggestion the book was undertaken, 
kindly read through the MS. of the earlier chapters 
and indicated several improvements ; Mr. J. E. 
Campbell, F.R.S., generously devoted much time to 
the reading of the proofs, and pointed out many 
obscurities; Prof. W. Burnside, F.R.S., kindly helped 
me throughout with much useful advice on questions 
of nomenclature, &c., and has supplied me with 
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material for the Appendix. My best thanks are also 
due to the Delegates of the Oxford University Press 
for undertaking the publication of the book, and to 
tho staff of the Press for the care and skill with which 
the printing has been done. 

H. H. 


1908. 
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CHAPTER I 


ELEMENTS 

§ 1 . Things represented by the symbols a, 6, o, ...(which 
may be quantities, operations, &c.) will be called elements 
or operations if they satisfy the following conditions : — 

(1) Elements possess a law of combination \ i. e. any 
element b can be combined in one way only with any element 
a to form a third element gr, which is called the product or 
resultant of a and b and is denoted by a&, a .b, or ax b. 
The equivalence of ab and g is denoted by the equation 
aft = gf. 

The result of combining b with a is not in general the 
same as the result of combining a with 6 ; i. o. ab is not in 
general the same as ba. If ab = a and b are called 
permutable or commutative elements. 

(2) Elements obey the associative law ; i. e. if ab = g 
and be = gc =, ah ; or, as it may be otherwise expressed, 
{ab)c = a(bc). 

We write ahe for {ah)c = a{bc ) ; abed for {abo)d = {ab) (cd) 
= a{bcd) = a{bc)dy and so on. 

(3) A fixed element e exists such that ae ^ ea ^ a, what- 
ever element a may be. We call e the identical cUn\ent or 
identity. It is denoted by the symbol 1, if no confusion can 
be caused thereby. 

(4) An element a always exists such that aa = 6, 
whatever element a may be. Wo call a the inverse of a or 
‘ the element inverse to a \ It follows that if ag = aA, 
aag = aaA ; and hence eg eh or g =z A. 

We denote for convenience aa by a^, a^a by a^^ a?a by a*, 
and so on. The inverses of a, a^, a®, . . . are denoted by 
a""®, .... We define a^, a? by the equations o} = a, = 1. 

Ex. 1. If 0 is any fixed point, it is shown in IV 2 that the 
result of rotating any body first through an angle 0 about a line 
OA and then through (f) about OB is the same as that of rotating 
the body about a certain line OC* Hence any rotation about 
a line thrij^gh 0 may be considered as an ‘ element ’ according to 
the definition given above. The * identical element ' is the act of 

IIXLTOX F. o. B 
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leaving the body unmoved. The element ‘ inverse ’ to the rotation 
about OA is a rotation about OA through the same angle but in 
the opposite direction. In general the result of first rotating the 
body through 0 aljout OA and then through </) about OB is not 
the same as that of fir^it rotating through 0 about OB and then 
through 0 about OA ; i. e. the two rotations are not in general 
permutable. 

Ex. 2. (i) Prove aa = c; (ii) deduce that g = h if ga = Jui, 

Ex. Jl. The inverse of ah ... M is ^ ... 

Ex. 4. = a"", n being a positive or negative integer. 

Ex. 5. and {a^y^ = m and n 

being any [>o.sitivG or negative integers. 

Ex. (>. If ah = ha, = h*^a^\ 

Ex. 7. If eacih pair of the elements a. h, e. ... is permutable, (i) 
(ahc.,.)'^ = (ii) a^^hy^c -^ ... ... x ... = *• 

Ex. 8. If ha = a^h\ (i) ha^ = a-^{ha^)h^\ (ii) h^a'^ =: 

(h^aY^\ (iii) hah'^a = (iv) (haY = (a^h)^ (haY{ah*)\ 

Ex, 9. If ha^aO)'', (i) (ii) 

Va^ = (// heh^-'-^Y^(h\i^)(a'^-^h^y\ 

Ex. 10. When the law of combination is ordinary addition, (i) 
all positive and negative integers (including zero), (ii) all rational 
quantities (including 0 and oo ), (iii) all real quantities, (iv) all 
complex (piantitios, may be considered as elements any two of 
which are permutable. 

Ex. 11. When the law of combination is ordinary multiplication, 
(i) all rational quantities, (ii) all real <piantitios, (iii) all complex 
quantities, may be considered as elements any two of which are 
permutable. 

§ 2. It may happen that the powers a, a^, ... are not all 

distinct. Suppose iC =: a^{r > Then = a^ 

= 1. Let a” be the first of the powers a, a-, ... which = 1. 

Then n is called the order of a. 

Ex. 1. A rotation of a body through 2 7r-f-« about any line may 
be considered as an element of order w. For the body is brought 
back to its original position when the rotation is performed n times. 

Ex. 2. The identical element is the only element of order 1. 

Ex. 3. If an ele me n t is equivalent to its inverse, its order isJ2 ; 
and convers^tyT''^ 

Ex. 4. If a is of order n, (i) = 1 and = a”*, k being a 

positive or negative integer ; (ii) conversely if a® = 1, a; = A*n. 

Ex. 5, If w = qr, the order of is r. 

Ex. 6, If d is the H.C.F. of n and jr, the order of a* is n-rd. 

Ex. 7. If each pair of the elements a, 6, c, ... is permutable, the 
order of ahc ... is a factor of the L.C.M. of the orders of a, c, ... . 
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Ex. 8. If a, h are elements of orders m, prove that (i) if a ^ is 
the lowest power of a which ispemiuhible with />, w-r-.r is integral; 
(ii) if is the lowest power of a which is also a power of 6, 
is integral ; (iii) if == where r is prime to n and s to m, 
(lb = ba» 

Ex. 9. If ~ ^2 — fib is the inverse of ha» 

Ex. 10. If a- = = 1. ah = ha. 

Ex. 11. The order of a is qr^ where q is prime to r. Prove that 
(i) integers a and/i can be chosen so that a = a“. where the 
order of is q and of is r; (ii) conversely if a = he^ whore 
h and c are permu table elements of orders q and r, h = a“ and 
c =■ afi. 

Ex. 12. If rt, h are elements of orders m and ha = prove 
that (i) (m — w)(wi — 2w) (2m — n) = 0 ; (ii) a^b and ab^ are of the 
same onier. 

y^JEJx. 18. If ha = a^¥^ a^h^~^ and a^^‘‘^h'^ are of the same order. 

§ 3. The element Ir^ah is called the transform of a by h or 
the remit of tra n^foi'^ninu a by b. 

Thr t-tli /xjv’cr of the transform of a by b = the transform 
of the t4h poiver of a by 6, t beimj a positive or negative 
i nteger. 

For since Ir^a/^^h . lr^nh^lr\i^b, it follows at once by 
induction that (h~^i(hy =: b ^a*by when t is po^^itive. Again, 
sineelr^a^b . Jr^a’^^b = = b ^(t~*b = when 

t is negative ; and therefore {fr\ihy = Ir^oHj as before. 

A case of frequent occurrence is that in which the transform 
of a by 6 is a power of a. Suppose Ir^ah = then b Va‘‘b*J 
= y being a positive integer. For this is evidently true 
wdien jy = 1 : and since h^^a^^^b = by induction 

the result is true in general. 

Again, (bVa^f = y and t being positive 

integers. For this is evidently true when t = 1 : and since 

by induction the result is true in general. 

Ex. 1. b^^ah and a have the same order. 

Ex. 2. If b^^ah = a, a and b are permutable. 

Ex. 8. ab and ha have the same order. 

Ex. 4. The transform of ab bye is the product of the transforms 
of a and h by c. 

Ex. 5. If the transforms of c by a and b are the same, ba^^ and 
ad“ ^ are permutable with c. 

B 2 
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Ex. 6. If (i) == (ii) the 

transform of by is 

Ex. 7. If ill Ex. 6 a and h are of orders n and m, ^ i 
(mod. ^). 

Ex. 8. If ?>' = 1 and h~^ab = a\ find the order of a. 

Ex. 9. If a, b are of orders p, p—\ {p prime*), the relation 

= />a^' is possible for all values of k not divisible by 

Ex. 10. If b transforms a into its inverse and a transforms b into 
its inverse, = 6* = 1. 

Ex. 11. If and h both transform c into one of its powers, ab 
and ha transform r into the same power of c. 

§ 4. The element c = crVr^ah is called the commutator of 
a and />. 

Of course c is not in general permutable with either a or />. 
If c is piTinutablo with a, is the commutator of and h. 
For sincc^ = (tt\ when ac = cn. 

Hence b/'V; = /•“. Similarly if he = c/>, is the commu- 

tator of a and /A 

If c is ptirinutable with both (f and />, is the 

commutator of and since is the commutator of a” and 
b. Moreover from ah^ =: h^ar^ we deduce =: httha = 

h . hac .a = (rci'^(\ (ha)'^ = t>aly^a\^ =r />, li^ac^ . and 

by induction in general (60/= i'. Similarly (aftY 

= Again, since is the commutator of and h'J ^ 

(hVa^y = and so on. 

Ex. f. If c = 1, a and- h are iwrmutablo ; and conversely. 

Ex. 2. The commutator of a and b is the inverse of the 
commutator of b and a. 

Ex. 3. Any transform of a commutator is a commutator. 

Ex. 4. Identity is the only element whicli is the commutator of 
another element and itself. 

Ex. 5. If the commutators of p and a and of p and b are identical, 
g is pormulahle with ha * and ab~^. 

Ex. (). Every commutator is the product of two elements of 
equal order. 

Ex. 7. The commutators of a and 6, and 6""' have the same 
order. 

Ex. 8. If = 1, (at)‘^ is the commutator of a and b. 

Ex. 9. If a and b transform g into powers of g, their commutator 
c is permutable with g. 

Ex. 10. If c is iHjrmutable with a, its order is a factor of the 
order of a. 


• Se« Piefuce, p. r. 
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Ex. 11. If c is permutablo with a and (i) 

(ii) (a6)^ = (iii) .v' = the commutator of Jind 

= the commutator of a^bif and a’b" = the commutator of a 
and a^b\'\ 

Ex. 12. If the commutator of f/, and is |>ermutable with 
fhf ih^ •••» value of i and j, (//,(7a-i ... Vi)^ = ••• <5^ i 

X (r,2C,;, ... r,,r.,j ... ... 

Ex. 1!5. If ah = 5a*‘, find tho commutator (i) of hi a' and h'n'. (ii) 
of and tVb'^, 


§ 5. In tho following chapters we shall illustrate tlu‘ 
abstract idea of an element by applying it to certain concrete 
cases. t.Iiapter Ilia devote<l to permutations, (hiapterJJI to 
substitutions, ( 'hapter 1 V to various geometrical examples. The 
corresponding groups of elements are discussed in Chapters VI, 
VII, and VUI respectively\ 
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PERMUTATIONS 

§ 1 . Suppose we are given any m letters or other symbols 
(in this section we take the numbers 1, 2, arranged in 

a definite order. If we rearrange them so that a takes the 
place of 1, /3 of 2, y of 3, ...,M of m (where a, /:J, y, .,.,m are all 
distinct and all included among the symbols 1, 2, in), the 
operation (S) performed is called sl pei^mut at ion or subdl tut ioii^ 

of degree m, and is denoted by the symbol y 

[f a second permutation T = ^ * J/} 

A, /3 by B, y by 0 , by M, the law of combination of 
permutations is defined by ST = U, where U = BC ^/) 

This is denoted symbolically by ^ ^ ^ ^ ^ ^ 

B C notice that U gives the result of per- 

forming first the rearrangement defined by S and then that 
define<l by T. 

It is obvious that, when the law of combination is defined 
in this way, poriiuitations obey the associative law and satisfy 
the conditions by \Nhich ‘elements’ were defined (I 1). The 

permutation 2 3 ^1) displacing any symbol is the 

identical element, and ^ I ** is the element inverse to S, 
\1 2 o ... ni/ 


Ex. 1 . Every permutation (except identity) displaces at least 
two symbols. 

Ex. 2 . Find the order of ^ f 

V 3 5 4 1 2/ 

Ex. 3 - If 5 = (] “ ^ ^) , r = (y ^ ^ 2). prove that T, ST, TS, S^ 
and S^T are of order 2, 


• ‘Substitution’ is perhaps more frequently used than ‘permutation'. 
Wo shall, ho\vo\'or, always use ‘permutation’ in this book, in order to avoid 
confusion >Yith tho operations defined in III 1. 
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Ex. 4. The numbers of ways in which m queens can be placed 
on a chessboard of squares so that no two can take each other 
is the number of permutations S such that the distance between 
any pair of symbols in the upper lino 9 ^: the distance between the 
same pair in the lower line. 


m\ 

1 / 


is called 


§ 2. A permutation such ^(23 4 * 

a circular permutation and is denoted for the sake of brevity 
by ( 1 2 3 . . . 7)i). Each symbol in ( 1 2 3... m) is replaced by the 
one that follows it. 

llte order of a circular permutation is equal to its degree. 
Take, for example, the permutation /S' = (1 2 3 4) 

1 2 3 4^ 

2 3 4 
1 2 3 4v 

3 4>l 

A circular permutation of degree and order 2, such as (1 2), 
is called a transposition. 




“ \1 2 3 4 / 


J) of degree 4. Then = (J 4 ? g) ' (fl 2 t) ’ 
and the reasoning is general. 


Ex. 1. A circular j>ermutation of degree 1 is identity. 

Ex. 2. (2 1) = (1 2). 

Ex. 3. (1 2 3 ... w) = (2 3 ... ta 1) == (3 ... m 1 2) = .... 

Ex. 4. (m m — 1 ... 2 1) is invor.se to (1 2 ... m 1 m). 

Ex. 5. Two eircidar permutations with no symbol in common 
are permu table. 

Ex. 6. {b e) ^ {a b) (a e) (a b). 

Ex. 7. (a b c) is the commutator of two transpositions. 

Ex. 3. Prove (i) (1 3 4) = (1 2 3) (2 1 4)12 1 3), (ii) (2 4 5) = 
(2 1 4) (1 2 5) (1 2 4), (hi) (3 4 5) = (2 1 3) (2 4 5) (1 2 3). 


Ex. 9. If S={1 2 3 4...), 


/ 1 2 3 4 

1 ^-f"2 ^■+'3 ^-f*4 



§ 3. Every is the product of circular per^ 

mutations no tuv of v hich have a symbol in common. 

Consider, for example, the pel-mutation 

/I 2 3 4 5 6 7 89 10 11\ 

^~V5 834 2.11 10 1 6 7 9/* 

It replaces 1 by 5, 5 by 2, 2 by 8, 8 by 1. Take any symbol 
not already involved, such as 6; then S replaces 6 by 11, 
11 by 9, 9 by 6. Take another symbol not already involved, 
such as 7 ; then S replaces 7 by 10 and 10 by 7. Finally, 
S does not displace 3 and 4. Hence H is the product of 
(1 5 2 8), (6 11 9), (7 10), (3), and (4) ; or /S' = (1 5 2 8) (6 11 9) 
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(7 10) (3) (4). We call (1 5 2 8), (6 11 9), (7 10).J2LJ 4) 
the ct/clea of S. The degree of a eycle,/i8 tn»ijiumher Vof 
symbols it contains. Since (3) and ^(4) are each identrEj% 
we write 5 2 8) (6 11 9) (7 10)k unless we wish toi 

call attention to the fact that H involved, originally all the 
eleven symbols and was of degi-eef ll.^ Two permuta- 
tions containing the same number ht cycles' of the sSne' 
degrees — such as (1 2 5 8) (6 4 9) (3 10) (7 11) and (1 9 7 3) 
(5 4 8) (2 6) (10 ll)~-are called mmilar, A permutation with 
the same number of symbols in each cycle — such as (1 4 3) 
(2 5 7) (9 6 8) — is called regular. 


Ex. 1. Resolve 


<3 8 6 9 2 4 10 5 1 7 . 


(>' 


11 7 6 12 1 2 3 4 6 9 10 8 14 13 15 


D' 


. /a b c d e f n\ . ^ _ 

and ( . , ‘ ) into cycles. 

\e g f d ah c/ ^ 

Ex. 2. The inverse of (a b ... g h) (ij ... ^ r) (5 ^ ... tv :r) ... is 
{h g ... b a) (r q ...j i)(j; tv ... t s) ... . 

Ex. 3. (a h) (e d) and (a c) (bd) are permutable. 

Ex. 4. (a b c ... k) (al) =:^{ab c ... k 1). 

Ex. 5. Find the product of (i) (a b ... I m n ... x) and (a »>i), 
(iil (a b c ... )(x y z ... ) and (a x). 

Ex. G. The number of cycles into which the permutation S of 
§ 1 is resolved is increased or diminished by 1 when two of the 
symbols a, /:!, y, ... , fx are interchanged, according as these 
symbols occur in the same or in different cycles of S. 

Ex. 7. Prove (i) (a b ... I m fx \ ... a) = (a a)(6A^) ... (I A) (m/x) 
. (a6) ... (k/I (Am)=(a /i) (by)... (A: A) (i/ix). (a a) (bfS)... (I A) (tn/x); 

(ii) (a b...k IniA k ...fS a) = (a a) (ft /:!)... A) . (a b) (^c) ... (k 1) (A m) 
= {a [i) (b y) ... (Aj A) (/ m) . (rt a) (b^) ... (i A), 

Ex. 8. Find the product of (i) (a b ... g h i j x y z ...) and (h g ... 
b a i j ^ T] ( ... ) ; (ii) (a b ... g k iJ k X y z ...) and (h g ... b a i j k 

Ex. 9. If *9 = (U| 6) one cycle of is (a^ 

Oa/+i ••• )» where (ij. and are identical when .r = ?/ (mod. w) ; 
(ii) iS' is circular, when I is prime to m; (iii) is a regular 
permutation containing f cycles of degree </, when mi == q( ; (iv) 
is a regular permutation containing d cycles, when d is the H.C.F. 
of m and t. 


* The reader should notice the distinction between the * degree of S’ and 
the * degree of a cycle of S *. 
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Ex, 10. Every regular permutation is a power of a circular 
permutation. 

Ex. 11. Express (1 3 5 12) (2 7 0 11) (4 8 10 9) as a power of 
a circular permutation. 


§ 4. The order of a permutation S is the Z. C\ M. of the 
detjrees of its cycles. 

Let N= ABC,,,, where A, B, C,... are circular permu- 
tations no two of which have a symbol in common. Then 
A,B,C\,,, are evidently permutable elements. Hence we 
have A'‘ B^^G^ ,,, ; so that if and only if 

= U" = ... = 1. Therefore the order of B is the 
L. t'. M. of the orders of A,B,0^,,,, But the order of 
a circular permutation = its degree, and hence the theorem 
follows. 


Ex. 1. The order of a regular permutation = the degree of each 
Fi„a the o,J.r rf 

/I 2 3 4 5 0 7 8 9 10 11\ . /ah e d e f\ 

Vo 11 0 8 4 3 in 9 1 2 77^ \d fr a c h)' 

Ex. 3. Every permutation can bo expressed as the product of 
tN\o permutations of order 2 in the same symbols. 

Ex. 4. The order of a permutation of degree m is a factor of m ! 


§ 5. The transform of a permutation Shya permutation T 
is found by perforviimj the permutation T on the cycles of B, 


Suppose 

and 


a = (a t c ...) (A: / m 

y _ /(t h c ,,, k I in \ 

““ Va /3y ... k \ \i / 

f(x py,. 




Similarly (k I m ...)T = (k \ ^a, ...), &c. 

Hence 'f-^ST = (a b c) T . {k lm.,.)T . ... 

= (a/j y (k A#*...).... 


Ex. 1. Transform (1 3 6 4) (9 5 2) (7 8) by (1 5 8 7 2) (3 6), and 
/I 234567 8\ /I 234667 8\ 

V8 4 1 2 6 6 7 8/ V4 7 3 8 6 2 5 !/■ 
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Ex. 2. A permutation is similar to every transform. 

Ex. 3. A permutation can l>e transformed into any similar 
permutation on the same symbols by some permutation on these 
symbols. 

Ex. 4. If A, B are two similar permutations and B ^ ACy C is 
a commutator. 

Ex. 5. If two permutations have only one symbol in common, 
their commutator is of order 3, 

Ex. 6. If two permutations have just two symbols in common, 
their commutator is of order 2, 3, or 5. 

Ex. 7. The only permutations on m given symbols which are 
permutal>le with a circular j^ermutation S on tlie ni symbols are 
the powers of S. 

Ex. H. Find all the permutations on the 10 symbols involved 
in N = la /j c <l e) (1 2 3 4 5) which are permutable with S. 

Ex. 0. The permutation (1 2 ... wO (m-fl »H-2 ... 2m) is 
jxu-mutablo with (1 m+l)(2 m-f2) ... (m 2m). 


§ 6. permutation can be ej'presml as the product of 
transpositions* 

Since any permutation is the product of circular permu- 
tations, it is suHicicnt to prove this theorem for a circular 
permutation. 

Now wo have at once (a h c ,,, k) {a 1) = ft) ‘ (/ \ ) 

~ C! c * \ o) ~ ^ by influction (a b c 

= (a b) (a e) ... (a 1). 


Ex. 1. Tho number of w’ays in which a permutation can bf? 
expressed as a product of transpositions i.s unlimited. 

Ex. 2. E\press 

/I 2 3 1 5 () 7 8 9 10\ /a h c d c/g h i \ 

V3 8 () 9 2 4 10 5 1 7 / Vc h r h fag i d) 

as products of transpositions. 

Ex. 3. Any |)ermutation on 1, 2, ..., m can be expressed as the 
product of transpositions of the form (1 2), (1 3), .... (1 m). 

Ex. 4. If tho product of k transpositions is of degree m witli 
s cyclos (including cycles of degree 1\ k > m—s 

Ex. 5. A circular t>ermutation of degree m can be expressed as 
the product of m - 1 transpositions, but of no smaller number. 

Ex. (>. m volumes of a book disarranged on a shelf in the order 
a, Af y* are brouglit into numerical order by repeated inter- 
changing of two volumes. Prove that w — 5 interchanges are 



II 7] ODD AND EVEN PERMUTATIONS 11 


necessary, where s is the number of cycles (including cycles of 
degree 1) in 


/I 2 3 ... m\ 
\a ii y ... IX/ 


§ 7 . In whatever way a given permtdation is expressed as 
a prcKhict of transjyositlons, the number of the transpositions 
is always odd or always even. 

Consider the expression 

D = (a — 6)(a — c) (a— tZ) (a— e) ... (?> — c) (6--cZ)(6 — 

... \c-(l){c-e) ...{d-e) ... 

which is the product of the differences of all possible pairs of 
the symbols a, 6, c, rZ, c, .... A transposition of two symbols 
changes D into ~i); and therefore a permutation expressed 
as a product of an odd number of transpositioiifl changes 
D into — i), while a permutation expressed as the product of 
an even number of transpositions leaves 1) unaltered. 

Hence if a given permutation is expressed as a product 
of transpositions, the number of such transpositions is always 
o<ld or always even. The permutation is willed an odd or 
even (‘ negative ’ or ‘ positive ’) permutation in the two cases 
respectively. 

Ex. 1. The product of r odd Jind s even permutations is odd or 
even according as r is odd or even. 

Ex. 2. A circular permutation is odd or even according as its 
order is even or odd. 

Ex. 3. A permutation of degree m containing s cycles (including 
cycles of degree 1) is odd or even as m— 6‘ is odd or even. 

Ex. 4. A commutator is always even. 

Ex. 5. Every even permutation can be expressed as the product 
of circular permutations of order 3. 

Ex. C. Every even permutation on 1, 2, 3, m can be ex- 
pressed as the product of circular permutations of the form (12 3), 
(1 2 4). (1 2 5), ...,(1 2m). 

Ex. 7. If a^J is the element in the i-th row and j*th column 
of a determinant, the coefficient of « 3 y in the expansion 

of the determinant is +1 or —1 according as the permutation 

/12 3...\. ,, 

( ) IS even or odd. 

\a/i y .../ 

Ex. 8. A permutation is always permutable with some odd 
permutation on the same symbols unless the degrees of its cycles 
are all odd and all distinct. 



CHAPTER III 


SUBSTITUTIONS 


§ 1 . Suppose wo are given m independent quantities 
^ 2 ’ ‘“j which we shall call the ‘variables*. If we 
change them respectively into the m independent quantities 
• • • > » where x/ is a function (Xj , iCg, . . . , x^) of 

the operation performed is called a substitution 
of de(jree m. This substitution is denoted by the notation 
(i = or, if'no ambiguity 

is thereby introduced, by even by a;'=/(aj). 

Solving the equations a;/ =/| (aj,,aj 2 , we obtain m 
equations of the form ..., x^). We shall only 

consider the case of a ‘ birational * substitution in which the 
functions /^, are one- valued. The simplest and most 
important example of such a birational substitution is the 
‘ homogeneous linear * substitution 

x( = a*! + + • • • + 

If »S' = (/i,./; /J and = 

combination of substitutions is defined by /ST = U, where 


^ — (^1 ••• ^2 (/i>/2» •••» .fm)> > 0m {fvfz^ •• • 

which may be written a;'= [/(^)]* I^ should be noticed that 

aST is obtained by first changing into a;/ = ^^ 2 »•••> 

and then changing x{ into 0i (ir/, ;r./, . . . , a;^") ; or by elimi- 
nating a:/, a;^', from the 27?i equations 


= /.• (^1 . «m). (j'l'. <>•••. O. 

and then putting for a;/'. 

It is obvious that, when the law of combination of sub- 
stitutions is defined in this way, substitutions obey the 
associative law and satisfy the conditions by which ‘ elements ’ 
were defined. The substitution x„, is the identical 

element. The element inverse to S is <F,,F., ..,,F-), since 

fi(/vf. U) = f,{x',x' X^) = Xi. 

A permutation may be considered as that special type of 
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substitution in which ...y xj are the quantities 

in some order or other. 

§ 2. Some authors define 8T as the result of first sub- 
stituting /t* •••> then substituting 

•••» iCm) ^r> which is the same as substituting 
•••> </>m) From this point of view ST is the 

substitution Xi=f[^{xy\, not ir/= (/> [/(a;)] as in § 1. 
Though this is in some ways the more natural convention, 
wo have adopted the definition of § 1 as being that used 
by the majority of writers, and as being more readily adapt- 
able to the geometrical applications. We pass from one 
definition to the other by interchanging S2' and TS, 

Ex. 1. The coordinates (a?, y) of any point in a plane are 
changed into cos^l a; + sin /?, — sin^aj + cos^y — ^ by rotating 
the rectangular Cartesian axes of reference through an angle 0 
and tmnsferring the origin to the point Uiy k). Hence the changing 
of the axes is equivalent to performing the substitution 
(cos^ a?4-sin0y — /«, — sin a? 4-0080 y— A:). 

Ex. 2. The product of two birational substitutions is birational. 

Ex. 3. If S is a:'=/(a:), T is 0 ;^= </)(a:), and V is \b(x)y STV 
in 

Ex. 4. Find the inverses of .r' = (aa?4* h) -f- ( 0 x 4 - d), 

(13a;— 8y, -8a;4-5y), and (3a;4-3y4-2<sr, x—y-{-gy 2ar4-3y4-£r). 

Ex. 5. (aj;4-?^y, ca;4-dy) and (-da;4-jPy, Cr -h Dy) are pormulablo 
if a--d :h : c =: A - J) : B : C, 

Ex. 6. Find the orders of 

of =h-T-Xy a;'=a— ar, a;'=: (a;— 

V' — 1 (a;4-l) -7“(^—l), x' ^ ^(v^ 34- V' — l)a;, (a;— y, r), 
(8a;— 13y, 6a;— 8y), (5a;4-6y, — 4a;— 5y, 8a;4-8y— ^), 

(3a;— 3y4-4^, 2a;-3y4-4-er, -y4-^). 

Ex. 7. Find the condition that x'= ax should be of finite 
order. 

Ex. 8. Find the w-th power of (ax, bx + ay, cx+az\ and show 
that it cannot be of finite order unless 5 = c = 0. 

Ex. 9. Find the «-th power of (ax, ca;4-^/yX hud the 
conditions tliat its order should be finite. 

Ex, 10. If = (3a; 4 y-^2z, x-p-^-z, 2a;4-3y4-^), 

T = (-4a;4-3y4-5;^, x--y-z, 5a;-3y-6-er) find TS and T^STS^ 

Ex. 11. The product of a;'= - — f > — ^ ig 3. 

X— 1 X — X— 1 
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TRANSFORM OF A SUBSTITUTION 


[III 2 


Ex. 12. (i) If cos = (a -f- -r 2 \/ ad-- be ^ 

XI. 11- ^ / ax-^h , 

the ti-th power of a; = ; is 

^ cx-^d 

{aa:-f h) sin (n4* 1) 4)-- (dx—h ) sin (n-l)<l> 
{cx^d) sin(n + !)</> + — sin {n — l)4> 
when sin 4> ^0; 


and is x' = 


1(1 4‘n)a4-(l— m) d]x-¥2nh 
2nca;4-[(l 4- wj d 4 - (1 — wj a[ 


when sin <#> = 0. 


(ii) Find the condition that the substitution should be of finite 
order. 

Ex. 13. Express the n-th power of 5c' = (or + -f- 4- d) as 

a continued fraction. 

Ex. 14. The w-th power of 

a:'= -[a6{/c--l)4-(a-6A;)i-]-r-[(?>-aA;)4-{^--l)a;J 
is found by putting for k. 


Ex. 15. li S = {alX-^h^1J + Cl£^\‘d^u\ a,x + h 2 t/ + r.^e + d.^tv, 

a^x + b^ff-^c^z-^dlw, a^x-j^b^y-^-c^z + d^tv) 

is of finite order, so is 

T= {uiX-^h^y + CiZ, a.^a?4-M + c,£r, 

Ex. IG. (i) Ify,- = -^x,-x,+,)(a’,^2-x,„) 

(«■ = 1. 2, ..., w-3), 

find the substitutions effected on •..,.ym -3 ^7 performing 

the permutations and (.r,a !:.2 ••• x„^) on x„^. (ii) 

Show that tlie substitutions so obbiined are birational. 

Ex. 17. The substitution x'^ax-{-hy, y'^cx + dy is repre- 
sented geometrically by making (r. y) and (x', y) corresponding 
points on the conic acx'^-^hdy^-\-2hcxy^ k and its polar reciprocal 
with rcsi>ect to cx^ 4- by^ = A; ; or on the conic 
{ a (a - d) 4- r (6 — c ' } X- 4- { d (a ~ (i) 4- ^ (ft — c) J 4“ 2 { a6 — cd} xy =: 

and its polar reciprocal \vith respect to 

(a-d)(x^4'y^)4-2 {b-c)xy = A:. 

Ex. 18. The substitution 


ax + hy+yz, y'=hx^by+fz, z^gx-^^fy^cz 
is represented geometrically by making (x, y, z) and {x\ y\ z) 
corresponding points on the conicoid 

ax-’^by^-hcz^-^2/yZ’}-2gzX’^2Jixy = 1 

and its polar reciprocal with respect to x* 4- 4- x* = 1. 


§ 3. The transform of a substitution 8 by a substitution T 
is fouiui by expressing 8 in terms of new variables defined 
by T 
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Let Sf T, be respectively the substitutions 

~ /% (*^l 9*^2^ • • * ’ •^W^> (•*'1 > • • • » 

= (I = L 2, ...,w). 

Consider new variables .... <bdme(l by 

Vi ~ (*^i ' *^*2 » •••» )’ Vi ^ ••• > 

expressed in terms of these new variables by eliminating 

between the 3m equations 

Ui ~ (‘^1 » *^*2 » • • • > )f ^ ~ /i (‘^i > ‘^*2 * • • • > ‘^/n)» 

Ui = J 0) 

and solving the resulting m equations for 2//, ^2", 
terms of 3/2, ... , Suppose we obtain thus 

2//= ^•(2 /i*?/ 2- •*•.?/,«)• 

Then i?‘/= \/r^* f.r,,*r2 — >^m) substitution 

For by § 1 T*"^ST is obtained by eliminating 

‘^*1 f ^2 ’ • • • » 1 ^2 » • * • > 

between the 3 in eciuations 

yi = y>i (‘^‘1 » *^2 » • • • • ^i/i )> ~/f (^l » *^’2 > • • • > 

~ (i/i > .V2» • ‘ * t ?/m) (*0 

and then replacing /// by x/, by .r^.. But ecjuations (ii) are 
immediately deduciblo from equations (i). 


Ex. 1. If we put (.r/, oc^% ..., r,/) for and f/>^ (.r,, ^* 2 , ... , 
for a; in the equations .r/ = /, {.^ 1 , J" 2 > •••» then solve for 

./*/ in terms of ,r,, ^ 2 , ..., we obtain the substitution 7<5)7'“h 
Ex. 2. Find the transform of (i) x' (ixx-k- ii) {yX’\-h) by 
./= aj; + 6; (ii) K ;ri + € 2 ^2 + - ..., by 


(jri + — 0:2 + '... + — X 2 , ..., O; 

\ tOj— 0^2 ^ 

(iii) ((oj jTi , #2 a:i + 0)2 a'2, ... , xj by 

— - J!-! 4-^21 * ^1+0; 

\ ODg — ' 

(iv) (p’hSz, -x-i-2y^x, -:r4-y + 4^) by 

{x-z, x-y-z, — a:+y-f2£r); 

(v) (8a:~13y, dxf^Sy) by (2j*;-y, -3^:4- 2y), 


§ 4. The most important type of substitution is the homo- 
geneoue linear substitution, 

A — (^ 11^1 "bU.j2i*^2 “b ••• ^21^1 4' ^22^2 4" ... 

..., *1“ ^1112^2 4“ ... +<^iiim^m)) 

where the ‘ coefficients * (a^y) and * variables * (x J are any real 
or complex quantities. 
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The square matrix 


a,i 

®12 • 



«lm 

^21 

^22 * 



^^2 m 

i ‘'mi 

^m2 • 





is denoted by |a|, if no ambiguity is introduced thereby. 
When \(i\ is considered as a determinant, it is called the 
‘ determinant of the substitution A \ Since A possesses an 
inverse \ a\ ^ 0, 

If 

. . . , b^nl + • • • + Ki m » 

we verify at once that 

AB = + + 4-e,„,.V, ^ 21*1 + ^223*2 +••• +^2ma’„.. 

• • • > + • • • + 

whoro Cij = h^aij + + . . . + . 

Employing the usual rule for the multiplication of deter- 
minants we at once prove that | a I . | ?> | = | r | ; i.e. the 
determinant of the product of two substitutions is equal to 
the product of their determinants. 

We may associate with each substitution such as A (or 
with the matrix | a [) a corresponding bilinear form 

a{x,y) = ^UijyiXj, {i,j = 1, 2, 

The substitution A' derived from A by Interchanging 
and (fji (for all values of i and j) is called the tranajxjbed 
substitution of A. The substitution A derived from A by 
replacing (/y by the conjugate complex quantity dy is called 
the substitution conjnfjate to A. Similarly A' denotes the 
substitution conjugate to A'. 

The substitution A is culled 7'e4(l if A = A (i.e. Oy is real 
for all values of i and j), symmetric if A'=A (i.e. = 

Ilermitian if A' = A (i.e. dy = a^-,) and the bilinear form 
a (x, x) is a positive Ilermitian form (§ 5), orthogonal if 
AA'=: 1, unitary if AA'= 1. 

If the substitution A changing into 

x/ = + a, .2X2 + . . . + 

is orthogonal, we prove at once by forming the product A A' 
that -f a 2 i^^ 2 j + • • • + = 1 if ^ and = 0 if i : 5 t y. 
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Therefore 

.r/-^ + + . . . + x,„'* = (rtuXi + + . . . + x„,y 

+ + £*22^2 + ... +£*2t»‘*’m)* ••. + (£*»nl‘**l 'h 

+ . . . + ££,nmX„,)* =: Xj" + + . . . + X^n,. 

(Conversely, if x/® + x.^'^ + . . . + x„,'^ = + x.^- + . . . + x„,“ for 
all values of 1 and hence A m ortho- 

gonal. 

Similarly if A is unitary, 

.r/^/ + <X2' + ... -f V^m' = ; 

and conversely, if this relation holds, A is unitary,* 


Ex. 1. What are the conditions that AB = BA ? 

Ex. 2. The determinant of is | 

Ex. 3. The determinant of a substitution = the determinant of 
any transform. 

Ex. 4. The determinant of a substitution of order n is an n-th 
root of unity. 

Ex. 5. If C = KLM ... BSTf r,j = ^t^rSrarap ... niy^l^^kxj (r, (t^ 

... , A = 1, 2f ..., fn). 

Ex. 6. Matrices may be considered as elements defined by the 
law of combination |a[ . \h\ = |c|. 

Ex. 7. The determinants of A and A* are equal, and the deter- 
minants of A and A are conjugate complex quantities. 

Ex. 8. If AB=rC; AB = ~C, B'A' = C', and B'A' = (J\ 

Ex. 9. The transposed substitution of B~^AB is B'A'B'^^, 

Ex. 10. If A and B are (i) real, (ii) orthogonal, (iii) unitary, 
so is C. 

Ex. 11. (i) A real orthogonal substitution is unitary, (ii) a 
unitary orthogonal substitution is real, (iii) a real unitary 
suhstitution is orthogonal. 

Ex. 12. If A is (i) real, (ii) symmetric, (iii) Ilermitian, (iv) ortho- 
gonal, (v) unitary, (vi) of order w, so are yi A', A, and A\ 

Ex. 13. The substitutions Ay A' may be defined as the operations 


of changing into 


7ia{x,y) i^a(yyx) 


respectively. 


Ex. 14. If A changes into x/, 


(i) «(x, y) = yiXi' + yiX^'+ ... +ym^„' ; (ii) c(x, y) = 6(x', y). 


Ex. 15. (i) AA' is symmetric, (ii) AA' and AA' are Ilermitian. 
Ex. 16. (i) The determinant of an orthogonal substitution is 
+ 1, (ii) the determinant of a unitary substitution has unit 
modulus, (iii) the determinant of a Hermitian substitution is real 
and positive. 


* ?/ denotes + + 

O 


aiLToa r. o. 
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Ex. 17. Prom the ^m(tn + l) relations 

••• ~ ^ ^ ^ ji = 0 if i^j 

we can deduce the \m{m -f 1 ) relations 

®t 1 1 "h “h ••• “I if i ~ = 0 if i^j J 

and conversely. 

Ex. 18. Every orthogonal substitution of degree 2 can be pat 
in the siiape (cost? x — sin 0 ± sin Ox ± cos 0 y). 

Ex. 19. An orthogonal substitution of order 2 is symmetric, 
and conversely. 

Ex. 20. If Wi, w, ; I 2 , n. are the direction- 

cosines of three mutually perpendicular straight lines, 

(?, j + hx-\-7rh^y + noZ^ + W 3 - 2 ') 

i.s an orthogonal substitution. 

Ex. 21. (i) The transform of a real substitution by a real sub- 
stitution is real, (ii) The transform of a symmetric substitution 
by an orthogonal substitution is symmetric, (hi) The transform 
of a Ilermitian substitution by a unitaiy substitution is Hermitian. 

Ex. 22. Find an orthogonal substitution of order 2 changing u‘i 
into aij*i-ha 2 ^ 2 + *•* where aj, 0 . 2 , ..., are any 

quantities such that ... = 1 . 

Ex. 23. (i) If jB '^AJf D and ii is orthogonal, a(x, y) 
= (6 V) where 

= 6,.,a-, + Bi2j'2+ ... +fw,„, »?;_= 6,1^1 +^2^2+ ... +hi^ym- 

(ii) If ii is unitary a(.r, y) = d(f, t/). 

§ 6, The bilinear form 

a (x, I) = ^aijXiXj {l,j =1,2 in) 

is called Ilermitian when d^j := {a^j is real if 
If we express a (a;, a;) in terms of other variables 
y Y Y 

(homogeneous linear functions of *^’ 1 , 2 > • • • > 
bilinear form is still Hermitian. For if 

1 ^la ^^2 + • • • + €{„, A , 

a (Xy x) “ {oKtj (^»iAj -f- ... + + ... -f 

+ + • • • + + . . . + AT^) } 

= 2 { 2 -f dy , 

which is Hermitian. 

We shall show that by choosing X;. as a suitable linear 
function of •••> hrin^ a Hermitian form 

of non-zero determinant into the canonical shape 

aiAiAi + agA^Xg-h ... A’^^A^^, 

• Aa in § 4 x„ are complex quantities conjugate to a:,, o^. 
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^1^2* ••^Af — 

«11 

^12 • • 

• «ifc 


®21 

^22 * * 

• ®2fc 


«*1 

ak2 • 



This is obvious if m = 1. Assume it true for every value 
of m less than the one considered. Then we shall prove the 
result true in general by induction. 

Choose a^i -f a ^2 **^2 + • • • + ^hm ^ m > 

so that ciiiXi = + ••• 

Then 

^11 • ^ (^j ^ t^j J ^ 2, 3, .. 7/i) 

= (by our assumption) a^^XjX^ + + h^X^X^ 

+ ...+6„X„X„, 

■where 


^11^22 ^21 ^^12 

^11 ^^32 ^^31 ^^12 




^11^23^^21 ^13 
^13 






^ii^kk-'^ki^ik 


ay 


0 


0 


^ 11^22 ® 21^12 ^11 ^23 "“^ 21^13 

Ctgi 0^32 ~ <^31^12 ^11^23 — ^31^^13 




0 




= aii*'"’*aia 2 ...a;^ (multiplying the 1st column by and 
adding to the ^*th column). 

Hence b^^ therefore 

a {x^ x) n: ttj^X^Xj^ 4" a^Xf^X^ + . .. + a^X ^X 

Since a^Xy^Xj^^ ..,+a^X^X^f^ is Hermitian, a^, a^, ..., 
are real. 

Again, since XX\, XX 2 ^ ..., X^X^^ are real and positive, 
a{x, x) is real and is always > 0 if a^, aj, are all > 0, 
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whatever values (not all zero) are given to 

In this case a {x, x) is called a positive or definite Hermitian 

form. If we write for ^a^Xi when is positive 

= 1, 2, •••) 'ni), 

a (a?, x) becomes 2/i ^ + y 2 fh + • • • + ?/m dm • is the canonical 

shape of a positive Hermitian form. 

In the above argument we have assumed that no one of the 
quantities ..., vanishes. This is legitimate; for 

since the determinant of the form 0, at least one of the 
(?u — /;)-th minor determinants (with k rows and columns) 
of I a I docs not vanish. We can therefore by a suitable 
arrangement of the m variables always ensure that ^ 0. 

Ex. 1. A homogeneous function of the second degree in m 
variables with non-zero determinant can be expressed in the shape 
+ ... 

Ex. 2. A real symmetric substitution A is Hermitian if the 
bilinear form a(x, x) can be expressed as the sum of m real 
squares. 

Ex. 3. In whatever way a (.r, x) is reduced to canonical shape 
the number of positive coefficients in the canonical form is always 
tlie same. 

Ex. 4. The sum of any number of Hermitian forms is 
Iformitian; and the sum of any number of positive Hermitian 
forms is positive. 

Ex. 6. If A {x, x) is a form of zero determinant such that 
while all the — l)-th minors of the determinant 
vanish but not all the (m — f)-th minors, a(.T, .?) can be brought 
to the shape -r * 

Ex. 6. The bilinear form a (x, y) with non-zero determinant 
can be reduced to the form rj -f ... where 

•••} linear functions of x^y x.^^ ..., x^^ and i\^, ..., 

of ?/i, 

§ 6 . Quantities , X^ not all zero such that 

\X^ — -f “b ••• 4 " {i = 1, 2, wi). .. ...(i) 

are said to define a pole (Xj, ••• > substitution A 

of § 4. Two poles {X^, Xg, ... , X^ and are 

Y 

not considered distinct if ~ Eliminating 

* If <i|V Oj, ..., Om.i are all positive, the form is called * hypohermitian of 
rank t *. 
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Xj, Xg, from the m equations (i) we get 


eix) = 

■< 

1 

^12 




— A . 

■ 


Oml 

• 



This is called the characteristic equation of A. 

By § 3 the characteristic equation of B~^AB is obtained by 
eliminating u /, from the equations 

A = hn + • • • + 

x/ = a;,a-j +«ijX^+ ... (i = 1, 2, m) (ii), 

where F^, ... , F^) is a pole of B^^AB, 

From (li) we deduce ir/ = Aa:/. Therefore the characteristic 
equation of B^'^AB is obtained by eliminating iTj , 
from \Xi = + and is 0\k) = 0. 

Hence the characteristic equation of A is identical with tlui 
characteristic equation of any transform of A. Obviously 
Xj, A%, are values of satisfying equa- 

tions (ii). Therefore 

~ -^1 F ^ 2 F *** 

Hence any pole of B^^AB is obtained by applying the sub- 
stitution J9 to a pole of A cori’esponding to the same root 
of the common characteristic equation. 


Ex. 1. The product of the roots of d(A) = 0 is |a|, and their 
sum is an4'a.^2+ ••• +«mm- 

Ex. 2. No root of 0(A) = 0 is zero. 

Ex. 3. If a^j == 0 when j < i, the roots of 0(A) = 0 are a,,, 
^22» ••• » 

Ex. 4. If the equations (i) of § 6 are equivalent to only m — 2 
independent equations for a certain value of A, A has an infinite 
number of poles. 

Ex. 6. If A has more than m poles, it has an infinite number. 
Ex. 6. If (1, 0, 0, ... , 0) is a pole of A, a.^i = Ugi = ... == a^i = 0. 
Ex. 7. Every substitution has at least one pole and can be 
transformed into a substitution with a given pole. 

Ex. 8. If A, B have a common pole, so have T~^AT and 

T-ibt. 

Ex. 9. (i) A pole common to A and B is a pole of AB. (ii) The 
correspon^ng root of the characteristic equation of AB is the 
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product of the corresponding roots of the characteristic equations 
of A and /f. 

Ex. 10. The poles of A con-esponding to the roots Aj, A 2 , Ag, ... 
of 0(A) = 0 are poles of A^ corresponding to the roots Aj^\ A^”, 
A.,/', ... of the characteristic equation of A^\ 

Ex. 11. If is Hermitian, the coefficients in 0(A) are real. 

Kx. 12. Proved) o{X, y) = A (X,^, ... +X„y,„); (ii) 
r(X, y) = A.«»(X,y). if Ali=zC. 

Ex. 13. A and A' have tiie same characteristic equation. 

Ex. 14. If (X,, X., X„), (X„ X, ZJ are poles of A, 

A' respectively corresponding to unequal roots A, y. of their 
common characteristic equation, 


a(X, X) = X,Z,4-X.,X,+ . 

•• +X„z„, — 0. 

If AB = Oy the characteristic equation of A 

Afeji — 


A ^2^ “* 1 A ^-^22 ^ * 


^ ^m\ ^ 2 ■”” ^w» 2 * 

. . A 

If w4 is orthogonal 



(i) d(A)= ±A"*.d(J), (ii) X,2 + X/+ ... +X„,* = 0 


unless the corresponding root of t^(A) = 0 is + 1. 

Ex. 17. If .4 is unitary (or leaves unchanged a positive 
[lermitian formj, the roots of d(A)=:0 have unit modulus. 

Ex. IS. If A IS (i) real and symmetric, (ii) the product of two 
real symmetric substitutions C an<i /). the roots of d(A) = 0 are 
teal, provided the bilinear form corresponding to C or D is the 
sum of m real Sfpiares. 

Ex. 19. If A is (i) Hermitian. (ii) the product of two Hermitian 
sub.stitutions C and the roots of 0(A) = 0 are real and positive. 

Ex. 20. The characteristic equation of a hypohermitian sub- 
stitution of rank i (defined in the same way as when | a | 0) 

has t zero roots and (m — t) real positive roots. 

Ex, 21. Show that the determinant of S=(Xf^Xj^, — 

1 I , X, X;.— X^ .Ti , + 1 » ••• » 

is (~XJ"*; and that if X\ 0, S~^AS has 
(1, 0, 0, ..., 0) as a pole. 

Ex. 22. Show that if 7= (XiX, +^ 12 ^ 2 + ... 

XoJ*! 4* "1“ • • • 4 •** » 4 4 ••• 4 

TAT~^ has (1, 0, 0, 0) as a pole. 

Ex. 23. Show that if T= (Xy .r, + X. J*. 4 ... 4 X,„r„,, 

4 4 ••• ...t 4^m2*^2 4 ... 

is orthogonal, 'f~^AT has ^1, 0, 0, 0) as a pole ; and conversely 
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if has (1, 0, 0, 0) as the pole corresponding to the 

pole (X,, X 2 of A and T is orthogonal, T changes 

into a multiple of Xj 4- XoJ\j+ ••• 

Ex. 24. A symmetric substitution can be transformed into 
a symmetric substitution with (1, 0, 0, 0) as pole by an 

orthogonal substitution of order 2. 

Ex. 25, Find the roots of the characteristic equation and the 
iwlesof (i) (cos 0 a- — sin 0 y, sin 0 x -f cos 0 .//), 

(ii) where /= 

(iii) (/.r-|-(l — i) ?/, 

(iv) 0/ + Bxr, ' a? -I- 2y/ + r. — .r + 4-r), 

(v) (^x + iyy, -4x~ryy, 8.r-f8//-^), 

(vi) (20x-~15//~24.-, -lax-fby-fldiT, 24x~ ir>7/-~20^). 


§ 7, The homogeneous linear substitution 

is called a muliijdivation ; tho multiplication 

whose coefficients are all equal is called a Hivularity-mh^ 
at hint ion. 

Tho substitution ..., <i^f^Xa)y whore u, 

are tho symbols 1, 2, ..., m in some order or other, is calltMl 
a mo no tn lid substitution. 


Ex. 1. (i) A permutation and a multiplication are special typos 
of monomial suVistitution. (ii) A multiplication is symnutrie 
and is Ilermitian if its coefficients are real and positive. 

Ex. 2. The product of two multiplications, similarities, or 
monomial substitutions is respectively a multiplication, similarity, 
or monomial. 

Ex. 3. Any two multiplications are permubiblo. 

Ex. 4. A similarity is permutable with every substitution ; 
and a substitution permutable with every substitution on the 
same variables is a similarity. 

Ex. 5. Every substitution on .r, , a*,,, permutable with 

^ multiplication if no two of the 
coefficients Oo, are equal ; and is of the form 

(6iiXi4- ... 4-b^tc^kJ ••• + + •••> ^m^m) 

if Ui = a 2 = ... = O/c aud no two of a^+i, «/c+ 2 » 
equal. 

Ex. 6. The coefficients of a multiplication of order n are w-th 
roots of 1. 

Ex. 7. A multiplication of finite order is unitary. 
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Ex. 8 . The product of the coefficients of a monomial substitution 
of order n is an ti-th root of 1 . 

Ex. 0 . A substitution with (1, 0 , 0, 0), ( 0 , 1, 0 , 0), 

( 0 , 0 , 0 , 1 ) as poles is a multiplication ; and conversely. 

Ex. 10. If two coefficients of a multiplication are equals the 
substitution has an infinite number of poles. 

Ex. 11. The coefficients of a multiplication are the roots of its 
characteristic equation. 

Ex. 12. If a, ^ every substitution permutable 

with = has ( 1 , 0 , 0 , 0 ) as a pole. 

Ex. 13. If any substitution is multiplied by a similarity, its 
poles are unaltered and the roots of its characteristic equation are 
all multijdied by the same quantity. 


§ 8 . Any hom<f(/enroii8 linear Huhaiitiition of finite order o 
and ilegree 7n rrni he Innisf armed into a inidtipHeation. 

The result is obviously true when in = 1 . We shall assume 
it true for every substitution of decree 7 >i— 1 , and then prove 
it tvut‘ by induction for a Hu])stitution of degree m. 

Let the substitution bo the substitution A of § 4 , and let 
(A’j, bo any pole of A. It is obviously possible to 

choose the (piantities /q- of § 0 in an infinite number of 
ways so that their determinant j /> 1 is 0 and 

r, = i. F,= r3=... = r„ = o. 

Then B~^AB has (1, 0 , 0 , ... , 0 ) as a pole.* 

Suppose AB = (oj, + . , . + 4 - 

-h ... d' + ... *f 

Since (1, 0 , 0, ... , 0) is a pole of B'^AB, \vo see at once that 

Becau<«c B^^AB is of finite order and changes .r.,, 
into linear functions of x,^y w'e Cfin by our assump- 

tion find linear functions - 3 , of x.^y x^y ..., x^ such 
that B ^AB changes into -3 into into 

Expressing B^^AB in terms of *t’i, c., .... it 

becomes 

The r-th power of B~'^AB is at once proved by induction 
to be 


i r • 


Cn ♦ *4“ 


O' 


• See aUo { 6, Ex. 21, 22, 23. 
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Now if (Oj = o)^, — o)^*) = ra>/“^ ; and there- 

fore in this case = 0, since B~^AB is of finite order. 

Express B^^AB in terms of the variables 

^1 ~ a?! + ^' 2^2 ‘ * "b » ^2 » ^3 » * * • » * r/i > 

where -f - (coj — < 0 j-) if Wj ^ o),- and = 0 if coj = o)^. 

Then we readily see that B~'^A B takes the form 

Therefore A is transformed into a multiplication by Bl), 
where I) is the substitution ic/= c,*. 

Since the ?i-th power of B'~^AB is 

(<0i"Cp ..., a)„"c„). w," = O),/' = ... = = 1. 

A practical method of transforming any given substitution 
A into a multiplication is as follows. Find if possible 
m poles 

iZ,\Z', .... V).(V. .... .... V') 

of A\ corresponding respectively to the roots A,, A.^, X^,^ 

(not necessarily all unequal) of the characteristic etpiatiou of 
A', such that the determinant of the. substitution 
T = (Z/x^^Z2 0C2 + -f + 

is not zero. Then if Jlf = (AjOJp A.^u\^, , A,,,a3„j), wo verify 

at once by using the ecj nations corresponding to (i) of § (> 
that AT =z TM, Therefore T transforms A into a multipli- 
cation.* 


Ex. 1. Every substitution of degree m and finite order has at 
least m distinct poles. 

Ex. 2. If all the roots of the characteristic ecj nation of a substi- 
tution of finite order are equal, the substitution is a similarity. 

Ex. 3. If («jr, , a 2 J' 2 ^ •••> transformed into (r,rj, 

..., (i) the as are the same as the e*8 in some order or 

other; (ii) if no two of the a's are equal, the transforming 
substitution is monomial. 

Ex. 4. A substitution of degree 2 with 2 distinct poles can be 
transformed into a multiplication. 

Ex. 5. If the commutator of two substitutions of degree 2 with 
a common pole is of finite order, they have both jxiles in common. 

Ex. 6. Transform 

(i) 5x—8i/), (ii) (ix + (l — t)!/, —iy), 

(iii) (ix + (l— (l+i)x-i^), 

(iv) (y + 3x, —x + 2y-\-z, -x+y-^-iz), 

(v) (6x + 6y, —4x—5y, 8x + 8y—z), 

(vi) (a>jXi, .j,Xi + a> 2 Xi, ..., + 

into multiplications. 


♦ See alao Ex. 7. 
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Ex. 7. (i) If (X/, X,', (Xl^ X/, X/), 

(X/”*), Xr/^),...,X^^^^) are m poles of A such that the determinant of 
7’=(X '^l + X/;r,+ ... X,V, + X/^2+ - 

..., ... '¥Xy^^^x^ is not zero, TAT~ ^ is a multi- 

plication. (ii) If A can be transformed into a multiplication, 
such poles always exist. 

Ex. 8. (i) If a substitution 

j?' = + + / = a^^-f 62 y + c.2;s?, ■¥ 

is transformed by x*' = X, 7/'= Y, /=X into the multiplication 
{\Xy fjLtjy vz\ (r, ?y, ;8r) and (r', y', z') are corresponding points on 
the conicoid AX^ + /x + = 1 and its polar reciprocal with 

respect to X^-f + = 1. (ii) If the lines joining three poles 

of the substitution to the origin are mutually perpendicular and 
the same is true of the axes of reference, the substitution is 
symmetric, (iii) Conversely, if the axes of reference are rect- 
angular, non-coplan ar lines joining the origin to three poles of 
a symmetric substitution are mutually perpendicular in general. 

Ex. 9. If any power of a substitution is a similarity, it can be 
transformed into a multiplication. 

Ex. 10. If no two roots of the characteristic equation of a 
substitution are equal, it can be transformed into a multiplication. 

Ex. 11. If A is a symmetric substitution whose characteristic 
equation has the roots Aj, A 2 , ..., A^^j, (i) A can be transformed 
into a multiplication by means of an orthogonal sub.stitution ; 
(ii) a{Xy y) can be put in the form + A 2 ^ 2 ^ 2 + ••• 

where is a homogeneous linear function of ..., and ?/, 

is the same function of j/| , ^ 2 » > If nr 

Ex. 12. Prove that every substitution can be transformed into 
the normal form (an-fi + «! 2 *^. 2 + ... + ... +a.,yy,Xyy,, 

in which = 0 if I > y. 

Ex. 13. (i) The product of two substitutions in normal form is 
in normal form, (ii) The inverse of a substitution in normal 
form is in normal form. 

Ex. 14. Transform into normal form 

(i) li^x+Uy\ 

(ii) (20u:-15?/-24.?, -13a -f G^-f 16-e, 24.f— 16^-29^). 

§ 9 . By writing a/ for a*, for a*,. in the 

liomogeiieous linear substitution A of degree m (see § 4) we 
may derive the fnictional linear mbs itution a of degree 
m— 1 detined by 

Evidently a is not altered if we multiply each coefficient 

~ •••> 
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by the same quantity. Therefore in dealing with fractional 
substitutions we may always suppose the determinant formed 
by the coefficients (in this case | a |) to be 1. 

We call . . . , a of a, if 

is a pole of A. The poles 

(Xj, X 2 , X^_j) and (Aj, Ag, 

of a are considered distinct unless 

i. e. we are concerned with the actual magnitudes of 

-^2> 1> 

not with their ratios only as in § 6. 


Ex. 1. The product of two fractional linear substitutions is a 
fractional linear substitution. 

Ex. 2. a is not altered if we replace A by AJf, where M is 
any similarity. 

Ex. 3. Let a, b, c be the fractional substitutions derived from 
the homogeneous substitutions A, R, 0, Then (i) if AR = C> 
ab = c ; (ii) if ab = c, A2? = CM ; where ilf is a similarity. 

Ex, 4. (i) If A is of finite order, so is a. (ii) If A is a multipli- 
cation, so is a. 

Ex. 6. A fractional linear substitution of finite order can be 
transformed into a multiplication. 

Ex, 6. If (Xi, Xg, ..., X„j„i) is a pole of a, 

A, ~ (<»nXi4-aj2X2+ -r (flwiXi + fl,3»2X2+ ... +«,»»,). 

Ex. 7. Prove that the poles of b~^ab are obtained by applying 
b to the poles of a. 

/ OX •\'h\ 

Ex. 8. The substitution S = ( a?' = ), where ad—hc== 1 

\ cx + d/ 

and 2cos0 = a + d, is caXled parabolic, elliptic, hyperbolic, or loxo- 
(Iromic according as tan <f> is zero, real ( 0), a pure imaginary, or 
complex. The poles of S are denoted by a and /:!. Prove that : 

(i) a, P have the values (a — d + 2i sin 0), where i= -/ — I. 


(ii) (a;'— a) = (:r-a) -f- (cj^+d) (ca -f d) = €5<»(aj— a) -f- (c:r + d), 

(iii) If a = /3, S is parabolic ; and conversely. 

(iv) If 5 is parabolic, it can be put in the form 

1 1 

—y—— = + C. 

ar— a a?— « 


(v) If S is parabolic, it is a transform of xf = a; -f c. 

(vi) If iSf is non-parabolic, it can be put in the form 


a/-/i 


jc— /i 
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(vii) If S is non-parabolic, it is a transform of x* = 

(viii) If H is of order 2, it is hyperbolic, and a + d = 0. 

(ix) If S is of finite order ( > 2), it is elliptic. 

(x) If H is loxodromic, it is the product of an elliptic and 
a hyperbolic suV)stitution. 

(xi) (f) is not altered when we transform S by any substitution. 

(xii) The transform of S by 

, where Ui = - Pi = r, , * 

x—fij x-fij ^ c,a*fai Ci/:i + di 

(xiii) If S and have a common pole and their commutator is 
of finite order, they have a second common pole, 

/ • \ mi 1 r / 1 1 , x-h\^3~2 

(xiv) The orders of x = — > — — , and 


are 6, 4, and 12 respectively. 






§ 10 . In §§ 4 to 9 the symbols used &c.) denoted 

ordinary real or complex quantities. Much of the precedinjjj 
is, liowcwer, applicable if the symbols denote any quantities 
with laws of addition, subtraction, multiplication, and division, 
these operations (additions, &c.) being subject to the laws of 
ordinary algebra. 

Let /J be any prime, and let P (x) := x^ -f ... -f-p,. be 
a rational integral function of x with positive integral 
cootticiouts less than p and not reducible mod />; i.e. not 
satisfying any eijuation of the form 

F (j;) = Pi (x) . Pjj (a) + p . Pg (.r), 

whore Pj (x), P,j, (,r), and P3 (.r) are integral functions with 
integral coefficients. 

Let F{x) bo any integral function of x with integral 
coefficitmts. The remainder when F{x) is divided by P (x) 
is evidently of the form /(‘r)4-^>. </>(*«), where (f> (x) is an 
integral function of degree 7^—1 with integral coefficients 

and /(‘^) ~ + + ••• which each 

coefficient is one of the integers 0, 1, 2, p — 1. We call 
f{x) the rei^idue of F(x)y mod p and P(x), There are j/ 

possible residues, for each of the ?’ coefficients aj, ..., 

may bo chosen in p ways. 

All functions having the same residue are said to form 
a ciam If Pj, F.^ are any two functions belonging to two 
given classes, the classes of Pj -h *“ evidently 

definitely and uniquely given, so that the classes obey laws 
of addition, subtraction, and multiplication. The cla-sses Cq 
and Cj corresponding to the cases = Uj = = ... = = 0 
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and == 1, cr^ = a 2 = ... = = 0, are called the zero and 

luiit classes respectively. If C is any other class, evidently 
= + and CC\ = 0^0= 0. 

To show that the classes obey a unique law of division 
(the divisor not being the zero class), we must prove that, 
and C\, being any two classes, we can always find a single 
class such that — 0). Then -f- . 

It is sufficient to show that we can find a single class T/,, * 
such that . Gf^ = ; for then G^^ = G^-^G^^. 

Let F{x) be a function of the class (7„. Then, since G^ is 
not the zero class and P (.r) is not reducible mod we can 
prove that functions {x), Pj (.r) exist such that 

Pj (x ) . F(x)—P^ (x) .P{x)^l (mod /;). 

The proof is an extension of the method used in showing that 
if c, / are two integers with no common factor, we can find 
integers Cj, such that ej6~/j/= 1 (see Dickson *8 Litieor 
Groups, Teubner, 1901, p. 8). Then Fi{x) belongs to the 
class 

We may represent the classes by the marks 

'W'oj U2» 

which obey laws of addition, subtraction, multiplication, and 
division, and form a Oalois Field of order denoted by 
frP[//]. We shall suppose the mark of the class to 
which f{x) belongs. Then is the zero mark such that 
^ ^ '^1 mark such that 

K^u^ = We may denote the mark by the 

integer f{p) when no ambiguity is introduced thereby. This 
notation is especially useful when r = 1 and in the case of the 
zero and unit marks of any Field. 

The Galois Field contains p i iite(jral marks , t/g , . . . 1 

corresponding to the cases in which 

aji = ag = ...= = 0, and (Xq = 0, 1, 2, — 1 

respectively. An important case is that in which r = 1. 
Then f(x) is one of the integers 0, 1, 2, ..., /j — 1. The 
Galois Field consi-sts solely of the zero and integral marks 
which are usually denoted in this case by 0, 1,2, ..., p — 1, 
and are called ‘integers reduced mod p*. All integers leaving 
the same remainder when divided by p form a class. 

Ex. 1. Find Wi, u,^—u^^e{p > \ > 0), and 

Ex. 2. If P(x) is z* + x + l. 

Ex. 3. If jp’'=:3^ P(^) is 1, x^ + x-{-2f or x^i‘2x‘^2. 
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Ex. 4. Find addition and multiplication tables for all marks of 
the Field (i) when = 2^, (ii) when 

pf = 3^ and P(x) = t* + 2x+2.* 

Ex. 5. In Ex. 4 (ii) find the difference and quotient of and 
t44, and u^y and u^. 

Ex. 6. The substitution a:' = x + 5 is of order p, if is any non- 
zero mark of a GF[p'^]. 

Ex. 7. (i) The substitution (S) r' = is of order 2, 3, 4, 

/ cx + d 

.. .. (a-^dy 

u,+u,4*Mi, Uj -f -hUj 4- w, 

respectively; where a, by r, d are marks of a (ii) Find 

the general condition that == 1. 

Ex. H. Every linear substitution whose coefficients are marks 
of a 0F[p^] is of finite order. 

Ex. 1). Find the orders of (y, a?+y), (y, ar-f 1) in the GF[2], 

Ex. 10. Find the orders of s' = ic-f-l in the G^JF’[5J. 

X 4“ 4r X 

Ex. 11. If n r, If d«.ot. •' = 3 ^. I in Ih. 

GF[7}, find the orders of S, T, U, TU, ST, STU. <- 

Ex. 12. If S, T, U denote x' /in the 
’ 4x+2 6x+* Sx 

(7FL11J, find the ordera of S, T, U, ST, SU, STU. 

Ex. 13. Find the orders of x' = x + 2, in the 

Ex. 14. Find the orders of a:' = in the GFf3-] 

when i*(^) = ^^ + 2jt:4’2. 

Ex. 15, If u is a solution of an equation of degree A; in a 
(i. e. an equation of the hth degree in which the unknown quantity 
and the eoiffiicients are marks of the Field) but of no equation of 
degree < A*, the p^ marks ao4'eiiU4- ... are all 

distinct; «(,» •••> being any marks of the Field. 

Ex. 10. Every mark of a is a solution of some equation 

of degree < r in the Field, 

Ex. 17. In Ex. 15 every power of u is of the form 

&0 + ^i«+ — 

where 6^, 6,, ..., are marks of the Field. 

• Unless r - 1 such tables deiwnd, of course, on the irreducible function 
chosen as r(x). It may be shown that changing P{r) is merely equivalent 
to permuting the marks of the Field ; i. e. there is only one essentially 
distinct GFlp^], 
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Ex. 18. If Ui, u.^, are the roots of the equation 

F(tt) = u*' +a,u*'"i+ ... +a;^_,M + a;t = 0 iu a GF[p''] 
and S( denotes + ... +«*^ prove that 

(i) + ... + = 

\M — M — 1*2 »<~«r 

+ (*—1) ... +«;. I : 

(ii) S^ + + a.2<S',.-2 + ••. + _i ‘S\ + crt,. = 0, (c= 1, 2, ..., !•) ; 

(iii) Sj + aiiS(._i + a. 2 Sj_. 2 + ... +( 14 . 8 ,. ^. = 0, ((5 = fc+l, A:+2. 

Jfc+3, ...> 

§ 11 . If u is any mark of a GF[ //], the series u, ... 

contains at most y/-~l distinct marks, since the Field only 
contains marks excluding ()(=Wt,). Hence for some 

value of ii and t, u** = and = 1 { = tt,). If u” is tin? 
first mark of the series which = 1 , is called the period of </. 
Let It' be a mark not included in the series S = (u, , u^'), 

u" a mark not included in the series 

a or vfS = (tt'tt, m'-w"), 

tt'" a mark not included in *S’, u'S, and so on. Then we see 
at once that no two of the marks included in u'aV, u"/?, , . . 

are identical. Hence : — 

The peHod of each mark of the GF\^}/\ is a divisor 
of — 1 . 

Just as wo prove in ordinary algebra that an equation 
of the ?t*th degree has not more than n roots, so wo prove 
that there are not more than n marks tt satisfying an 
equation -h ... -he == 0 whose coefficients are 

marks of the Galois Field. It lollows that, if d is any divisor 
of 1, there are d marks satisfying =: 1 . For there are 
jf — \ marks satisfying 1 , and 1 ) , ^(u), 

where 4> (u) is of degree (p^ — I)-r<^. But <p(ii)= 0 is satisfied 
by at most (//— 1) -f- marks of the Field, and hence there 
are d marks satisfying — 1 =0. 

A mark satisfying = 1 , but no equation = 1 (e< k) 
is called primit ive root of = 1 . 

If = 1 and it is a primitive root of u* = I, a; is a factor 
of k. For if A: = te-hm (x>m^ 0 ), u”* = = 1 ; and 

therefore m = 0. 

Let k = a^We'y..., where a, 6 , c, ... are primes. Then the 
numl>ers of primitive roots of = 1 is «~(the number of 
roots of = l,u^‘^^=I,...)-h(the number of roots 
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of 1, 1, ...) — (the number of roots of 

1....) + &c. = (* + * + ^ + ...) 


( k k \ / k \ 

ab'^ ac +-)"C7(;^ + •••)+••• 


A primitive root of ' = 1 is called a primitive root 
of the Field. If n is such a primitive root, the marks of 
the Field are u, 1). 


Ex. 1. If a, Z), c are marks of a GF and the periods of a 
and e are k and I respectively, the order of = + 6 is k, of 

(ai\, hj'-^af/) is pk, and of (ar, bx-^-rp) is the L. C. M. of k and /. 

Ex. 2. ilow many primitive roots of tlie GF[3^] and 
are there ? 

Ex. 3. Every primitive root of the GF[ satisfies an equation 
of dej^ree r hut no equation of lower degree. 

Ex. 4. If u is a primitive root of the 6'F[p^| and d is a factor 
of 1, is a primitive root of u'^ = 1. 

Ex. 5. No integral mark is a primitive root of a GF[p^] unless 
r = 1. 

Ex. G. In (i) the GF[1 ll,(u) the GF\ 3-] whore l\x) = y- + 2x-h2, 
find the primitive roots of the Fiidd and the period of the mark 4. 

Ex. 7. (i) Every similarity-substitution on m given variables 
whose ccKiflicients are murks of a given Fiehl is a power of a given 
similarity, (ii) The order of a multiplication is the L. C. M. of 
the periods of the coeflicients. 

Ex. 8. A mark of a GF\p^] is called a square or a nof-^quare 
according as it is or is not the square of some mark #>f the Field. 
Prove that (i) if p = 2, every mark is a square ; ^ii) if p > 2. the 
even powers of any primitive root n are squares and the odd 
powers are not-squares ; (^iii) the product and quotient of two 
squares or of two not-squares are squares ; (iv) the product and 
quotient of a s(|uare and a not-stjuare are not-squares. 

E.\. th If (I is the H. C. F, of m and — 1, there ai*e exactly 

— 1) -r d marks ( ^ 0) of the GF[p^\ which are m-th powers 

of some mark of the Field. 

Ex. 10. By two ‘conjugate complex quantities* a and a we 
mean two ipiantities «i-|- a.^i, a|— where aj, are marks of 
a given (rF| /yj (p > 2), and t is defined by i^= a given 

primitive root u of the Field. Prove that (i) aa 0 unless 

a a = 0 ; (ii) ab 9^ 0 unless a or b = 0 ; (iii) a^*' = a ; 

(iv) = 1. 

* This number is usually denoted by ^ (k). As the above proof shows, 
^ (le) n the number of numbers <k and prime to k. 
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GEOMETRICAL ELEMENTS 

§ 1. A GEOMETRICAL movement is any displacement of 
a figure which does not alter the distance between any pair of 
points. For example, a reflexion in a plane, a rotation about 
a line, an inversion about a point 0* &c., are ‘ movements \ 

Let a, h be any two planes meeting in a line / (perpendicular 
to the plane of Fig. 1), and suppose a is brought to coincide 
with b by a rotation about I through any angle ia. Then 
if any point P is brought to Q by reflexion in and Q is 
i)rought to li by reflexion in b, evidently P is brought to H 
by a rotation through a about l.\ Hence successive reflexions 
in two planes are in general equivalent to a rotation alK)ut th(? 
intersection of the planes. 

In the particular case in which I is at infinity (Fig. 2) we 
see that successive reflexions in two parallel planes whose 
distance apart is move any point through a distance x in 
the direction perpendicular to the planes. Such a movement 
is called a translation. 

If A, B are two movements such that the effect of applying 
to any figure first A and then B is the same as that of 
applying first B and then A, A and B are called permutahle 
movements. 

In §§ 1 to 6 we shall denote ‘successive reflexions in the 
planes a, 6, c, ... ' by (a) . (/>) .(c) 

Ex. 1. Reflexions in two given planes are only permutahle if 
the planes are perpendicular. 

Ex. 2. The following pairs of movements are permutahle:—* 
(i) a rotation about a line I and a reflexion in a plane perpendicular 
to (ii) rotation about I and inversion about any point of l\ 
(iii) rotation about I and a translation parallel to I ; (iv) reflexion 

* A displacement such that the lino joining the initial and final positions 
of each point of the figure passes through 0 and is bisected at 0. 

t Attention must bo paid to the sign of a. We consider o positive if it is 
doscribed in the clockwise direction. 

D 


miusoM r. a. 
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in a plane and a translation parallel to the plane ; (v) any tw< 
translations. 

Ex. 3. A line I meets a plane P at right angles in 0. An^ 
two of the three movements (i) reflexion in i*, (ii) inversioi 
about 0, (iii) rotation through tt about Z, are permutable ; and j 
combination of any two is equivalent to the third. 


P 




Fig. 1. 


Ex. 4. An inversion is equivalent to successive reflexions i 
thrtH' mutually perj>endicular planes. 

Ex. 5. Any number of successive translations is equivalent t 
a single translation. 
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Ex. 6. Translations can be repi*esented by vectors drawn froni 
a fixed point, and combine in accordance with the ‘ parallelogram 
law 

Ex. 7. An inversion followed by a translation is eqiavalent to 
an inversion. 



I 

I 

I 

I 

• R 

Fig. 2. 

Ex. The only movement which leaves three non-collinear 
points Py Qy Ji fixed is a reflexion in the plane PQli. 

Ex. 9. The only movements which leave two points i*, Q fix* «l 
are those obtained by combining successive reflexions in plaru n 
through PQ* 

§ 2. Let OAy OB be two intersecting lines. Take OG such 
that the angle between the planes OAli, OAC is ia* and the 
angle between the planes OBCy OB A is \li. Let i y be 
the angle between the planes OCBy OCA, Then a rotation 

• i. 0 , when the second plane OACxh rotated ahonl OA through an angle Jo 
it comes into coincidence with the first plane OAB \ and so in the other two 
caaes. 

D 2 
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throiiffh a about OA followed by a rotation through about 
Ofl = (OAC ) . (OAB ) . {OB A ) . {OBC) = {OCA ) . {OCB) = a rota- 
tion through y about OC, This composition of two rotations 
is called Euler* a {or Rodrigues) condruction. 

Ex. 1. A rotation through /3 about OB followed by a rotation 
through a about OA = a rotation through y about the reflexion of 
OC in the plane AOB, 

Ex. 2. The two rotations of § 2 are permutable only (i) if a, 
or A OB is very smalb (ii) if a = ^ = y = 7r. 



Fig. 3. 


Ex. 3. Successive reflexions in any even numl)er of planes 
through a fixed point are e(juiv.alent to a rotation. 

Ex. 4. If o = mi3 and ci, are small, find y and the position 

of oa 

Ex. 6. Successive rotations through angles a, /3 about parallel 
lines are equivalent to a rotation tiirough a-f/i about another 
pamllel line. 

Ex. 6. Rotations through a about OA, /3 about OR, a about 
OA are equivalent to a rotation about a line in the plane AOB, 

Ex. 7. Successive rotations through equal and opposite angles 
about parallel lines are e<|uivalent to a translation. 

Ex. 8. A rotation about I followed by a translation perpen- 
dicular to I (or vice versa) is equivalent to a rotation through an 
et|uai angle about a line parallel to L The translation and 
rotation are never permutable unless one or other is iniinitesimaL 
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Ex. 9. Successive rotations about three radii of a sphere throu^^h 
twice the angles of the corresponding spherical triangle produce 
no displacement on any figure. 

Ex. 10. AOA\ BOB\ COC' and n0a\ bOl/^ cOc are two sets 
of mutually perpendicular lines. OA, OB^ 00 are brought into 
the positions Oa, Ob, Oc\ Oa, Oh\ Or'; Oa', Oby Oc' ; Oa', Ob'y Or 
by rotations about OD, OI\y 01).^,, OT>.^, Provo that (i) the planes 
BiOAy JDOA are jiei^endicular ; (ii) the planes DOD^y BOO, l).j,0!)^^ 
are concurrent ; (iii) the planes Z)07>j, BtOT).^ are por|>endicular. 

Ex. 11. (i) Translations, (ii) rotations about lines through 
a fixed point may be considered as elements. 

§ 3. Every odd number of succe^^sive reflexions is equivalent 
to three siiccei^sive reflexions. 

If we prove this for five successive reflexions, wo can at 
once extend it to the case of seven successive reflexions, then 
to nine, and so on. Take then five successive reflexions in the 
planes 1, 2, 3, 4, 5. Now by § 1 if the planes 4 and 5 meet 
in a line /, we can replace the movement (4) . (5) by (IV) . (V); 
where IV is any plane through I chosen arbitrarily, and V 
is a plane through I such that the angle between IV and V is 
the same as the angle between 4 and 5. Take IV as the plams 
through I passing through the intersection of 1, 2, 3. Th<ui 

(I) . (2). (3) . (IV) is equivalent by § 2 to two successive re- 
flexions, so that the theorem is proved. 

Ex. Every even number of successive reflexions is equivalent to 
four successive reflexions. 

§ 4. The movement (1).(2).(3) is reduced to its simplest 
form as follows. If 2 and 3 meet in a line (2). (3) may be, 
replaced as in § 3 by (2'). (Ill); where 2' is perpendicular 
to 1. Then (1),(2') may be replaced by (I). (11) where 1 is 
a plane perpendicular to the planes 11 and III. Now 

(II) . (Ill) = a rotation about the intersection h of 11 and 111 
which is perpendicular to I. Hence (1) . (2) . (3) = a rotatory- 
reflexion^ i.e. a reflexion in a plane followed by a rotation 
about a line perpendicular to that plane. The reflexion and 
rotation are obviously pcrmutable. 

Since a reflexion in I has evidently the same effect as an 
inversion about the intersection of I and h followed by 
a rotation through tt about A, the movement is also equivalent 
to a rotatory -tnvei'biony L e, an inversion about a point 
followed by a rotation about a line through the point. The 
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inversion and rotation are obviously perrautable. Evidently 
no two rotatory-inversions can be equivalent unless they are 
identical. Hence : — 

Every odd number of mrref^sive reflexions is equivalent to 
a u n ique rota tory-ii ivera to n. 

Reflexion, inversion, &c., are particular cases of rotatory- 
inversion. One case re(]uires special mention ; that in which 
the line h is at infinity. The movement is then called a 
ylidiny-reflexion^ and is equivalent to a reflexion in a plane 
followed by a translation parallel to that plane. 

Ex. 1. (i) An odd number of successive reflexions brings in 
general one and only one point to its original position, (ii) What 
are the exceptions? 

Ex. 2. Show that a gliding- reflexion S is equivalent to a 
rotation through tt about a line I followed by inversion about 
a point not lying in 1. 


§ 6. Wo shall now show how to reduce an oven number 
of succes.sive reflexions to its simplest form. By § 3 it is 
sulficient to consider four successive reflexions in the planes 
1, 2, 3, 4. As in § 4 we can reduce the movement (1) . (2) ,(3) 
to (1) , (II) . (Ill), where the planes II and HI meet in th^ 
lino h perpendicular to I. Then (II) . (Ill) can be replaced by 
( 2 ). ( 3 ), where the planes 2 , 3 pass through h and 3 is 
perpendicular to 4. Now the planes I and 2 are perpen- 
dicular, and so are the planes 3 and 4. Hence (1) . (2) . (3) . (4) 
= two successive rotations through tt about two linos a, b ; 
wliero a is the intersection of I and 2, and 6 is the intersection 
of 3 and 4. 

Let k be the line meeting a, b at right angles. Let 
u and /:! be the planes through k, a and k\ Ik Let Kj, ^2 he 
the planes through a, b perpendicular to k. Then tw^o succes- 
sive rotations through tt about u, 6 = (a) . (kJ . (/i) . (x.^) 
= (a) . (ft ) . (ki). (xjl, since reflexions in the two perpendicular 
planes /i are evidently permutable. But (a) .(/:J) = a rota- 
tion about k, and (xq) . (x.^) = a translation parallel to k. 

This combination of a rotation about k followed by a 
translation parallel to k is called a screv' about k. The 
rotation and translation are obviously permutable. Two 
screws are evidently equivalent only if they coincide. 
Hence : — 
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Every even numher of mccesdve reflexions is equivalent 
to a unique screw. 

A rotation or translation is a particular case of a screw. 

§ 6 . Every geometrical movement is equivalent to a screw 
or a rotatory -inversion. 

Let A, B be the initial positions of any two points of a 
figure, and let A', jB' be their final positions after the figure 
has been subjected to any movement leaving unaltered the 
distance between every pair of points. J^eb c be the plane 
bisecting A A' at right angles; and let B^ bo the reflexion 
of B in c, so that A'B^ ^ A B. Let d be the plane bisecting 
B'B^ at right angles. Since A'B^ = A/? = A'B\ d passes 
through A'. Hence (r) . (d) brings A to A' and B to B\ The 
movement is completed by successive reflexions in planes 
passing through the line A'R'; for evidently every movement 
keeping both A' and B' fixed is obtained by combining such 
reflexions. Hence the whole movement is equivalent to a 
number of successive reflexions ; which proves the theorem. 

If the movement is equivalent to a screw, the initial and 
final positions 0 of the figure are congruent or ‘ super- 
posable \ The movement is called a movement of the first 
sort, and is equivalent to an even number of successive 
reflexions. 

If the movement is equivalent to a rotatory-inversion, 
F and G are eiuintionwrphous ; they are related in the same 
way as a right and left hand, or as an object and its reflexion 
in a mirror. The movement is called a movement of the 
second sort, and is equivalent to an odd number of successive 
leflexions. 

Ex. 1. AA', BB\ CC' are diameters of a sphere. The spherical 
triangles ABC, A'B'C' have corresponding sides and angles equal 
and are enantiomorphous. 

Ex. 2. A movement is completely determined when we are 
given the initial and final positions of four non-coplariar points 
of any figure to which the movement is applied. 

Ex. 3. What movements leave a given point 0 fixed ? 

§ 7 . If S and T are any two movements, and S brings 
a figure from the position F to the position G, while T 
brings it from 0 to H; the figure is brought from F to H by 
a unique screw or rotatory -reflexion U which may be con- 
sidered as the product of 8 and T (8T = U). 
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It is obvious that, when the law of combination of move- 
ments is defined in this way, elements obey the associative 
law and satisfy the conditions by which elements were 
defined. Tlie identical element is the operation of leaving 
the figure unmoved. The element inverse to aV is the unique 
screw or rotatory-inversion bringing the figure from the 
position 0 to F. 

Ex. 1. The product of r movements of the first sort and .9 move- 
ments of the second aui*t is of the first or second sort according 
US s is even or odd. 

Ex. 2. A rotation or rotatory-inversion of angle a is of finite 
order if and only if u tt is commensurable. 

Ex. A scr(*vv is not in general of finite order. 

Ex. 4. Find the order of a rotatory-inversion of angle 2t: n 
(w integral). 



Fig. 4. 


^ 8 . Any movement may bo conveniently represented by 
a geometrical diagram. Thus Fig. 4 (i) represents a transla- 
tion parallel to the line AB through a distance AB. Again. 

^ (ii) represents the rotatory- inversion consisting of an 
inversion about 0 followed by a rotation about I through a ; 
where I is the line through 0 perpendicular to the plane 
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of the diagram and a is the angle subtended at 0 by the 
aiTOw there shown.* A rotation may be denoted by oniiiting 
the O, and a screw by combining the diagrams representing 
a translation and a rotation. 


Ex. 1. Another convenient representation is as follows:- 
Denote a screw by a pair of unlimited straight lines, and a 
rotatory -in version by a pair of unlimited intersecting straiglit 
lines with a O at their point of intersection. 

Ex. 2. All equal straight lines drawn in the same direction 
represent the same translation. 


§ 9. The transform of a movement S hy a movement T Is 
found by performing the movement T on the geometrical 
representation of /V. 

Let X be any geometrical representation of S, Let any 
point P' be brought to the position by let P bo 

brought to Q by IS, and let Q bo brought to (/ by T, Let 
X be brought by T into the position X'. Then T brings P, X 
into the positions if, X' respectively. Hence iho figure PQX 
is congruent or enantiomorphous to the figure P'(/X' according 

T is of the first or second sort. Now X is the representation 
of the movement IS bringing P to Q : hence X' is the n^presen- 
tation of a similar f movement aV' bringing P' to (/. Rut 
T"^ 1ST brings to (/, and this is true for all positions of the 
point P\ Hence IS' = T^^ 1ST. 

Ex. 1. If jS is a right-handed screw, S' is a similar screw but 
right- or left-handed according as T is of the first or second sort. 

Ex. 2. The transform of a rotation is a rotation, and of a 
translation is a translation. 

Ex. 8. If S is any given screw, T any given translation, we 
can always find a translation t such that 7’6’ = Sf. 

Ex. 4. If T, t are given equal translations, we can always find 
a rotation II such that TIi = lit. 

Ex. 6. If S, s ai*e two similar screws (both right- or both 
left-handed) about parallel lines I, l\ wo can always find trans- 
lations 1\ t such that ST = Ts, S = st. 

Ex. 6. If S is any screw and Ji any rotation of the same angle 
about parallel lines I and l\ we can find translations 2\ T' such 
that S = liT = T'R 

* The rotatory-inversion may be called ‘a rotatory-i aversion through 
a about 0 and l\ 

+ For example, if .S is a rotatory-inversion, .S' is a rotatory-inversion 
through the same angle; if S is a screw, S' is a screw with the same 
translation and angle, &.c. 
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Ex. 7. If J, i am any two eimilar rotatory-inversions about 
parallel lines, we can find translations T, T' such that / = tT = T'u 

Ex. 8. If iS is a screw and It a rotation of the same angle about 
a parallel line, while 5 is a second screw and r a rotation of the 
same angle about a parallel line, we can find translations T, T' 
such that Ss ^ Mr, T :=^ T' . Mr, 

Ex. 9. Prove a result similar to that of Ex. 8 for the product 
of a screw and a rotatory -inversion or of two rotatory -in versions. 

Ex, 10. Prove the following practical construction for finding 
the resultant of screws of angles a, fiy ... about lines a, 6, .... 

* Find the j)osition 0 to which any convenient point 0' is brought 
by the successive screws. Find the resultant M of rotations 

through a, jiy ... about lines through 0 parallel to a, by Let 

M be the screw eipiivalent to a translation represented by 0^0 
followed liy the rotation M. Tlien J/ is the required resultant.’ 

Ex. 11. Obtain a method similar to that of Ex. 10 for finding 
the resultivnt of any number of successive screws and rotatory- 
inversions. 

Ex. 12. The resultant of three screws of angle tt about three 
perpendicular non-intersecting sides of a rectangular parallele- 
pipedon whose translations are represented by twice the respective 
sides is identity. (The resultant of the three translations taken 
alone is represented by twice that diagonal of the parallelepipedon 
which meets none of the three sides.) 

Ex. 18. If a, b are two lin(‘s inclined at an angle 0 and at 
a distance apart, the resultant of screws through tr about a and 
b whose translations are 2.r and is a screw through 2d of 
translation 2^ about a line whose distances from a and b are 
c<»sec 0 { if -f X cos 0) and cosec d {x + if cos 0). 

Ex. U. A MCI) is the face of a cube; AOA'y MOM'y COC'y 
J>()jy are its diagonals. Find the resultant of a rotatory-inversion 
2 TT 

through ^ about A and AI)y a screw of angle tt and translation 

represented by A M about C'i)', a screw of angle tt and translation 
2C'A about a line tlirough 0 parallel to C'A, and a gliding- 
reflexion in the plane ADM'C' of translation AI), 

UO. If a movement (other than identity) brings every 
p<:»int of a figure F into the position previously occupied 
either by itself or by some other point of F, F is said to 
possess b^ijmiitelnj. If F is thus brought to self-coincidence 
by reflexion in a plane s, is called a i^if mm etry- plane of F, 
li F is brought to self-coinciilence by a rotation about a line I 
through a positive angle a (but through no smaller angle), I is 
called an 7t-a/ rotation-axis of F, where 7ia = 2Tr. Similarly 
wo can have an ‘7i-al symmetry-axis of rotatory-inversion’, 
a ‘centre of symmetry*, a ‘screw-axis of symmetry*, &c. 
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For example, a cube has its middle point 0 as a centre of 
symmetry (i.e. it is its own inverse about 0), its diagonal 
as a 3-al rotation-axis, the plane through two opposite edges 
as a symmetry-plane, &c. 

Ex. 1. Find other symmetry-axes of a cube. 

Ex. 2. (i) If I is an «-al rotation-axis or symmetry-axis of 
rotatory-inversion, n is integral, (ii) Give a case in which « =r oo . 

Ex. 3. No translation nor screw (unless it reduces to a rotation) 
can bring a finite figure to self-coincidence. 


§ 11. Many other geometrical operations besides ‘ move- 
ments * satisfy the conditions to which elements are subject. 
As an example we may take successive inversions in any 
number of circles all of which are orthogonal to a fixed 
circle. 

If we project any figure on a sphere 2 from a point F of 2 
on to the plane through the centre 0 perpendicular to OV 
(stereographic projection), the projected liguro is the inviTse 
of the original with respect to a sphere of centre V and radius 
V2.0V. Hence a circle projects into a circle, and angles are 
unaltered by projection. If c is any circle on 2, and 1\ Q 
are points on 2 inverse with respect to c (I Q passes througli 
the pole of the plane of c with respect to 2), all circles on 2 
through P and Q are orthogonal to e. Hence, if c\ P\ Q' arc iho 
projections of c, P. Q, all circles through P' and Q' are orthogonal 
to i. e. P' and are inverse with respect to In particular, 
if c is a great circle, P and Q are reflexions of each otlu^r 
in the plane of e; while c' is orthogonal to the fixed circle 
which is the projection of the circle at infinity on 2. Hence 
from each theorem concerning .successive reflexions in planes 
through a given point, may be deduced a theorem concerning 
successive inversions in circles orthogonal to a fixed circle. 

Ex, 1. Show that in any plane (i) a rotation about a point, 
(ii) a translation, (iii) a magnification with respect to a point 
are particular cases of two successive inversions. 

Ex. 2. The operation consisting of successive inversions in two 
given real circles is of finite order only if the circles cut at a real 
angle commensurable with tt. It is equivalent to successive 
inversions in any two circles cutting at the same angle in the 
same points. 

Ex. 3. Any even number of successive inversions in circles 
orthogonal to a fixed circle is equivalent to two successive 
inversions. 
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Ex. 4 . If S is an operation consisting of successive inversions 
in Uie circles jj, and T is a similar operation changing 

these circles into the circles i|, •••> T ^ST is the operation 

consisting of successive inversions in a'l, ^3, .... 

Ex. 5 . Take rectangular Cartesian axes of reference in a plane. 
Let any geometrical operation displace a point from the position 
(r, y) to the position y'). Let = a; + + iy' (i = V' — 1 ). 

Find geometrical operations such that (i) z' := d—Zj (ii) z = 
b and d being real. Deduce the fact that the product of these 
substitutions is finite only if <f) is commensurable with tt, where 
cos </> = -r 2 


Ex. C. To successive inversions in any two circles corresponds 

a substitution of the form z' = • 

cz-\-d 


Ex. 7 . If to the substitution S z=i == corresponds an 

inversion in a circle j followed by a reflexion in a line 7 , cos <px 
the radius of j = the perpendicular on I from the centre of j 
(see III 2,2). 

Ex. 8. If the equations of j and I are real, (i) S is not loxo- 
droniic, (ii) A is conjugate to J) and B to C with respect to a 
rectangular hyperbola whose c<mtre is the origin and whose 
asymptote bisects AD] where A, B, C, B are the points repre- 
senting the complex (piantities n, />, c, f/. 

Ex. 0. When a, r, d are real, to S corresponds an invei-sion in 
c'^//' + 2 c‘( 7 jr + (6(; — ad-fd-) = 0 followed by a reflexion in 
= a — d. 


§ 12 . As another example we may take the case of col- 
lineation. 

If two figures are such that each point P of one figure 
corresponds to a single point I*' of the other, while conversely 
the single point P' corresponds to P; one figure is said to be 
derived from the other by a coU inear or prujective transfor- 
mation. 

First take the case in w’hich both figures are plane. If 
2/, -)» , y'^ -0 ftre the coordinates of P^ referred to any 
two triangles of reference (one in each figure), we have 
evidently relations of the form 

If we choose the triangles of reference ABC, A'B'C' so that 
A and A\ B and B'j C and C' are coiTesponding points in the 
two figures, y'= z ^ 0 when y = ;^ = 0, &c. Hence we have 
obviously = ^1= n.^ = ^2 ~ ^8 ~ ~ When we ai*e given 
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the coordinates of another pair of corresponding points, wo 
can find the ratios :n^. Hence a collinear transforma- 

tion of one plane figure into another is completely determined 
by the correspondence between four points of one figure (no 
three of which lie on a straight line) and four points of the 
other. 

Plane projection evidently establishes a collinear transfor- 
mation of one plane into another, which is, moreover, the 
most general possible ; for we can always project four given 
points A, JB, C, V into four other arbitrary points a, 6, c, v as 
follows. Let AVy BV meet BC\ Cji in D and E\ and let 
av, hv meet be, ca in d and e. Take X on BO such that the 
cross-ratio of [BDCX)^hd-^cdy and take Y on CA such that 
the cross-i*atio of {CEA Y) = ce -f- Then project X Y to 
intinity, the angles BAC\ GBA into angles equal to b(ic\ eba, 
and the line AB into a line of length equal to ab. 

Similarly if the figures are three-dimensional, we can show 
by taking the vertices of the two tetrahedra of reference as 
corresponding points that the collinear transformation is 
completely determined by the correspondence between five 
points of one figure (no four being coplanar) and five points 
of the other. 

It is at once evident that to any number of coplanar points 
of one figure correspond coplanar points of th(‘. other. Simi- 
larly to collinear points of one figure correspond collinear 
points of the other. 

Let a = 0, ^ = 0 be the equations of two planes in one 
figure and a'= 0, 0 the equations of the corresponding 

planes in the other figure. Then to the pianos 

a = Aj/S, a = X 2 / 3 , a = Ajj/?, a = 
in one figure correspond the planes 

a'= a'= A^//, a'=: A^^', a'= 

in the other. Hence the cross-ratio.s of the corresponding 
pencils of planes are identical, being both e(pial to 

(A, ~ A2) (A3 - A,) ~ (A, - A,) (A 3 ^ AJ. 

It follows at once that the cross-ratios of corresponding pencils 
of lines or ranges of points are identical. 

The operation of making one figure correspond to another 
by a collinear transformation is called a colli npjvtion, A col- 
lineation evidently satisfies the conditions by which an element 
was defined, the identical element being the collineation 
w'hich makes each point of space correspond to itself. 
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Ex. 1. Carry out the reasoning of § 12 using Cartesian instead 
of homogeneous coordinates. 

Ex. 2. A collinear transformation of one straight line into 
another is completely determined when three pairs of correspond- 
ing points are given ; and the ranges formed by corresponding 
points are homographic. 

Ex. 3. If the coordinates of two corresponding points referred to 
the same tetrahedron of reference are connected by relations 
<lefining a substitution S, the coordinates referred to any other 
tetrahedron are connected by relations defining a transform of S, 

Ex. 4. A geometrical movement is a particular case of 
colli neation. 

Ex. 6, A collinear transformation of (i) a line, (ii) a plane, 
(iii) a three-dimensional figure into itself transforms in general 
respectively 2, 3, 4 points into themselves. Mention any 
exceptions. 

Ex. 0. Find the self-corresponding points in the collineation 
defined by (i) a rotation of a plane about a point 0, (ii) a screw 
about a line i, (iii) a rotatoiy- in version about 0 and L 

Ex. 7. When both figures are referred to the same rectangular 
Cartesian axes of reference a homogeneous linear substitution 
defines a collineation leaving fixed the origin and the plane at 
infinity ; and an orthogonal substitution defines a rotation or 
rotatory-inversion. 

Ex. 8. A collineation leaving the circle at infinity fixed is 
equivalent to a magnification with respect to a point followed 
by a geometrical movement. 


§ 13. Suppose now that the two figures derived from each 
other by collinear transformations are referred to the same 
tetrahedron of reference. Then the coordinates 

(•*•', y', s', (•p, y, z, w) 

of corresponding points i^, P are connected by relations of 
the form 

a;'=: 3/'= 

z'^ /a^ + m 32 /-f ?i 35 +/> 3 U», Ux-\‘m^y-\-iii^z^p^u\ 

Thest^ equations define a substitution S. If S is of finite 
order, we can express it in terms of new variables X, F, Z, W 
such that 

X'= oj^X, F^oiaF, a),Tr. (Ill 8). 

Taking X = 0, F = 0, Z = 0, IF = 0 as the faces of a new 
tetrahedron of reference, the corresponding points 

y\ t(/), (a?, y, z, tv) 
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are connected by the relations 

x'= cojO:, i/'= 0)3 c, — 

If S is of order 2, a>i^ = <*>2^ = 0)3^ = = 1 , and therefore 

(*>2, 0)2, 0)3, 0)4 each = + 1. 

If in this case a>j = 0)2 = 0)3 = 0)4, is a similarity and 
the collineation is the identical collineation making each 
point correspond to itself. If ~a>2 = o)^ = 0)3 = 0)4, passes 
through the vertex (1, 0, 0, 0) of the tetrahedron of reference 
and is divided harmonically by that vertex and the opposite' 
face iC = 0 of the tetrahedron. If — o)j= — co.^ = 0)3 = 0)4 , 
Pl^ intersects two opposite edges of the tetrahedron and is 
divided harmonically by them, as is at once proved. 

Hence we see that there are two kinds of collineation of 
order 2; the ‘perspective* in which the lino joining two 
corresponding points passes through a fixed point and is 
divided harmonically by it and a tixed plane, and the ‘ non- 
perspective * in which the line joining two corresponding 
points intersects two fixed non-intersecting straight lines an(l 
is divided harmonically by them. 

Just as we deduced from each theorem concerning successive 
reflexions in planes through a given point a theorem con- 
cerning successive inversions in circles orthogonal to a fixed 
chcle, so we may deduce a theorem concerning perspective 
collineations of a plane whose fixed point and line are pole 
and polar with respect to a fixed circle (and hence by pro- 
jection with respect to any fixed conic). For, using the 
notation of § 11, let c be a great circle of the sphere IS and 
let the straight lino c' be the (‘gnomonic’) projection of r 
from the centre 0 on to the tangent plane at V. Let the line 
through 0 perpendicular to the plane of r meet this tangent 
plane at C\ and let P\ Q' be the projections of two points 
P, Q on 2 which are the reflexions of each other in the plane 
of c. Then if C'V meets c' in iV' (Fig. 5 ), C'N' is evidently 
perpendicular to c\ and 

O'F. FiV'= OV^ since C'ON'^ OVN'^ \ ir. 

Hence C" is the pole of c' with respect to a fixed circle whose 
centre is V and radius V — Moreover, the lines OP, Oy 

are evidently coplanar with and equally inclined to 0 C\ 
Hence if meets c' in P', {(fF\ P'Q^) is harmonic since 

COF'=: i TT. Therefore P', Q' are derived from each other 
by a perspective collineation whose fixed point hi G' and fixed 
line is c\ 
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Fig. 6 (li). 
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In the above statement, for * successive reflexions in planes 
through a given point ' we may substitute ‘ successive rota- 
tions through TT about lines through a given point For if 
is the point diametrically opposite to Q on 2, Q' is the 
projection of as well as of Q, and is brought to the 
position Qi by a rotation through tt about 0C\ 

Ex. 1. If a straight line is transformed into itself by a 
collineation of order 2, corresponding points are the pairs of an 
involution on the line. 

Ex. 2. If a plane is transformed into itself by a collineation 
of order 2, the line joining corresponding points passes through 
a fixed point and is divided harmonically by it and a lixod 
straight line. 

Ex. 8. A perspective collineation of order 2 transforms the 
fixed point and every point of the fixed plane into itself ; and 
a non-perspective collineation of order 2 transforms every point of 
the two fixed lines into itself. 

Ex. 4. A rotation through tt about a line Z is a particular case 
of a non-perspective collineation of order 2. 

Ex. 5. A reflexion in a plane and inversion about a point are 
particular cases of a perspective collineation of order 2. 

Ex. 0. If a collineation 'T makes a point P' correspond to a 
point P and a plane cr* to a plane rr, and <S’ is the perspective 
collineation whose fixed point and plane are P and o-, T 
is the perspective collineation whose fixed point and jdane are 
P' and o-'. 

Ex. 7. If T makes lines 1% ni' correspond to /, m and If is the 
non -perspective collineation of order 2 whoso fixed linos aro /, w, 
'£-1 ij'f ig collineation whose fixed lines are l\ m\ 

Ex. 8. If V is an involutive collineation on a line I whoso 
double points are P, Q and 'P is a collineation transforming Z, 
P, Q into Q\ t~^VT is an ijivolutive collineation on V 

whose double jxiints are P\ Q\ 

Ex. 9. If two coll inear transformations of order 2 on a 
straight line are permutable, their double points form a harmonic 
range. 

Ex. 10. If Oi, O2 are the fixed points of two permutable 
perspective collineations and aro their fixed planes, lies 

on 0*2 and 0.^ on o-,. The product of the two collineations is 
a non-i>erspective collineation of order 2 whoso fixed lines are 
O1O2 and the intersection of e-j and o-g. 

Ex. 11. If Oj and 0*^, O2 and 0-2 are the fixed points and planes of 
two perspective collineations the fixed points of SiS.j, are 

every point on the intersection of <7, , and the double ]>oints of 
the involution determined on OjOg by Oi, and Og, 

Ex. 12. Any odd number of successive (i) j,>erspectivo collinea- 

H2LT0JI T. O. £ 
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tions with the same fixed plane, (ii) perspective collineations 
with the same fixed point and with fixed planes passing through 
a given straight line, (iii) non-perspective collineations of order 2 
with one fixed line in common and the other fixed line passing 
through a given point, is equivalent to a single such coUinea- 
tion. 

Ex. 13. Any odd number of successive perspective collineations 
whose fixed points all lie in a given plane and which transform 
a fixed conicoid into itself is equivalent to three such successive 
collineations. 
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§ 1, A set of elements is said to fonn a (jrow2h if (1) the 
product of any two (or the square of any one) of tho elements 
is an clement of the set; (2) the set contains tho inverse 
of each clement of tho set. If tho set satisfies condition (1) 
but not (2), it is called a semi-gnmp. 

Any group G contains the idenrical element ; for if a is any 
element of so is and aa~^ = 1. 

If G contains n distinct elements, it is said to be of order n, 
Tho gi'oup is called fin ite or infinite according as n is finite 
or infinite. We shall assume a group finite unless tho contrary 
is stated. 

A group or semi-group every two elements of which are 
permutable is called Abelian or commutative. 

If G is any group and (j is any element of finite order m, 
= 1 is in (7. If g^ is the first of tho elements g, ... 
which is contained in G, r is called the order of g relati ve to G. 
Tho order r of g relative to G is a factor of the ‘ absolute ’ 
order lyi. For if (/c+ 11 r>m>kr {k being a positive integer), 
gm-kr _ gin ^ g-kr _ is in Cr, and hence m = kr. 

Similarly we may prove that, if g^ is any positive power 
of g contained in u, r is a factor of 1. 


Ex. 1. Suppose we have G elements 1, a, b, c, d, e wliose laws 
of combination are given by the ‘multiplication table* (see p. 52) 
in which the product of the element at the left of the i-th row ana 
the element at the top of the j-ili column is given at the 
intersection of the i-th row and the j-th column (o. g. he = d, 
cb = e). Then 1, a, c, d, e form a group. Such elements are, 
for example, the 6 permutations 1, {xzy\ {yz\ {xy\ {zx) or 

the 6 substitutions 


x' = Xf 


1 

i-x' 


X— 11 X 
X X x—1 


1— X. 


Ex. 2. A group contains every positive and negative power of 
any element it contains. 

Ex. 3. Every element of a finite group is of finite order. 

£ 2 
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Ex. 4. If a, h are any two elements of a group G, we can always 
fin<] elements h in G such that ag = 6, ha ^ b. 

Ex. 5. The positive powers of any element form a group or 
semi-group according as the element is of finite or infinite order. 

Ex. fi. A finite numlier of elements satisfying condition (1) of 
§ 1 satisfy condition (2) and form a group. 

Ex. 7. Every semi-group contains elements of infinite order. 

Ex. 8. If the elements a, b, c, ... form a group, so do 
•••• 



/ 

a. 

h 

o 

d 

e 

/ 

/ 

a 

h 

c 

d 

e 

§ 


/ 

CC 

d 

e 

c 

a 

a 

h 

/ 

e 

c 

d 

c 

a 

d 

e 

/ 

CL 


oC 

d 

e 

c 

h 

/ 

a 

e 

e 

a 

d 

CL 

h 

/ 


MultipUcntion table uf group in Ex. 1. 


Ex. 9. Every group of even order contains an odd number of 
elt^ents of order 2. 

\/Ex. 10. Every group contains an even number of elements of 
order r (r > 2). 

J Ex. 11. A group whose elements are all of order 1 or 2 is 
)elian. 

Ex. 12. (i) If ^ 1 , are the elements of a group, so are 

9\9i, 9i9.,< 9i9i’ so arc ffyOi, gyg,, (ii) The 


iiomiutations ( 

\)\9x 9‘i9x 


"■ ^ and ( 

9:i9x ••• ' OyO'i 9y93 


) 


are both i*egular and are |>ermutablo. 

Ex, 13. The positive integers form an Abelian semi-group the 
law of combination being (i) ordinary multiplication, (ii) ordinary 
addition. 
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Ex. 14. All positive real quantities forai an infinite Abelian 
group or semi-group according as the law of combination is 
ordinary multiplication or ordinary addition. 

Ex. 15. All positive and negative integers form an infinite 
Abelian group when the law of combination is ordinaiy addition. 

Ex. Ifi. (i) The marks of the (rjF’jj)'] form an Abelian group 
of order tlie law of combination being addition, (ii) Tho 
marks excluding zero form an Abelian group of order tho 

law of combination being multiplication. 

Ex. 17. All the permutations on the symbols Xi, 
which (i) leave a function /(r^. ..., unaltered, (ii) multij)ly 

/(^iT •••> ‘^>m) by some constant indej>endent of .rj, 

form a group. 

Ex. 18. Provo a similar result for substitutions on tho variables 
J .2» • • • » 

Ex. 11). The movements bringing any geometrical figure to 
self-coincidence form a group. 

Ex. 20. All possible homogeneous linear substitutions of non- 
zero determinant on m given variables with coellicients in a 
GF{p^] form a group. 

Ex. 21. The following elements form a group: 

(i) The permutations 1, {xz){^iv), (.rr), {xu'){t/c), 

(ii) Tho j)ermutfttions 1, (.rycim), (.rzutfio), (.ruyus), {xuu'xi/), 
{u!/)lzw), {ju){yw), (ju>)(yz). (■‘niiwv), (■r>f){zu). 


(iii) Rotations through 


about the origin and rellexions 


in the lines y = tan — .x {r = 1, 2, ..., «). 

27r 471 

(iv) Rotations through 0, > about the diagonals of a 

*j fS 

cube and rotitions through tt about linos through its centre 
perpendicular to its faces. 

(v) The substitutions 

y = aj^.r, y = (u* -r z {k = 1, 2, ..., m), where = 1. 


X = X = dj'^ X (/c = 1 

(vi) The 12 substitutions 

.1 ...r+1 

(vii) The 24 substitutions 

, .. .,r±l .. 

X X-tl 


. r— t 


ikL-tl 


(A=0, 1,2,3). 

x-jr^ 


(viii) The substitutions 

/ 2r7r . 2rw . 2r7r , 2r7r \ ^ o v 

(cos ‘X— sin y^ sin x + cos 2, • n). 

\ n w w n / 
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(ix) The 8 substitutions {±x, ±y\{±y^ ±ar). 

(x) The 8 substitutions (±ir, ±y, ±z), 

(xi) The substitutions 

+ ^ 4 a; 4- 2 6jr4-4 6 3a; -f 3 5 x4-4 3x4-6 
^ 4 x 4-1’ 2x4-3^ 4x4-4* x’ 6x4-4* 4x4-2* 3x4-4 

with coefficients in the GF\1\ 

(xii) The substitutions x' = x, 4x, 2x, 8x, - with 

' X X X X 

coefficients in the where P(x) = x^4-2x4-2. 

Ex. 22. Which groups of Ex. 21 are Abelian? 

Ex. 23. Find the order of (pczyiv) relative to the group (i) of 

Ex. 21, the order of a rotatory-inversion through ^ about the 

centre and diagonal of the cube relative to (iv), the order of 
x'=|(\/3 4- /)x relative to (vi), the order of ( — y, —x) 

relative to (x). 

Ex. 2 1. Construct multiplication tables for the groups (i), (iv). 
(x) of Ex. 21. 

§2. The set formed by all the elements a^, is 
uauallv denoted by ••• +«r* If ^ <lenotes this set, so 

that A = 4-(^2 4“ ••• ^ ^**^7 clement ; then the set 

Oj64-ajj64- ... 

is denoted by A h, and the set 

h(t^ 4“ bit^ 4* • • • 4" b(( ^ 

by bA. If P denotes the set ?>i4-^2+ ••• + denotes the 

set of rs elements dibj {i = 1, 2, ^ = 1, 2, ..., s), and 

HA denotes the set of ra elements bjOf. 

If (f,b,r, ... are any elements, {a, b, r, ...} denotes the 
group or semi-group composed of all distinct elements obtained 
by combining in every possible way ail products and powers 
of n, />, 

More generally, if A, 7?,... denote sets of elements, and 
r/, A, ... denote elements, {A, P, r/, h, ...} denotes the 
group or semi-gi’oup composed of all distinct elements obtained 
by combining in every possible way all products and powers 
of (j, It, ... and every element of A, P, .... 

Ex. 1. Let rt, hy c be elements of orders 4, 2, 2 respectively such 
that ab = bd\ ac = cu, be = ch. Combining all possible powers 
of b and c we get only the 4 elements 1, by c, he ; for example, 
b^c^h'U‘*lr = cb. Hence {h, c} is a group H of order 4. 

Again, combining all possible powers of a, ?>, c we get only the 
10 elements 1, a, a-, a**, h, ha^ 6a^ c, ca, ca", ca^ c6, c6a, cha^y cha ^ ; 
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for example, a^c^h^ahc^b^ = a^a ^ha\ Hence {a, b, c} ib 
group G of order 16 identical with {//, a}. 

Ex. 2. If a is of order w, {a\ contains n elements. 

Ex. 3. fa, h, c, ...} is identical with { [a}, {6}, {c}, ... }, { {a, b}, 

•••}> •••}> •••• 

Ex. 4. If a*" = = 1 and ab = 6a, {a, 6’ contains 16 elements. 

Ex. 5. If ab = ha^\ every element of {a, 6) is of tlio form b^a^. 

Ex. 6. If in § 2 r is finite and = A + A + ...,Aisa group. 

Ex. 7. If A and B are groups and 

{ABY = AB-^AB+AB+..., 

AR is a group and is identical with BA. 

Ex. 8. If A and B are groups and AB = BA, AB is a group. 

Ex. 9. If G is an Abelian group of order w and g is any element 
of order 7n pormutable with every element of G^ {G, g} is an 
Abelian group whose order divides nm. 

Ex. 10. If p divides the order of an Abelian group G, G 
contains at least one element whose order is a multiple ofp. 

§3. The elements ••• o-ro called indrpendent if 

no one of them can be expressed as a product of any number 
of the rest; i.e. if (Ji is not contained in 

(r/i, 

for any value of i. In this case ... «re called inde- 

pendent (jenending eleinenttf or gene.ratorH of {j 7 p// 2 »//a» 

A group is said to be given abdractlg when we know" the 
number of elements it contains and the way in which any two 
combine. These data are evidently completely given when 
wo know a set of generating elements and the ecpiations 
connecting them ; so that a group is given abstractly by 
a set of generating elements and certain independent (and 
mutually consistent) relations which they satisfy. It is in 
this vray that a group is usually defined. Thus, for example, 

‘ the group z=zli^ z=i = {ahV = 1, cto = ca, be = vh ’ moans 
‘the group {a, 6, c} generated by the elements a, 6, c of orders 
4, 2, 2 respectively which are connected by the relations 
= 1, ac = ca, be = cb \ 

Two groups Gy G' with the same number of elements com- 
bining according to the same laws are considered as being 
one and the same abdract group in the pure group-theory, 
as oppo.sed to its applicatioas. We may denote this by the 
notation tr = 6r' ; while G = G' would imply that G and 
contained the same elements and were absolutely identical. 

Two groups containing the same number of elements of 
order 2, the same number of order 3, the same number 
of order 4,.,. are called amformol. 
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Ex. 1. Show that the group of V Ij is generated by a, c where 

rr = (acy = 1, or by c, d where = (cdy = 1. 

Ex. 2. Find generating elements of the groups (i), (iv), (v), (viii), 
(x)ofVl2,. 

Ex. 3. Construct a multiplication table for the group 

= 1, ab = ha^ and for = 1, ah = ho!^. 

Ex. 4. The groups = h'^ = (ahY = 1 and = 1 

are abstractly identical and are of order 2n, 

Ex. 5. The groups o? = = {ahf = 1 and ^{ahy = 1 

are abstractly identical. 

Ex. 0. Find the group generated by the permutable permuta- 
tions (1234)(5678) and (1C3<S)(5274). 

Ex, 7, Show that (i) reflexions in two planes^ (ii) rotations 
through TT about intersecting lines, (iii) inversions in two circles, 
inclined at an angle tt -f- w generate a group of order 2«. 

Ex. 8. Use Ex. 7 (i) to show that exactly 8 angles are found by 
taking the suj)plonient and complement of a given angle, the 
supplement and complement of the angles so obtained, and so 
on ; angles being considered identical when they differ by a 
multiple of 27r. 

Ex. 9. Any element permutable with a, 5, c, ... is permutable 
with every element of {a, c, ... }. 

Ex. 10. If each pair of generators of a group G is permutable, 
(r is Abelian. 

Ex. 11. Prove that the following sets of elements form groups 
of order 4 which are identical when considered as abstract 
groups ; — 

(i) The permutations 1, {pcz){yw\ {xw){}fz). 

(ii) liotations through 0 and tt about three perpendicular inter- 
secting lines. 

(iii) Reflexions in two perpendicular planes and rotations 
through 0 and TT about their intersection. 

(iv) Rotations through 0 and tt about a line, reflexion in a 
perpendicular plane, and inversion alx>ut their intersection. 

(v) The substitutions x'= ±Xy ± 


(vi) The substitutions ( + r, ±,y). 

(vii) The substitutions u*' = where a, 

' X yx — KX 

iSy y are marks of any GF[p^]* 

Ex 12. Prove that the following sets of elements form groups 
of order 0 which are identical when considered as abstract 
groups : 

(i) The permutations 1, (xyz), {xzy), {yz), {zx), {xy), 

(ii) Rotations through 0, about the origin and re- 

o o 

flexions in the lines y = 0, y = -f V'Sx, y = — VSx* 
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(iii) The substitutions x> = a*, ^ , 

m—x X 


mx 

— ^ _ j 

X a’— m 


m— j*. 


(iv) The fractional substitutions (^, y), (^, ,r), 

P, ^), (\ 

2/>' 


(v) The substitutions in the GF[2] (x, ^), (x+y, x\ {ij^ 

(Z/, ij). (A + 

(vi) The substitutions in the GJ^^[3J x' ^ x, j:+1, ^ + 2, 2.r, 

2^ + 1, 2x + 2. 

(vii) The substitutions in the (?F[7] j:' = o’, — ^ ^ 


4r4-3 6.g + 3 

4^ + 3’ 6/+3’ 4.r4-l* 

7j*-|“ 4 0,r -f- 4 

(viii) The substitutions in the GJP[11] x' = Xy 
4 x + ^y jr + 9 

87’ 47+10’ 7+ To* 

(ix) The substitutions in the GF[^^ whore P(7 = •^^ + 2.r + 2 
, 4 2.r + 4 2 __8^ 

4j:’+1’ ix ’ a;’ 2.r + 4’ 4 

Ex. 13. Show that the groups (i), (ix), (xi) of V l.^i are abstractly 
identical and so are (iv) and (vi). 

Ex. 14. The groups = 1, «Z> =r 6a® and = 6^ = 1» 

ah = ha are conformal. 

Ex. 15. The groups = h^ = = 1, a6 = 6a*S ac = ca*^, 

he = c6 and = 6^ = cr* = 1, ah = 6a, ac = ca, he = c6 are 
conformal. 


§ 4. It may happen that certain elements of a group G 
taken by themselves form a group If, In this case If is 
called a 8uhgroup of 0, and is said to be ‘ contained in G \ 
The simplest possible group is that which contains only 
the identical element. It is called the identical gronj), and 
is denoted bjy 1 if no confusion is caused thereby. In a sense 
any group 6 contains as subgroups both the identical group 
and G itself ; but for the sake of conciseness in enunciating 
and proving theorems it is sometimes convenient to consider 
one or both of these as not included among the subgroups 
of G. It will always be clear from the context whether they 
^*e included or not. 

"'he order r of any subgroup H of a group G of finite order 
ms a factor of n. 
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Let 1, /i,, h^y be the elements of H. Let be any 

element of G not in if. Then the elements 

^iOi> ^20if •••> ^r-lOi 

are all distinct from each other and from 1, hiyh^^ 

For h^f/i = lijg^ would involve = hj ; and = hj would 
involve g^ == which is in 11. 

Lot ryjj be an element of G not included in if or Hg^. Then 
the elements g^y h^^g^^ •••> ^^r-i 9^2 proved as 

before to bo distinct from each other and the elements of 
11 and II g^. 

Proceeding in this way we may show that each element 
of G is included once and only once in a finite number of 
sets //, H<Jiy II g,^y ; which proves the theorem. The integer 
j = n -f. r is called the index of II in G. 

The sets if, Ilg^y Hg^i •••» called 

of Cr witli respect to IL The decomposition of G into these 
partitions may be expressed by the identity 

G = i/4-i//7i + ifi/2+... + i%>i, 
whore none of the gB is in if ; or, if we prefer it, by 
G = Ilgi + IIg 2 -f ... + llgj » 

where one and only one of the r/’s is in IL The decomposition 
is unalfected by substituting hg^ for where h is any 
clement of IL 

Similarly wo may show that we have the identity 
G = i/ + yiif+y,7f+...+yy_xi/, 
or 0 ^y,IUy 2 H^...^yjIL 

Ex. 1. In the group G= ja, &, e} of V2, where 

a* = b'^ = 6*2 = (a&)- =1, ac = City he = c&, 

the sets of elements 

II ^ i + h + c + eby 7i = 1-f a4-a- + «^ X = 1 -f + 

71/ = l’h(i^‘{'b’hbd\ 7V= + + + ^ + + 

0 ~ 1 + (i^ + ?> + ba^ *f c + ca^ 4- c6 -f cba\ &c. form subgroups. 
Wo have 

/; = /f+7/a + ira2 4-7fa3 G = K + Kb Kc -h Kcb, 

G ^ Ij'^ Let 4- Lb 4" Lba, G ~ 717 4" 7lf(-^ 4“ Tlfc 4" Tlfca, 

G ^ K -h TVe, G ~ 0 4“ Oa. &c. 

Ex. 2. Any set of elements of a finite group G which satisfy 
condition (1) of § 1 also satisfy condition (2) and form a subgroup. 

Ex. 8. The powers of any element of a finite group form a 
subgroup. 
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Ex. 4, The order of every element in a group of order n is 
a factor of n. 

Ex. 5. The only groups not containing a subgroup are those 
whose order is a prime. 

Ex. 6. If G = + + » 

.... 

Ex. 7. It is not always possible to divide a given group G into 
partitions Ilgi, Hg^, Ug^, ... with respect to a given subgroup 7/ 
in such a way that — form a subgroup of G, 

Ex. 8. The ^-th power of any element of a group is contained 
in every subgroup of index p. 

Ex. 9. If H and K are groups of orders X and /x, the order n of 
{H, K\ is not necessarily finite. If n is finite, w is a multiple 
of the L. C. M. of A and /ut. 

Ex. 10. If H, K are subgroups of a group 6r, (i) {//, K] is 
a subgroup of G; (ii) G^\JI, K} when the order of 6r = the 
L. C. M. of the orders of II and K. 

yEx. 11. The elements of a group G permutable with every 
-dement of G form an Abelian subgroup. 

Ex. 12. The elements of G permutable with any given element 
(or with each of a number of given elements) form a subgroup, 

Ex. 13. f/;,, < 72 , ... , ( 7 y} is a subgroup of {</,, ..., < 7 y, ...» <7^}. 

Ex. 14. Every subgroup of an Abelian group is Abelian. 

Ex. 15. Those elements of an Abelian group whose orders 
divide a given number form a subgroup. 

Ex. 16. Those elements of an Abelian group which are <]r-tli 
powers of some other element of the group form a subgroup. 

Ex. 17. The elements of finite order in an infinite Abelian 
group form a subgroup. 

Ex. 18. The elements common to two or more given groups 
form a subgroup of each. 

Ex. 19. (i) A group of permutations containing an odd per- 
mutation, (ii) a group of movements containing a rotatory-inversion, 
(iii) a group of homogeneous orthogonal substitutions containing 
a substitution with negative determinant, contains a subgroup of 
index 2. 

Ex. 20. The group of rotations bringing a cube to self-coincidence 
contains as subgroups the group of rotations bringing to self- 
coincidence (i) a regular tetrahedron, (ii) a right equilateral 
triangular prism, (iii) an ellipsoid. 

Ex. 21. The group of V IgiO) contains as a subgrouj) the group 
of V3ii(i), Vl 2 i(vh) contains VIgiCvi) and V3n(v), and Vl 2 i(.x) 
contains V 

Ex. 22, In Ex. 1 divide N and 0 into partitions with respect 
to 1 + a^ and 1-I-&. 

Ex. 23. Divide the group of permutations {(12), (1234)} into 
partitions with respect to H = {(12)(34), (13)(24)}. 
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§ 5. The simplest finite group other than the identical 
group is the group (r = {a} of order n composed of the 
powers a, of a single element of order 'n. Such 

a group is called a cyclic or cyclical group. It is Abelian, 
since a^ay = 

Let be the lowest power of a contained in any sub- 
group H of (f, and let a® be any other element of JT, where 
>x>k8 {Ic being a positive integer). Then since 
(ix-hH jpj //^ rj. ^ Hence the elements of H are .... 

Therefore G contains a single subgroup {a**} of index s, when s 
is a factor of n. 


Ex. 1. Verify the fact that fa’} is the single subgroup of index 
5 in fa}, taking a as (i) the circular permutation (1 2 ... n), (ii) a 
rotation through 2 tt -f- w. 

Ex. 2. Every subgroup of a cyclic group is cyclic. 

Ex. il. Two cyclic groups of the same order are abstractly 
identical. 

Ex. 4. A cyclic group is abstractly identical with any conformal 


group. 

Ex. 5. Every group of prime order is cyclic. 

Ex. 6. Show that (i) fa} = fa^} if t is prime to w, (ii) fa^} 
is a subgroup of index d in fa} if d is the H. C. F. of n and r. 

Ex. 7. A cyclic group fa} of order j/* contains (i) elements 
whose orders divide ^/(r < a), (ii) — elements of order 

Ex. 8. (i) A cyclic group of order n contains m elements whose 
orders divide a given factor m of n, and </) (?w) elements of order m, 
(ii) A group with x cyclic subgroups of order m contains X(/)(m) 
elements of order m (see footnote on p. 32). 

/Ex. *.). Every Abelian group whose order is a multiple of p 
^(^ontains an element of order p. 


.Ex. 10. Every Abelian group whose order is the product of 
oistinct primes is cyclic. 


Ex. 11 . If the orders of a, b are A, p and their orders relative 
to [h}y fa) are a, 13, while z=z • (i) A -f- a = fx -f- /3, (ii) a is 
the H. C.F. of A and r. 


Ex. 12. If in Ex. \1 db^ ba, the order of ab is Xt3, where x is 
the smallest integral solution of x{r-^f3) = 0 (mod A). 

Ex. 13. Find the order of ab when (i) = 1, 6^ = a^, ab = ba, 
(ii) = 1, ab = ba. Find also the order of a relative 

to {?>}. 

Ex. 14. In a frJP[jp^] (i) the p integral marks combined by 
addition, (ii) the powers of any mark combined by multiplication, 
form a cyclic group. 


§ 6. If ffsf ... are the elements of a group G, the 

transforms of ffi, 9si ••• element a form a group G'. 
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This follows at once from the fact that if 

9i9j = 9k> 9jO' = a-^9i9j(^ = 

We denote G'hya~‘^Ga and call it the transform of G by 
a (‘result of transforming G by a*). If G\ G contain the 
same elements, i.e. are one and the same group, a is said to be 
permutable with G. 

If we transform any element h of Ghy every element of G 
and obtain thus the distinct elements ... all con- 
tained in G ; /i, ... are called the conjugates of It in G, 

They are also the conjugates of For if lyf^, 
elements of G such that 

9r^hi = K 9i~^h9i = ^a, •••. 

then 

J»' = 9iK9r\ K = (9i'^92)~^hi = {0{-^9i)~^Ki9-r^9^y 

and so on; while conversely any conjugate of such as 

^ conjugate of h. Similarly 
K ••• conjugates of /ig, .... For this reason 

hi /tj, 7^2 » ... are spoken of as a conjugate set of elements in (r. 

Since gf^h^^gt'^^'hf^ when bt^gtr^hg(i we can easily prove 
that }r^i h{~^i h^^^ ... ai’e a conjugate set of elements in G 
if /i, h^i 7^2, ... are a conjugate set. The two sets are called 
inverse conjugate sets. If the two sets coincide (i.e. 1r^ is 
conjugate to 7i), 7^, 7^2, ... is called a self -inverse conju- 

gate set. 

As before, if we transform any subgroup iZ of G by every 
element of G and obtain thus the distinct groups //, ... 

which are all subgroups of G; H, ... are the con- 

jugates of H in 6r, while //, jE7i, i/g, ••• form a conjugate set of 
subgroups. 


Ex. 1. For example, (i) the elements of a* = = {aVf = 1 

form the conjugate sets 1, a-|-a^ 54-&a^ 6a+&a'* each set 

being self-inverse. The subgroups l-f-& and 1 + ha^ form a 
conjugate set. (ii) The elements of = 6^ = 1, ah = ha^ form 
the conjugate sets 1, a-f-a^ + a* and a^ + a^-f h + ha + ha^^ha^ 
-f ha^ 4- ha^ + ha^ and + h'^a^* + h'^d^ + + h^a 4- h^a^. 

The subgroups {&}, {6a}, {6a^}, {6a®}, {6a*}, {6a''^}, {6a®} form 
a conjugate set. 

Ex, 2. Any transform of a group G is the same as G when 
considered as an abstract group (6r' = G), 

Ex. 3. Every element or subgroup of a conjugate set has the 
same order. 
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4. ah is conjugate to ha in {a, &}. 

A. 5. If G is a group of order n and a is any element 
^rmutable with 6r, the order of [Gy a} (i) is np if a is of order jp, 
(ii) divides ng if a is of order //. 

Ex. 0. Every element conjugate to ^ in a group G is of the form 
he, where c is the commutator of two elements of G. 

Ex. 7. If is conjugate to 7i in G (i) a is prime to the order 
m of h; (ii) h^^, ... are all conjugate to h; (iii) 

... are the powers of li conjugate to 1i^ if h^\, Uh, 

... are the powers of h conjugate to h; x being prime to m. 

Ex. 8. If an element of order m is conjugate to t of its powers, 
7 is a hictor of </>(w) (see footnote, p. 32). 

Ex. 9. If a subgroup 7/ of G contains no two elements conjugate 
in G, II is Abelian. 

Ex. 10. h, c, ... } 7 =r 0 ~^hg, g~^cg, ...} and 

g-^ {A, B, C, ...}</= {g~^Ag, g^^Bg, g '^Cg, ...} ; a, h, c, ... being 
any elements, and A, B, C, ... any sets of elements. 

Ex. 11. If 77 is a subgroup of G, a~ ^Ha is a subgroup of a~^Ga, 

Ex. 12. If a*' is the lowest power of a permutable with a group 
G, r divides the order of a relative to G. 

Ex. 13. If an element a of order p is permutable with a group 
G of order n, but is permutable with no element of G, (i) p is a 
factor of n- 1, (ii) ...gr-i = (iii) 99x92 - 9p-i = 1. 

(iv) a is permutable with where g is any 

element of G and ga^ = 

Ex. 14. If the order of each element of a group is 1 or 3, each 
element is permutable with every conjugate. 

Ex. 16. If each element of a group G is permutable with every^ 
conjugate, (i) the commutator of any two of the elements is 
permutable with both, (ii) those elements of G whose orders 
divide a given odd number e form a subgroup. 

Ex. 16. A group G of even order contains self-inverse conjugate 
sets. 

Ex, 17. The group of V3n(,) is permutable with every per- 
mutation on the symbols x, y, z, w. 

Ex. 18. Find the conjugate sets of elements in the groups of 
Vli, Vl 2 i(ii)(iv)(U), V2i, V33, and in the group = T/® = 1, 
ah = ha\ 

Ex. 19. Find the subgroups conjugate to 1+c in Vlj and to 
II in V4i. 

Ex. 20. Find the conjugate sets of elements and the subgroups 
conjugate to {ha} in = 1, = ha\ 

§ 7. If every clement of a group G transforms an element g 
of G into itself, so that g is permutable with every element of 
Gy g is called a non^udy seLj-conjugatCy or invariant element 
of & (or * an element normal in 0 ')• 
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Similarly, if every element of 0 transforms a subgroup H 
into itself, H is called a self-coiijugatey or imariant 

subgroup of G (or ‘a subgroup normal in O*). 

A group containing no normal subgroup (except itself and 
identity) is called a simple group. A group which contains 
a normal subgroup (i.e. is not simple) is called composite. 

If h are two elements normal in G, <jh is normal in G, 
For y being an element of G, y , (jh gyh = (jh .y. Hence 
the elements normal in G form a subgroup. This subgroup 
is called the central of G or the ‘group of elements self- 
conjugate in G \ It is evidently Abelian and normal in G. 

Ex. 1. For example, 1 -f -f 6 -f is a normal subgroup of 
the group =zh^ = {ahy = 1 of order 8. For the transforms of 
6 and ha^ by 1, ha^ are respectively h and and their 

transforms by a, ha^ hd^ are respectively hd^ and b ; while 
1 and are permutablo with every element of the group. 
Similarly 1 + a -h 4- a®, l + + are normal subgroups. 

The central of the group is 1 -f d^. 

Ex. 2. Every subgroup of an Abelian group is normal. 

Ex. 3. If a cyclic group is simple, its order is prime, and 
conversely. 

Ex. 4. If a group contains only one subgroup of a given order, 
that subgroup is normal. 

Ex. 5. If A + + ••• ^ conjugate elements in G, 

{h, hij h 2 , ... } is a normal subgroup of G. 

Ex. 6. If G = + gj, ... } is a normal 

subgroup of G, 

Ex, 7. If a, c, are the elements of a group O whose orders 
(i) are equal to, (ii) divide a given number, {a, 6, c, ... } is normal 
in G. 

Ex. 8. If IT is a normal subgroup of G, a^^IIa is a normal 
subgroup of a”^Ga. 

Ex. 9. A subgroup of (a, h, c, ... } permutable with a, 6, c, ... 
is normal. 

Ex. 10. If a normal subgroup II of G contains a subgroup K of 
G, it contains every subgroup conjugate to K in G. 

Ex. 11. The elements common to two or more normal sub- 
gr^ps form a normal subgroup. 

12. A subgroup of index 2 is always normal. 

Ex. 13. If jH" is a normal subgroup of G, H is normal in any 
subgroup of G containing II, 

Ex. 14. If Cl, C2, C3, ... are the commutators of all pairs of 
elements of G, {Ci, Cg, C3, ... } is a normal subgroup of G. 

Ex. 15. If a cyclic group II is normal in G, so is every 
subgroup of U, 

Ex. 16. If ^ is any element of ..., 
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where H is a normal subgroup of 6f, ii)Hg:=^gII, (ii) 

+ is a subgroup of 6r, (iii) G = 5 ^ 1 )/ + •••> 

(iv) every element of Ilg ^ . Ilgj lies in the same partition of G. 

Ex. 1 7. If II is a normal subgroup of G and the order m of H 
is prime to its index in G, any element g of G whose order divides 
m is contained in IL 

Ex. 18. If II is a normal subgroup of {G^ //}, the elements 
of G permutable with every element of II form a normal sub- 
group of G. 

Ex. 1 9. The central of a group G only coincides with tr if G is 
Abelian. 

Ex. 20. A normal subgroup of order 2 is necessarily contained 
in the central. 

Ex. 21. If C is the central of Gy (i) (r'^Ca is the central of 
Ga ; (ii) if G is normal in P, so is C. 

Ex. 22. The order of the central G of a group G is r. Prove 
that: (i) If g is any element of Gy \C, g\ is Abelian, (ii) If 
gy g\ g'\ . . . are mutually permutable elements of Gy {G, g\ g'', ... } 
is Abelian, (iii) If II is a subgroup of order pr in G containing 
Cy II is Abelian. 

Ex. 23. If the central of a group of permutations on m given 
sym])ols contains a circular permutation of degree m — 1 or /n, the 
grotip is cyclic. 

Ex. 2i. Every subgroup of the group = 1, a- = {abY = h' 
of order 8 is cyclic an<l normal. Its central is 1 -f-a-. 

Ex. 25. The subgroup 1-f + is normal in 

a** = = {ahf = 1. 

Ex. 26. {«•*, {pa^y {ahY} and {a-, {ab)'^} are normal subgroups 

of = (tt’*6)2 = {ahy = 1. 

Ex. 27. Those substitutions of a group of homogeneous linear 
substitutions whoso determinant is 1 form a normal subgroup. 

Ex. 28. The group of V3,j(i,) is a normal subgroup of V l 2 i(iv) 
and V of V l 2 ](i\). 

Ex. 29. /> is the central of the group (r of V 4i. 

Ex. 30. The square of any element not in {a} of = 6- = 1, 
ah = ba^ is in the central of the group. 


§ 8. The elements of a group G permutable vith any given 
element h of G form a subgroup ultose index is equal to the 
number of elements conjugate to h in G. 

If g and //' arc any two elements of G permutable with h, 
h,gg*=z ghg'^gt/, A, so that gg' is permutable with A. Hence 
the elements of G permutable with A form a subgroup T, 
which is called the normaliser of g in G. 
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Let G = r+ Tg^ + rgr^ + , . . . Then if g is any element of F, 

Hood = 9i~^g~^hgi = = h (say)- 

Therefore every element of Tg^ transforms h into the same 
conjugate 

Moreover, unless i : for if 1i^ = h - , gr-'^ luji = gf^hgj 

and therefore h/g^gj"^ = g^gj^^ .h\ which is only possible 
if g^ = gj. Hence the index of F in (? is equal to the number 
of elements conjugate to It (including A). 

Let bo the subgroup formed by the elements of 0 
permu table with h^. Then F^ • = 

element of G such that — hi, (^(■‘'^gr^hgin — gf'^ hg^, 

and therefore 1i . g^ (tgf'^ = gi agf^ . A. Hence //^ (tgr^ is in F, 
and therefore a is in gf^ Fgi, 

Ex. 1 . For example, in the group G of V 4, the subgroup 0 of 
index 2 is the normaliser of b, while b’^ba^ is a conjugate set 
of elements in (r. 

Ex. 2. When A is normal in 6r, F = G, 

Ex. 8. is the normaliser of c 'he in C^'Gc. 

Ex. 4, r is a subgi*oup of the normaliser of A-*^. If x is 
prime to the order of A, F^ = F, 

Ex. 5. Prove a result similar to that of § 8 when A is not in G» 

Ex. 6. If an element a of order 2 is pormutahlo with a group 
G but with no element of G (except 1), (i) every element of 
\G, a} not in G is of order 2, (ii) a transforms every element 
of G into its inverse, (iii) every element of G is of odd order, 
(iv) G is Abelian. 

Ex. 7. If exactly half the elements of a group G are of order 
2 and the remaining elements form a subgroup, this subgroup 
is Abelian of odd order. 

Ex. 8. Find the normaliser of b in the groups of Vlj, V8j, V 6i, 
and in =^b^ 1, ab = ba\ 

Ex. 9. Find the normalisers of {xmgw) in Vlgioi), of a;' = 

ir 4* 1 ^ 

and a;' = i in V l 2 i(> ), and of (y, x) in V l.^iOx). 

X ““ X 


§ 0. The elements of a group G ]>ermutahle vdih a suhgrouj^ 
H form a subgroup of G whose imlex in G is efjfUdl to the 
•Clumber of subgroups conjugate to U in G, 

These statements are proved by putting H for A, for A^ 
in § 8. As before F is called the ivormaliter of // in G. 

If = gf'' Hg^ is one of the subgroups conjugate to 
H, gf^ Fy^ is the subgroup formed by the elements of G 
permutable with jEf^. 

BILTOV F. O. 


F 
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Ex. 1. For example, the normaliser of {a} in the group 

r= 6^ = (a&)^ = 1 of order 24 is the subgroup {a, Wa^h] of 
order 6. The subgroups conjugate to [a] are {a}, [h^db^, 
{V^al}^}, {bal}^). 

Ex. 2. When 11 is normal in (r, F = G. 

Ex. 3. c ^Vc is the normaliser of c^^IJc in C'^Gc, 

I]x. 4. r contains H normally, and every subgroup of G 
containing H normally is a subgroup of T. 

Ex. 5. If r is the order of the normaliser of an element h of 
order m in 6r, the order of the normaliser of [h] is r x a factor 
of </)(m). 

Ex, 6. Prove a result similar to that of § 9 when /f is a group 
not contained in G. 

Ex. 7. If n is the order of a group, the number of elements 
conjugate to any given element or of subgroups conjugate to 
a given subgroup is a factor of w. 

Ex. 8. The central of a group of order ^ 1. 

Ex. 9. The normalisers of a set of conjugate elements or 
subgroups form a conjugate set. 

Ex. 10. No subgroup of G can contain an element from every 
conjugate set of elements in G, 

Ex. 11. If h is an element of order in a group G whose order 
is prime to p — 1, the normalisers of h and in G are identical. 

Ex. 12. If the set of subgroups //, //,, II. j,, ... conjugate to 11 
in G is also a conjugate set in /if= fi/, //i, 7/’2’ every 

element of G is in KV, where F is the normaliser of II in G. 

§ 10 . TIiP^ elements common to two or more groups form 
a subgroup of each group. 

For if a and h are both contained in each of the groups, 
so is ab. 

This subgroup is called the greatest common subgroup 
(G. C. S.) of the given groups. 

Ex. 1. For example, in V 4| the G. C. S. of N and 0 is ilf ; and 
of K, Ij, N is 1 -f-a-. 

Ex. 2. In what case does the G. C. S. of G and II coincide 
with II ? 

Ex. 3. The order of the G. C. S. of two or more groups is a factor 
of the H. 0. F. of their orders. 

Ex, 4. The G. C. S. of a subgroup of H and a subgroup of K 
is contained in the G. C. S. of H and K, 

Ex. 6. If I) is the G. C. S. of G, 27, AT, ... , is the G. C. S. 

of g'^'^Gg, g'^^Ug, g~^Kg, ...• 

Ex. 6. Two groups have only identity in common if their 
orders are prime to one another. 



V 13] GREATEST COMMON SUBGROUP 67 

Ex. 7. Two groups have only identity in common if one is of 
prime order and is not a subgroup of the other. 

Ex. 8. If //, K are subgroups of G, and H is normal, the 
G. C. S. (D) of II and K is normal in K. 

Ex. 9. Find the G. C. S. of (i) V 1.2i(i), pO? (h) V 1.2i(>n and the 
group generated by »' = 1 -f- j:, x' = ix ; (iii) 7/, M, and N in V 

§ 11. If //, K, X, ... are normal subgroups of a group G, 
their greatest common subgroup D and A, />,... } are 
normal subgroups of G. 

If ^ is any clement of (?, g^^ Dg is evidently the greatest 
common subgroup of g~^IIg, g-^Kg, g~^Lg^ i.e. of 
77, X, .... Hence g~^Dg = A and 1) is normal in 0. 

Again, evidently g~^ {77, 7i, Z, ...} f/ = {g~^ Hg, 
g~^Lg , ...} = {U/K^ Ly ...} ; so that {IfK/L, ...) is normal 
in G, 

Ex. 1. In V 4i TT and M are normal subgroups of G, Hence 
their G. C. S. 1 + a- and iV"= {7C, M} are normal in G. 

§ 12. If 77, 7i^ X, ... are a conjugate set of subgrcnips in 
a group Gy their greatest common subgroup and {7/,7^,X, ...} 
are normal in G. 

Let g be any element of G. Then no two of the groups 
g~^IIgy g'^^Kg, g'^Lg, ... are identical ; for II = K if g~^IIg 
= g^^Kg, Hence these groups are the groups 77, K, X, ... in 
some order or other. The theorem then follows as in § 11. 

Ex. 1. In V 4i 77 and + are a conjugate sot of 

subgroups in G. Hence their G. C. S. 1 + c and 0 = {77, 1 + 

+ c + c6a^j are normal in G. 

Ex. 2. If Z) is a normal subgroup of G contained in a subgroup 
77, D is contained in every subgroup conjugate to 77. 

Ex. 3. If 77, 77i, 77,2, ... are a conjugate set of subgroups in 
G; Ky Kiy ... are a conjugate set, and so on, the G. C. S. 
of 77, 77i, 772, ..., 7C, TT,, 7^2, ... and {77, 77„ 77,2, A 

Tfi, 7^2, ..., ...} are normal subgroups of G. 

Ex. 4. Any simple group G can be generated by a conjugate set 
of elements of prime order. 

§ 13. If Gy H arc finite groups of orders m, and the 
mn elements G77 are the same as the mn elements /7G, except 
possibly as regards arrangement (§ 2), G and H are said to be 
pei'mutahle, and { G, 77 } is called a decomposable group. It is 

F 2 
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readily seen that every element of {Cr, //} is included among 
the elements GU = IlG. 

If G ami II are two permwtahle grcmps of orders m and 
while the order of their greatest common subgroup D is b and 
of [G, H] is mn = kb. 

Suppose II = Dh^ -f + Bh^ 4- . . . . Then 

[G.H] ^Gh^^Gk.^^Gh^^.... 

For every element of {(?, 11} is included among the 
elements GH, i.e. among GDh^ 4- GD1l,-\- GDh^-^ i.e. among 
Gh^ 4- Cr7/-2 4- 4- . . . . Again, Ghi ancl Ghj have no element in 

common, since otherwise would bo contained in both 

II and G and therefore in D, 

Hence A = 7?i x (ii -r b) or mn = kb. 

Ex, 1. For example, in V 4^ the groups L and M of order 4 
are i)ermutable, their G. C. S. l-\-a^ is of order 2, and 0 = {/>, 31} 
is of order 4 x 4 -f- 2 = 8. 

Ex. 2. A normal subgroup of any group is permutable with 
every other subgroup. 

Ex. 3. If a group is permutable with each of the groups Gr, 
i/, Ky ..., it is permutable with {6r, //, AT, 

Ex. 4. (i) If G and II are two groups of orders m and w, while 
their G. C. S. (7)) is of order b and { Gy 11} is of order A, mn < kb. 
{{{) If 7nn = kby G and II are permutable. 

Ex. 5. Two subgroups //, K of a given group G are permutable 
if their indices are (i) prime to one another, (ii) both = p. 

Ex. 0. It Gy // are permutable subgroups of orders q^fr in 
a groui) of order fr, q being prime to r, the order of their G. C. S. 
is divisible by r. 

Ex. 7. If Gy If are two permutable groups of orders qVSy 
where each of //, r, s is prime to the other two, {G, 11} is of 
order frs. 

Ex. 8. The G,C. S. (D) of two permutable groups A, R is per- 
mutable with any group C contained in B and permutable with A. 

Ex. 9, If //, K are normal subgroups of G such that H is not 
contained in a normal subgroup of G and does not contain if, 
G is decomposable. 

Ex. 10. If H K are subgroups of G such that II is normal, is 
not contained in any subgroup of G, and does not contain AT, G is 
decomposable. 

Ex. 11. The groups II and AT of V 4i and the groups of V Cj 
are decomposable. 

§ 14. If the order a of a subgroup A mrmcxl in a group G 
is prime to the iiulex vi-f-o of A in Gy every subgroup of 
G whose order divides a is contained in A* 
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Let B of order /3 be a subgroup of G such that ^ divides a, 
and let A, 8 be the orders of {A^ B] and the greaU'st oommou 
subgi*oup D oi A and B, Since A is normal in (r, A and B 
are evidently permutable ; and hence = A6. 

Now {A,B} is a subgroup of G, so that A divides n. 


Hence ^ ^ divides - * 


Again, ~ divides a since divides a. 


Therefore - = 1 ; for it is a factor of a and ti -f- a which are 

prime to one another. Hence D coincides with B\ i.e. B is 
contained in A, 


Ex. 1. For example, the group = P =: 1^ ah ^ of order 
210 contains a normal subgroup {a} of order 70. Therefore the 
only subgroups of orders 2, 5, 7, 10, 85, 70 are respectively 

{a2;, 

Ex. 2. G contains only one subgroup of order a. 

Ex. 3. Those elements of G whose orders divide u form a 
subgroup of order a. 

fl 

Ex. 4. The --th power of any element y of G is in A, 

Ex. 5. If G is normal in i/, so is A . 

Ex. 6. If A, 7^, Cy ..., Gy II are groups such that each is 
normal in the succeeding one, while the order of A is prime to 
its index in G ; A is normal in IL 

Ex. 7. If G is a group of order n = whore a is prime to 
K, every normal subgroup whose order divides a is contained in 
all the subgroups of order a in G. 

Ex. 8. The order of a subgroup H is prime to its index in G. 
If r is the normaliser of 7/ in G, F is its own nornialiser in G. 

Ex. 9. The group = U* =1, = bd^ contains a single 

normal subgroup of order 2, 11, 22. 

Ex. 10. The group = 1, = ha^, he = ac = cu 

contains only one subgroup of order 848, and one non-cyclic 
Abelian subgroup of order 49. 

Ex. 11. The group a^ ' = = c* = 1, ah ha^, hr = 

ac = ca® contains only one subgroup of order 301 and one of 
order 48. 


§ 15 . If each clement of a group G is pennutable with 
every element of a group II, and O, H have only identity 
in common ; {G, II) is called the direct product of G and IL 
More generally, if Gj, G^, 0.^ ... are groups such that for 
each value of i P = {Gj, Gg, G^, ...} is the direct product 
of Gi and ( G^, 0^, G^^i, G<+i, ...}, P ia called the direct 

product of the component groups Gj, 0^% G^, .... 
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Ex. 1. For example, the group Gr of V 4^ is the direct product 
of N and 1+c. 

Ex. 2. The order of a direct product is the product of the 
orders of the component groups. 

Ex. 3. The component groups are normal in their direct 
product. 

Ex. 4. A direct product is ‘ decomposable *. 

Ex. 6. If {G,, G.,, K,, K,, ...} is the 

direct product of Gi, G 2 , ...» //i, II ATj, Ag, it is 

the direct product of {Gj, G^, •••], {11^ •••}> Ag, 

Ex. G. The central of a direct product is the direct product of 
the centrals of the components. 

Ex. 7. If two groups contain respectively r and s sets of 
conjugate elements, their direct product contains rs sets. 

Ex. 8. If g is an element of order qr, q being prime to r, {g} is 
the direct product of \g^i\ and 

Ex. 9. In liow many ways can a cyclic group of order 1260 
bo expressed as a direct product? 

Ex. 10. The direct product of Abelian groups is Abelian. 

Ex. 11. In an infinite Abelian group G the elements of finite 
order form a subgroup 7/ and the elements of infinite order form 
(with 1) a subgroup if, while G is the direct product of II and K, 

Ex. 12. An Abelian group G of order each of whoso elements 
is of order or 1 is the direct product of a cyclic groups of 
order p. 

Ex. 13. If G is the direct product of groups A, 7?, C, ... whose 
orders are relatively primo, and the G. C. S. of A and a subgroup 
G' of G is A', of n and G' is B\ of C and G' is G', ... , G' is the 
direct product of A', B\ .... 

Ex. 14. The semi-group formed by all positive integers, the 
law of combination being ordinaiy multiplication, is the direct 
product of the somi-groups [If, { 2 } , { 3 [ , 1 5 j , [ 7} , {11} 

Ex. 15. The group (t?' = hi* = 1, ah = ha is the direct product 
of any two of the groups {a], [?)] , {«?>[ , but not of all three. 

Ex. IG. In V 4i the groups 77, X, J7, 0 are direct products. 


§ 16. Suppose that two groups G, T arc so related that 
to each element y of F corresponds one or more elements 
Oi while reciprocally to each element g of G 

corresponds one or more elements y, /, ... of F. Suppose, 

moreover, that if gj are elements of G corresponding to 
elements yy of F, g^gj is an element of G corresponding 
to Yi yj in F. Then G and F are said to be isomorphic. 

If G and r are isomorphic groups, the elements of G 
corresponding to identity in F form a nornud subgroup of G. 
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9v 92 ®^y such elements of (?, corresponds 

to 1,1 = 1 in r. Moreover, g being any element of 0, 
9^^9i9 corresponds to y^^ly=l in F. Hence the theorem 
follows. 

If G and F are isomorphic groups^ and L of order / is the 
subgroup formed by the elements of 0 correspond i ng to identity 
inT^l dements of G correspond to each element of F. 

For if gj correspond to the same element y of F, gf^gj 
corresponds to y~^y=l in F, and hence gC^gj hs in L. 
Therefore the elements corresponding to y are the I elements 
Lgi{=f]iL)- 

If I elements of G correspond to each element of F, and 
A elements of F to each element of G, G and F are said to 
have an (^, A) isomorphism with each other. The most 
impoi*tant case is that in which Z = A = 1. In this case 
G and F are called simply isomorphic {* holohedrally isomor- 
phic*), Two simply isomorphic groups aro not distinct 
abstractly speaking. 

Another case of importance is tliat in which A = 1, but 
^ > 1. Here only one element of F corresponds to each 
element of (?, and the order of G is I times the ordtir of I\ 
G is said to bo multiply isomorphic with F (or F ‘mero- 
hedrally isomorphic* with G), 


Ex. 1. For example, the group (G) = 1, ah = ba^ and 

the group (F) c’^ = (P =1, cd = dc^ have a (4;3, 7) isomorphism ; 
L and A being {a} and \c] respectively. To the elements 
2, 43) correspond the elements d*cy{y^i, 2, 

7) and to d'^c^ coiTespond 

Ex. 2. A group is simply isomorpliic with any transform. 

Ex. 3. Two simple isomor|)hic groups are simply isomorphic. 

Ex. 4. Two groups simply isomorphic with the same grou^) are 
simply isomorphic with one another. 

Ex. 6. If G' is simply isomorphic with G and F' with F, while 
G and F have an (Z, A) isomorphism, so have G' and F'. 

Ex. 6. Every Al^elian group may be exhibited as simply 
isomorphic with itself by making each element correspond to 
its inverse. 

Ex. 7. The group 6 of V 4j is multiply isomori)hic with that 
ofVSn. 

Ex. 8. The groups = 1, a6 = ha^ and = d‘^ = 1, 

cd = dc* have a (22, 93) isomorphism. 

Ex. 9. The groups of V 14io, u have a (49, 43) isomorphisim 
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§ 17. If II i8 a normal mhgroup of G so that 

then the partitions Hg^, JSV/g, Hg^y ••• considered as 

the elements of a group ^vhich is completely defined when 
Q and II are given. 

We have first to show that these partitions may be looked 
upon as elements, i. e. that they have a unique law of com- 
bination, &c. 

Let h^y h^yh^, ... bo the elements of IL Then h^gi.hygj 
is an element of the same partition {Hgj^^ say) as gigj- For 
since 11 is normal, gfiygf^ is in if (= say). Hence 
KOiliyUj = KOi^tyUf^kUj = KKOiOj^ wl^ich is in IIgigj = l/g^. 

Hence if we denote the partitions by yj, y 2 > •••> / s 

obey a unique law of combination defined by y^-y^ = y;^ and 
a similar relation for each pair of y’s. 

The y’s also obey the associative law. For if every element 
of i/ry^- . ligj is in llgj^ and every element of Hgj . Ilg^ is in i/y^, 
the elements Ilg^^ . Hg^ and the elements Ilg^ . ILjf lie in the 
same partition, since the elements of G obey the associative 
law. Heiico yj = yi y, or (y^ yj) y^ = y< [yj y^. 

Finally, if g^ is that one of the fy’s which is in //, and 
llg^ is the pai*tition containing gf^y yi-yeVi^ nVe 
ye = yiyii = ynyi- . Therefore yp yg, ygi ••• be treated 

as elements according to the definition of I 1, y^ being the 
identical clement and y^^ the inverse of y^. 

This set of elements evidently forms a group ; for the 
product of any two of the elements is contained in the set 
and the number of elements is finite. 

The group formed by thoy*s is called the quotient of (? by //, 

and a factor-group of (?. It is denoted by G/II or and is 

of fundamental importance in the theory of groups. It is 
evident that G is multiply isomorphic with G/Hy the elements 
of /f corresponding in (rto identity in (?///, and the elements 
of Ihji corresponding to y^. 

In the above reasoning if is a normal subgroup of G. If II 
is a subgroup of G but not normal, G / H denotes the same as 
G/Dy where D is the normal greatest common subgroup of all 
subgroups conjugate to U in Q (§ 12). The symbol G /H is, 
however, very rarely used unless H is normal in G. 

Ex. 1. InV4i t? = L + Xa+X6-f-K>a = yi + y 2 4-y3 + y 4 (say). 
Now a^y h\ {baY are in yj, l^a and bah are in yj, aba and 
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ha^ are in >3, ah and ha are in 74. Hence the partitions 
72) 73) 74 ^ considered as elements combining according 

to the multiplication table. 




y^ 

y^ 

y* 

y/ 


yz 

ys 

y* 

y^ 


y/ 

y^ 

y3 


>"3 



y^ 

Ea 

y^ 

y3 

yz 

X/ 


Therefore G/L is the group of V 3j|. 

Ex. 2. H and G/H in § 17 do not define G. 

Ex. 3. (i) The order of G/H is the index of H in G. (ii) If H 
is of prime index, G/Jl is cyclic. 

Ex. 4. If G = + ... , G/U is cyclic. 

Ex. 5. G/H^a-^Ga/ir^ila. 

Ex. 6. If the order of an element ^ in (r is w, the order of 
the corresponding element y of G/H is a factor of m. 

Ex. 7. If H and K are conjugate subgroups of a group A, while 
U is normal in G and 6r in A, if is normal in G and G/K = G/IL 

Ex. 8. A factor-group of an Abelian group is Abelian. 

Ex. 9. If H is a normal subgroup of G such that G/II is 
Abelian, H contains the commutator of any pair of elements of G, 

Ex. 10. If G is an Abelian group of order n, the elements of G 
whose orders divide a factor m of n form a subgroup //, and 
G/H is simply isomorphic with the subgroup of G formed by 
the w-th powers of all the elements of G. 

Ex. 11. (i) If G, G' are isomorphic and />, 7/ are the subgroups 
of Gr, G' corresponding to identity in G\ G respectively, G/L 
and G' ! 1/ are simply isomorphic, (ii) If two groups have an 
(Z, V) isomorphism, their orders are in the ratio l:l\ 

Ex. 12. If 77^ is a normal subgroup of Giy H^ of O^f ..., while 
{Gi, G^f ...} is the direct product of Gi^ G^y 
{GlyG^y ...}/{77i,77,, ...} 

is the direct product of groups simply isomorphic with Gi/JJ^y 
GJlhy .... 

Ex. 13. In § 13 {Gy H]/G = 77/2). 

Ex. 14. If (t is the group = 1 , ~ {^ah)^ = and 77 = 1 + 

find G/H. 

Ex. 15. Find {a, by c] / {a*', c}, where :=zb^:=z {ab)^ = = 1, 

ac = cUy be = cb. 

Ex. 16. Find {a, b}/{a^} and {a, where = b® = 1, 

ab = ba\ 

Ex. 17. Find {a, b}/{a^y where = 5*^ = 1, = ba^ 
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§ 18 . If H is a normal subgroup of G, to each subgroup A 
o/ r = & / U corresponds a subgroup L of 0 containing If 
such that A z=: L/ II. If A is normal inV^ L is normal in G 
and G / F/A. 

Retaining the notation of § 17, if y^, y^ are any two elements 
of a subgroup A of F, each element of Hg ^ . corresponds 
to y^yt. Hence the elements of G corresponding to the 
elements of A form a subgroup L of (?, such that L contains 
// and A = X///. 

Again, if y“^y^y is in A, where y is any element of F, 
, i/f/^ . <7 is in />, where g is any element of G. Hence 
if A is normal in F, L is normal in G. In this case 
if F = Ayj + Ayjj-f Ayj-h ... and every clement of Ay^.Ay^ 
is in Ay;., every element of Lgi.Lg- is in Lg^^. Hence 
O/L^T/A. ‘ 


Ex. 1. For example, in V4^ to the 3 normal subgroups of 
{a, c} correspond the 3 normal subgroups fa, c}, 

6, cj, \d‘^, ha, c} of {«, b, c} containing {d^, c}. (See VlTj.) 

Ex. 2. To a subgroup L of G containing 11 corresponds a sub- 
group A of r. If L is normal in G, A is normal in II and 
G/L = r/A. 

Ex. 3. If r is simple, II is contained in no normal subgroup 
of G ; and conversely. 

Ex. 4. If {II, K] is the direct product of II and K, 
{H,K)IIl^K. 

Ex. 5. If a normal subgroup X of G contains a subgroup II 
normal in G and Gjll is Abelian, so is 6r/X. 

Ex. 0. If II, K are two normal subgroups of G whose G. C. S. 
is J), G/D contains two normal su})gruups HjD, Kjl) with only 
identity in common. 

Ex. 7, If the G. C, S. of two subgroups II and K of G is I), and 
II is normal in G, G/II contains a subgroup K' simply isomorphic 
with K/IJ. If K is normal in G, K' is normal in G/II and 
G/\H, K}^(G/ll)/K\ 

Ex. 8. Assuming that eveiy group of order Pt~iPf 

(where Pi, Pf distinct primes in ascending order 

of magnitude) has a normal subgroup of order p^, prove 
that it contains a normal subgroup of order PyPr^i ^••Pt com- 
posed of all those elements of the group whose orders divide 
PrP,-^i --Pf 

§ 19 . An Abelian groujy G v'hose order is divisible by 
a jyrime p contains an element of order p. 
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Suppose 0 is generated by Ox^ 02 ^ 9 z* be the 

order of (/j, Og the order of relative to (f/i), a.^ the order 
of relative to {f/i, g^}^ 04 the order of relative to 

'Phen 0 contains evidently ••• 

distinct elements 

92^^gz^^ ••• 2, ..., a,. ; i = 1, 2, 3, ...). 

Hence aja^Og ... is divisible by p, and therefore one of the 
quantities a^, Og, Og, ... is divisible by p- Suppose a,* is 
divisible by p. Then the order of g^ = kp, where a ; is integral 
(§ 1 ) ; and g^ is an element of order p in G. 


§ 20. All Abelian group 0 of order n contains a subgroup 
of order r, ivltere r is any factor of n. 

The theorem is readily verified for groups of ordei-s 
1, 2, 3, 4, .... Assume it true for all Abelian groups of order 
< 71 . Let p bo any prime factor of r, and let g be an element 
of order p in G (§ 19). 

By the assumption G f {g} (which is obviously Al)eliaii 
of order n -f- 2^) contains a subgroup of order r-^ p\ and the 
corresponding subgroup of G is of order ?•. The theorem is 
now at once proved by induction. 

Ex. 1. It is not conversely true that a group G of order n 
is necessarily Abelian if every factor of n is the order of some 
subgroup of G. 

Ex. 2. G is an Abelian group of order ..., p, q, r, ... 

being distinct primes. Prove that (i) G contains one and only 
one subgroup of order ; (ii) G is the direct product of the 
subgroups P, llj ... of orders^", r^, ; (iii) G is cyclic if 

P, Q, B, ... are cyclic. 

§ 21. If G is a group of order 7 i, the number N of elements 
in G whose r~th power is conjugate to a given dement a 
is a multiple of the II. C, F. of n and r. 

We assume the theorem true for all groups of order < n, 
and then deduce the required re.sult by induction. 

( 1 ) First suppose that r is a factor of n and that a is not 
normal in G. 

Let H of order m be the normaliser of a in G. If g is 
an element of G such that g^ a, g is in H. Hence by our 
assumption the number M of elements such as ^ is a multiple 
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of the H. C. F. {d) of m and r. Let b = c“^ac be any element 
conjugate to a in G. Then (c'^gfc)'* = = c“^ac = 6; 

and conversely an element <j^ of G whose r-th power = & is 
the transform by c of the element whose r-th power = a. 

Hence 0 contains Jlf elements whose r-th power =6. Now (? 
contains elements conjugate to a (§ 8). Therefore 

N = Mn -T- on. But ilf is a multiple of d. Hence iV is a 
multiple of r.* 

(2) Next suppose that r is a factor of n while a is normal 

in (?. First take the case in which r =: {p prime), while 

the order k of a is divisible by p. 

Let g be an clement of G such that g^ = a. Then 

g^^ = = 1 and 9^ 1, 

so that g is of order hr. If {g^f = a, a*^ = {g^Y = {g^Y = a ; 
and therefore s = 1 (mod k). Hence {g^Y = a if and onlv 
if (7^ is any one of the distinct elements ...» y^*^ . 

Moreover in this case y = (g^' where e is chosen so that 
se = 1 (mod k7^) ; which is always possible since 6* is prime to k, 
and therefore to p and r. It follows that those elements of G 
whose r-th power = a can be divided into sets of r elements 
such that each element of a set is a power of all the rest. 
Now the number of elements in G whose r-th power = a is 
Hence JV' is a multiple of r. 

(3) Now suppose as in (2) that r = and is a factor of n, 
while a is normal in G ; but that k is not divisible by p. 

The normal elements of G whose orders are not divisible by 
p form an Abelian subgroup K ; for if the oi'ders of two 
permutablo elements are prime to p, so is evidently the order 
of their product. 

Let t bo the order of K. Find a number u such that 
ur = 1 (mod t) ; this is always possible since t is prime to p 
by § 19. Now if y = is an element of G such that 
g^ = a, A** == igeC^^Y = == g^a''^ (since a' = 1) = 1 ; while 

converseljr if = 1, = a. Hence N = the number of 

elements in G whose r-th power = 1. This is true whatever 
element of K a may be. Hence the number of elements in G 
whose r-th power is in K is Nt Now the total number of 
elements in is a multiple of r, and by (1) and (2) the 
number of elements whose ?*-th power is not in it is a multiple 
of r. Therefore Nt is a multiple of r. Hence Af is a multiple 
of r, since t is prime to p. 

* For if w ** fn% r — r'J, n « n'r, Mn-^m is a multiple of dn-^m ^ nV-~m' ; 

and n'-rm' is integral since n*r*'^m* •> n-rwi is integral. 
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(4) Now suppose r is any factor of n, while a is any normal 
element of (?. 

Let r = p^q (q prime to pi)- If 1® element of G such 
that M = a, (c-^ lic)^ = A'? c = c“^ oc = a. Hence the elements 

of O whose g-th power = a form one or more conjugate sets 
of elements. Now if (j is an element of 0 such that (f = a, 
gP^ is an element whose g-th power is a. But by (1), (2), (3) 
the number of elements whose p®-th power is an element such 
as A is a multiple of p^. Hence iV’ is a multiple of p". 
Similarly N is a multiple of every power of a prime dividing 
so that ^ is a multiple of r. 

(5) Lastly, let r be any positive integer and a any element 
of 6r. 

Let n = da' and v = dr', where d is the H.C.F. of n and r. 
Find integers x, y such that r'x—n'y^ 1; this is always 
possible since r' is prime to n\ Then if 

/ = a, (f = 

while conversely if 

gil _ gV _ 

since = g^^^ = 1. 

But the number of elements of G whose (Z-th power = 
is a multiple of d by (1) and (4). Hence the theorem is 
completely proved in every case. 

Corollary. If n is the order of a group G, the number 
of elements in G whoso order divides a given factor r of n is 
a multiple of r. 

Ex. 1. For example, in the group i ^ 

ac = m, be = ch of order 18 (i) there are 9 elements whose 3rd 
power is 1 and 9 elements whose 3rd power is conjugate to h ; 
(ii) there are 4 elements whose 10th power is c or 4 whose 
10th power is 1, and 2 whose 10th power is conjugate to tt, ca, 
or c^a. 

Ex. 2. A group of order 2m (m odd) contains m elements of 
odd order. 

Ex. 3. (i) If a group G contains g' elements whose orders 
divide q and r' elements whose orders divide r (q prime to r), 
G contains at most gV elements whose orders divide gr. (ii) lip 
g' = g and r' G contains exactly gr elements whose orders 
divide qr. 

Ex. 4. If those elements of a group G of order ok (a prime to k) 
whose orders divide a generate an Abelian subgroup 11, If is of 
order a. 
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Ex. 5. The number of elements in a group G of order n whose 
y-th power is a is divisible by the H. C. F. of r and the order of 
the normaliser of a in 6?. 

Ex. 6. If is the number of cyclic subgroups of order p® in 
a group G whose order is divisible by p*, 

— 1)+ (%— l)p-b(w3 — l)p‘^4- ... -f = 0 (modp^). 

Ex. 7. Verify the result of § 21 when r = 3 in the group of 

V6i(ii). 

Ex. 8. V I9 is a particular case of the result of § 21. 



CHAPTER VI 


PERMUTATION-GROUPS 

§ 1 . A group whose elements are permutations on m given 
symbols ...» is called a permutatioii-growp of 

degree m. 

One such group is that containing each of the m I possible 
permutations on the m symbols. It is called the symmetric 
group of degree and is of order m I . 

Again, there are i ml possible even permutations on the m 
symbols which form a group of order i m\ called the alter-- 
noting group of degree m. For since the product of two 
even permutations is even, the even permutations form a 
group A, Let t bo any transposition, and h any odd per- 
mutation. Then being even is in A, so that h is in At 
Hence the symmetric group = A + A^, and A is of order J ml. 

The alternating group is a normal subgroup of the symmetric, 
since any transform of an even permutation is obviously oven 
(see also V 7^2). 

If every permutation of a group G is regular, G is called 
a regular permutation-group. 

If G contains permutations 71,72’ •••f’/m replacing a;, by 
each of the symbols G contains a permutation 

(e.g. 7,.”^ 7^) replacing any given symbol Xj. by another given 
symbol In this case G is called a transitive permutation- 
group; while if G does not contain m such permutations, 
G is called intransitive, 

A transitive group containing a permutation replacing any 
two given symbols by any other two given symbols is called 
doumy transitive. Similarly, a group containing a permu-' 
tation replacing any 3 , 4 ,...,^,.,. given symbols by any 
other 3 , 4 , , A:, ... given symbols is called triply, quadrujdy, 
..., h-ply, ... transitive. A group which is transitive but not 
doubly, triply, ... transitive is called simply transitive. 

Ex. 1 . Every permutation-group of degree tn is a subgroup of 
the symmetric group of degree m. 

Ex. 2 . The symmetric group of degree m contains as subgroups 
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every symmetric group of degree < w, and the same is true of 
alternating groups. 

Ex. 3. Every symmetric group is decomposable. 

Ex. 4. A transitive group of order and degree m can always be 
found, but there is no transitive group whose order is less than 
its degree. 

Ex. 5. (i) The symmetric group of degree m is iw-ply transitive, 
(ii) the alternating group is (m— 2)-ply transitive, (iii) there is no 
(m — 1 )-ply transitive group of degree m. 

Ex. 6. If the permutations of an intransitive group G replace 
Xi hy ..,y X , every permutation of G permutes these n 

symbols among each other. 

Ex. 7. Evei-y subgroup of degree m in an intransitive group of 
degree m is intransitive. 

Ex. 8. If two permutation-groups Gy II act on distinct symbols, 
{Gy H} is their direct product and is intransitive. 

Ex. 9. If a transposition is a normal element of a permutation- 
group Gy 0 is intransitive and a direct product. 

Ex. 10. Prove that {(1 2)(3 4), (1 3 5)(2 4 6)} is a transitive 
group of degree 6 and order 12. 

Ex. 11. Find two transitive and one intransitive group of 
degree and order 4. 

Ex. 12. Every two conjugate elements of a permutation-group 
are similar. 

Ex. 13. Any two similar permutations on the same symbols 
are conjugate in the symmetric group. 

Ex. 14. Eveiy conjugate set of elements in the symmetric 
group is self- inverse. 

Ex. 15. (i) A permutation of degree m containing a, y, ... 
cycles of degree 1, 2, 3, ... has a normaliser F of order 

JR = l"a! 2^/3! SVy! ... 

in the symmetric group of degree m. (ii) If a, fS, y, ... are 
all 0 or 1, r is Abelian, (iii) When is F contained in the alter- 
nating group ? 

Ex. 16. Find the number of subgroups conjugate to 
{(1 2)(3 4)(5 6 7)(8 9 10 11)} 

in the symmetric group on 1, 2, ... , 14. 

Ex. 17. The number of conjugate sets in the symmetric group 
of degree m is the coefficient of in 1 -r (1— a;)(l — a;‘'^)(l— a;^) ... . 

Ex. 18. Two similar even permutations a, b are conjugate in 
the alternating group if a is permutable with an odd permutation c. 

Ex. 19. (i) The permutations similar to an even permutation a 
form two conjugate sets in the alternating group if a is not 
permutable with any odd permutation, (ii) This is the case if 
and only if the cycles of a are of odd and distinct degrees. 
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Ex. 20. (i) An even permutation a of degree m containing a, 
A ^ ^ C Vf Oy I, K, A, ... cycles of degree 1, 2, 3, 4, 5, 6, 7, 8, 9, 
10, 11, ... has a normaliser of order rl«al 2^ S'V y! ... -4-2 
in the alternating group of degree m, where 

— 1 ^ (^-q)(w-l-a) ... (2~a) ^ (1-^) 

^ (m—l)I {w — a(wi— 1)} m\ 

. (m-y)... (2^y) ... (l^S) 

(m— 1)1 {m— y(m — 1)} ml 

(ii) a is conjugate to in the alternating group when r = 1 or 
when r=:2 and y4-7? + A-f ... is even. 

Ex. 21. (i) The permutation a = (12 3)(4 66789 10) is 
conjugate to a, a®, in the alternating group on 

1, 2, 11. (ii) Find the number of subgroups conjugate to 

{a} in the alternating group. 

jSx. 22. Those permutations of a group which (i) do not 
displace (ii) permute among each other any given symbols form 
a subgroup. 

Ex. 23. Those permutations of a group which leave a given 
function of the symbols unaltered form a subgroup. 

Ex. 24. If permutations leaving a function / of the symbols 
unaltered form a group G and a permutation T changes f into /', 
every permutation of T~^GT leaves/' unaltered. 

Ex. 25. (i) No permutation of 

O = l + (a&)(cd) + (ac)(&d) + (ad)(6c) 
changes the function (difference of one pair of symbols x differ- 
ence of the other pair), (ii) Deduce that G is normal in the 
symmetric group on a, b, c, d. 

Ex. 26. (i) Find the group G formed by those permutations on 
a, 6, c, d which leave ao + fed unaltered, (ii) G is the normaliser 
of {ac){bd) in the symmetric group on a, by c, d. 

Ex. 27. The function Xx 2 -\-X^x.i+ ... +X'^~^Xyn is in 
general changed into m ! distinct functions by the permutations 
of the symmetric group on Xi, X 2 y x^^. 

Ex. 28. Construct a function of Xiy x^y x^ which is un- 
altered by the permutations of a given group G but by no other 
permutation on these symbols. 

Ex. 29. (i) If a, ft, c, tt — a, tt— / if, tt— y are the sides and angles 
of a spherical triangle, and It, are the radii of the circum- 

scribed and inscribed circles ; any formula connecting the sides, 
angles, &c., of a spherical triangle remains true when we apply to 
it any permutation of the group G generated by {aa){blS){cy)(Iip\ 
{bc){lSy)y (ca)(ya). (ii) G is decomposable, intransitive, and of 
order 12. 

§ 2. Every abstract grou}^ of order n is simply isomorphic 
with a regular permutation-'group of degree and order n. 

G 


BiLTOv r. a. 
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Let f/i, i/ 2 ’ •••> fi'n elements of a group G of order n. 

Then (j^Oi, g^Oi, ...,gnOi are the elempts g^, g.^, 
some order or other. For they are all in 0 and they are all 
distinct, since g^gi = would involve gx = 0y 

Let Si denote the peimutation ( Oi •" On '\ qjj jjjg 

* ^0^0i OiOi — OnOi' 

symbols g^yg^,, •••tOn’ Then since Si replaces g^ by and 


Si Tepl&ceB gj.gihy g^gigj, SiSj = ( ■" )• 

j i jxji . j g^gigj...g„gig/ 

Henco if Therefore the permutations 

/Sj, form a permutation group P on the symbols 

f/i* .72 » •••> !Jn order and degree n simply isomorphic with G. 

The group P is transitive, since it contains a permutation 
replacing f/j by any arbitrary symbol ; namely, the permu- 
tation where = .7r 

If (j^i is of order any cycle of is of the type 

iOxOi OzOi^-'-OxO/)- 

Therefore is regular, being the product of -f- e cycles of 
degree e. Hence P is regular. 


Ex. 1. (i) G is simply isomorphic with the group P' formed 

by the permutations S/ = ( V (ii) Each per- 

^ * * \9i9i Oi92 ••• 9i9j ' 

mutation of P' is permutatable with every permutation of p, 
(iii) The G. C. S. of P and P' is simply isomorphic with the 
central of G. (iv) The only i>ermutations on tji, 
permutable with every element of P are the elements of P'. 

Ex. 2. If = where c, is the order of and 

g^g^g. a, ... is even. 

Ex. 3. The groups P, P' of Ex. 1 are at once derived from the 
multiplication table of G, Thus is obtained by writing the 
elements of the column headed g^ under the corresponding 
elements of the left-hand column, and S/ is obtained by writing 
the elements of the row headed gi under the elements of the 
top row. 

Ex. 4. (i) The multiplication table of a group of order n is a 
‘ latin square of order n \ i. e. an array of n rows and n columns 
formed by n symbols wliere no row and no column contains the 
same element twice, (ii) Though we can find in this way a latin 
square of any given order, we do not obtain all possible latin 
squares in this way. (iii) Find all possible latin squares of ord^f 
2, 8, 4. 



WITH A GIVEN GROUP 


83 


VI 3] 


^ 3, If CL group G contains a subgroup II of index m, 
G is isomorphic ivith a transitive pey'mutation-gronp of 
degree m. The isomorphisrtx is simple if II contains no 
normal subgroup of G. 

Lot G = Hg^ + Hg.^ + ... +IIg^j^. Denote the partitions 
I^Oi » 1^0 1 ’ • • • > symbols yi , 72 > • • • » Vm • 

any two elements of G, Every element of II g^ . a lies in the 
same partition of G (the partition containing //;a) ; let this 
partition be y/. Similarly suppose that each element of y/ . b 
lies in the partition y/\ Let /Sy I' denote the permutations 

fvi 72 ••• ym\ (y( yf •••ym' 

\ f r 

^71 72 ••• Vm 
o^ Hgi . ah lies in 


n 

^ 71^72 


7i 


••• 7n 

and 


• Then since every element 


ST 


(; 




to the 


7i 72 •••7m 

ff // ft 

7i 72 •••7m 
the product of the permu- 
respectively. 


product of a and h corresponds 
tations S and T corresponding to a and h 
Hence all the permutations such as fS’, I\ ... form a group Q 
of degree m isomorphic with (r. Q is transitive, for wo can 
always find an element g of G (o. g. g{~^gi) Huch that 
Hg. . Sf is Vi. 

Identity is the only element of Q corresponding to identity 
in (?. The elements of G corresponding to identity in Q form 
a normal subgroup K of G (V 16). Let k be any element 
of K ] then Hgfc = Ilg^ for all the values 1, 2, m of i. 
Since one of the r/’s is in H, Ilk = //, i. e. k is in //. There- 
fore H contains the normal subgroup K of G. If H contains 
no normal subgroup of G, the isomorphism between G and Q 
is simple. 

Corollary. A group G containing a set of m conjugate 
elements or subgroups i/^, //g, ..., //,„ is isomorphic 'with 
a transitive permutation-group R of degree m. 

For the normaliser of any one of the conjugate elements 
or subgroups is of index m. 

Ex. 1. Q and R are simply transitive. 

Ex. 2. = G/IL (See end of V 17). 

Ex. 3. To the subgroup H of 6r and to the normaliser of 7f, in 
G corresponds the subgroup formed by those permutations of 
Q and It respectively which do not displace one symbol. 

Ex. 4. The group R of the corollary may be considered as 
a transitive permutation-group on the symbols JF/j, Jig, ..., 11^ 


( J£ 

a~^Uia 

spends to the element a of G. 




Ilm 


.a)"' 


R corre- 


Q 2 
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Ex. 5. To identity in B corresponds every element of G 
permutable with each of J/i, 

Ex. 6. The group =z (dby = 1 is simply isomorphic 

with the symmetric group of degree 3. 

Ex. 7. Show that = {abY = 1 is simply isomorphic 

with the alternating group of degree 4. 



The group ^ b* = (ah)^ =1. a - • 5 . 

Fig. 6. (Soo Ex. 8 on this page.) 


^ Ex. 8. If ^ = («&)2 = 1, (i) //= (a, ha^b^} is simply 

isomorphic with the symmetric group of degree 3, 

(ii) {a, b}=H-^Hb+IIb^-^lIb^ 
is simply isomorphic with the symmetric group of degree 4. 

Ex. 9. If =zb^ =z {aby^ = 1, (i) U= {b, a^b^a} is simply 

isomorphic with the alternating group of degree 4, 

(ii) {a, b} = 

is simply isomorphic with the alternating group of degree 5. 
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Ex. 10. A group O of order 12 containing a normal subgroup 
H of order 4 is either Abelian or simply isomorphic with the 
alternating group of degree 4. 

Ex. 11. A group of order 24 (or 60) containing a conjugate set 
of 4 (5) subgroups of order 6 (12) and containing no normal 
subgroup of order 2 or 3 is simply isomorphic with the symmetric 
(alternating) group of degree 4 (5). 



The group n® = 6* = c’ = (“*)* = 1, oc = ca, 6c = c6. a- - 6^“, c — . 


Fig. 7. 


J 4, The simple isomorphism between any group G of 
er n and a regular permutation-group of degree and 
order 'n (§ 2) can be shown geometrically as follows. 

Represent each element of (? oy a point. Associate a colour 
with each element of G (excluding identity); for example, 
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suppose red associated with the element From each of 
the points ffi, i/g. S^n ^ points giOi^g^Oi, 
respectively red lines with arrow-heads to show their 
direction; and draw similar coloured lines for the other 
edements. We have then n points joined by n(ji-’l) lines. 
One line of each of the 7i~l colours starts from each of the 
n points, and one line of each colour ends at each point. 



a---, , c — , (i - — , e— . — . — . 

Fig. S. 

A red lino runs from a symbol g^ to the symbol g^g^ replacing 
it in the permutation Sf (§ 2), and so for the other colours. 

The geometrical representations are usually called ‘ Cayley’s 
colour-groups’. They are somewhat complicated, but may 
conveniently be simplified by the omission of all the coloured 
lines except those associated with a set of independent 
genoratoi-s of G. 


COLOUR-GROUPS 


87 


VI 4] 

If Qi is one of these generators, red lines run from to g^g^ 
and from g^^gf] to g^. If gi,- is of order 2, g^gf and gj^gf^ 
coincide. In this case it is usual to draw only one of the two 
lines joining g^ and and to suppress the arrow-heads 
(see Figs, 7, 9, 10). 

The simplified diagram enables us to find very readily 
every relation satisfied by those generators whoso colours arc 
retained. For example, if in Fig. 6 wo start from any point and 



s= « (ftcy ~ 1. 

Fig. 9. 


pass in the direction of the arrows along the lines in the order 

wmmmmt ^ ^ ^ ^ j 

we return to the original point. Hence we have obviously 
ha^h^a^b^ = 1 or {ba^b^y = 1. Similarly if in Fig. 7 we pass 

along the lines in the order - - - , — — ^ , - - - , , 

« « ^ - - - , j we return to the original 

point. Hence we have in this case {abcy = 1. 
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The coloured diagram can sometimes be drawn with advan- 
tage on a sphere or other closed surface instead of on a plane. 

Ex. 1. For example, Fig. 8 shows the complete colour-diagram 
for the group of Vli. If we simplify the diagram by retaining 
only the lines corresponding to the independent generators a and 
G we get Fig. 9. If we retain only the lines corresponding to 
c and d we get Fig. 10. 




d* n (cdy « 1. 

Fig. 10, 

Ex. 2. The complete colour-diagram gives immediately the 
multiplication table of the group. 

Ex. 8. In a diagram showing only the colours corresponding 
to a set of independent generators yj, y 2 > ••• * group O 

the red lines corresponding to y^ are erased. Prove that (i) the 
diagram breaks up into sets of points J/, giH, g^Hj ..., where 
H-\>g^H^goH^ ... and //— {yg, yj, ...}, so that no two 
points in different sets are connected by a line ; (ii) if H is 
normal in G, all red lines starting from a given set of points 
end in the same set. 

Ex. 4. In the group of Pig. 6 prove aba^h^a = ha?hah^a =s 1, 

a^haV^ah = 1, and find the orders of dba^V, a6*o*. 
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Ex. 6. In the group of Pig. 7 find the order of hoc, ahca^ hah. 

Ex. 6. Draw colour-diagrams (simplified) for the groups 
(i) ; (ii) a® = =1, ah =: ha; (iii) a® = ^ J . 

(iv) = {ahy = 1. Show that (i) and (ii) are the same 

abstract group, and so are (iii) and (iv). 

Ex. 7, Draw a colour-diagram for the group 

= 62 ^ ^ (a6)2 =1, ac = ca, he = ch 

of V 4i . Show that the group is the same as that of Fig. 7, 
and that it cannot be represented on a diagram with less than 
three colours. 

Ex. 8. (i) Draw a colouivdiagram for the group a^ =1,6^ = a% 
ah = ha. (ii) Prove the results of V by means of a colour- 
diagram. 

Ex. 9. Draw colour-diagrams for the groups a^^h^^ (a^h)^ = 1, 
(a6)2 = (6a)2 and a® = 6^ = 1, = ha\ (ahY = {haY. 

Ex. 10. Draw the complete colour-diagrams for the groups 
(i) a® = 1, (ii) = 62 = 1, ah = 6a. 

Ex. 11. ABO is an equilateral triangle and 0 is its centre; 
BC = 6 in. Points A 2 and A^, B^ and and C 2 are taken 

on the sides distant 1 in. from A^ R, G. Points and Aj are 
taken on OA distant respectively f in. and 1^ in. from 0 ; and 
points I >2 and Rg, R3 and C3 are taken similarly on OR, 00. 
The black-sided triangles AjA^A^f BiB^B^, O1O2O3, 
with clockwise arrows and red lines RiOi, 02il2> 

B^JD^f O3R3 are drawn. What group does the diagram represent? 

Ex. 12. Af By Gy D are points of longitude 0 , 90®, 180®, 270® 
on the equator ; X, Y, Z, W are points in latitude 45® of longitude 
45®, 135®, 225®, 315®. Red triangles XRF, ZDWy and black 
triangles YCZy WAX are drawn, and the figure is completed 
by reflexion in the plane of the equator with interchange of the 
two colours. If clockwise arrows are inserted round the triangles, 
what group does the diagram represent ? 

Ex. 13. Draw two parallel concentric regular w-sided red poly- 
gons. Denote the vertices by 1, 2, ..., m and 1', 2', ..., m\ 
Turn one polygon through a right angle. Put clockwise arrows 
round each polygon. Join by black lines the vertices (i) 1 and 1\ 
2 and 2', 3 and 3', ; (ii) 1 and 1', 3 and 3', 6 and 5', ..., 2' and 

^+2, 4' and ^+4,6' and ^+6, .... What groups do the 

diagrams represent ? 

Ex. 14. Put clockwise arrows round one red polygon of Ex. 18 
and counterclockwise round the other. Black lines run (i) as 
in Ex. 13 (i) ; (ii) as in Ex. 13 (ii) ; (iii) with arrows joining 

1 and 1', 2 and 2', 8 and 8', ..., 1' and | + 1, 2' and |? + 2, 3' 
and 2 •*• • What groups do the diagrams represent ? 
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Ex, 16. A simplified colour-diagram drawn on a sphere divides 
up the surface into polygons in such a way that no two of the 
coloured lines intersect (except at an extremity of both). Prove 
that (i) the two lines of the same colour meeting at any point 
are not separated by a line of another colour ; (ii) the polygons 
formed by lines of a given colour contain no vertex in their 
interior. 

Ex, 16, Show that diagrams representing the groups of Ex. 7, 
8, 9, 13, 14 can be drawn on an anchor-ring so that no two lines 
intersect 

§ 5. By definition, a k-jfly transitive group on m symbols 
contains a permutation not displacing any k given symbols. 
If A' and T are any two permutations which do not displace 
these k symbols, tiT does not displace them. Hence : — 

Those permutations of a k^ply transitive grou2) G which do 
not disidace k given symbols form a subgroup H. 

Ex, 1. The permutations of G not displacing I of the h given 
symbols form a subgroup of G containing IL 

Ex. 2, If the permutations of II do not displace 
Xff ; while g is & permutation of G replacing these symbols by 
elements of G not displacing x^y 
form the subgroup g~^IIg. 

Ex. 3, H contains no normal subgroup of G, 

Ex. 4. If G is Abelian, if = 1, 

Ex. 6. Any normal element c of G (i) displaces every symbol, 
(ii) is regular. 

Ex. 6. Every transitive Abelian group is regular. 

Ex. 7. Every element of prime degree p normal in a group is 
circular of order p. 

Ex. 8. A j>ermutation S permutable with every element of 
a group G and acting on the same m symbols displaces all the 
symbols and is regular. 

Ex. 9. The order p of the central of a transitive group G of 
degree w is a factor of m. 

Ex. 10. (i) The permutations such as S of Ex. 8 form a group 
whose order is a factor of m. (ii) Find this group when G is the 
permutation-group P of § 2. 

Ex. 11. Find the group H in the case of {P, P'] of § 2; and 
prove that II G/C where C is the central of G. 


§ 6* The order of a k-jyly transitive group G of degree m is 
qm{m—l) (m~2) ... (m— i-f 1) ; v:here q is the order of the 
subgroup H whose elements do not displace k given symbols. 
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9 ^ 2 > f/s* ••• permutations of O each of which 
replaces the k given symbols by a distinct set of k symbols. 
The number of such permutations is m! -f- (m— /j)! ; for the 
number of anrangements of on symbols Aj at a time is 
m!-r(m — A:)!. Then G = Hg^ Hg^-^ For if 

are two elements of G replacing the k given symbols by the 
same k symbols, g'g^^ does not displace any one of the k given 
symbols, and is therefore contained in //. Hence 0 is of 
order g xml -r fm — A:)t. 

Ex. 1. The elements of G permuting among themselves the 
Jc symbols not displaced by the permutations of JI form a sub- 
group of order ^ . A; 1 containing H normally. 

Ex. 2. If g = 1, G contains permutations displacing only 
w— A;-fl symbols but no permutation displacing less than 
symbols. 

Ex. 8. If the degree and order of a transitive group are equal 
^ = A; = 1. Every group is simply isomorphic with a permutation- 
group of this type. 

Ex. 4. Prove the converse of § 3: — ‘If a group G is simply 
isomorphic with a simply transitive permutation-group of degree 
nif G contains a subgroup of index m containing no normal 
subgroup of G,* 

Ex. 5. The degree of a simply transitive Abelian group = its 
order. 

Ex. 6. In a simply transitive group G of degree m the permuta- 
tions displacing every symbol (i) are at least m—l in number, 
(ii) generate a normal subgroup of G, 

Ex. 7. If the number of permutations not displacing r given 
symbols in a transitive group of order n and degree m is r, , 

VI in 

n = = ^rVr. 

0 ^ 0 ^ 

Ex. 8. The elements of a A;-ply transitive group displacing 
every symbol cannot form a group with identity unless A; = 1 or 
k = 2 and ^ = 1. 

Ex. 9. Show that no doubly transitive group of degree 5 is of 
order less than 20 ; and prove that a = (1 2 3 4 6), 6 = (1 2 4 3) 
generate a doubly transitive group of minimum order. 

§ 7. Let G be an intransitive group containing permutations 
which replace the symbol by a?!, ccg, ..., but by no other 
symbol. Then any permutation g oi G replaces Xi by one of 
the symbols aji, ajg, ... , For let h be an element of G 
replacing aj^ by a,-, and suppose hg replaces a?i by Xj, Then g 
replaces by Xj, Hence the permutations of G permute 
the symbols of the transitive set among them- 

selves. 
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Similarly if the permutations of 0 replace the symbol by 
•••» 2/« they peimute the symbols of the ‘transitive 
fiet * 2/ii 2 / 2 » • • • » 2/« among themselves ; and so on. 

Ex. 1. A cycle of any permutation of Cr only contains symbols 
from one transitive set. 

Ex. 2. 6r is a subgroup of the direct product of the symmetric 
groups on the symbols X 2 , ..., [yi, .... 

Ex. 3. The order of 6r is a factor of r ! x s ! x ... . 

Ex. 4. Those permutations of Gr which do not displace the 
symbols of certain given transitive sets form a normal subgroup 
of G. 

Ex. 5. Those permutations of G which do not displace form 
a subgroup of index r. 

Ex. 6. If those cycles of any generator of a permutation-group 
G which contain one of the symbols x^y x^y x^ contain no 
symbol other than x^y x^y , x^y Gi& intransitive ; and conversely. 

Ex. 7. If in § 2 is a subgroup of ..., 

the corresponding subgroup of P is intransitive, the transitive sets 
being the symbols g^^^Hy giT'^Ily g^^Hy .... 

Ex. 8. Find the transitive sets of 
{(1482) (6876) (9 10), (24)(58)(67)} and of {(1234), (2 4), (56)}. 

§ 8. Let certain of the transitive sets of symbols affected 
by an intransitive group O bo denoted collectively by o-, and 
let the remaining sets be denoted collectively by r. If ky Aj' 
are two elements of 0 permuting only the symbols of <r 
(displacing no symbol of r), and if g is any element of (?, then 
evidently kk' and g~^kg do not displace any symbol of r. 
Hence those elements of O which permute only the sjonbols 
of cr form a normal subgroup K of G. Similarly the elements 
of 0 permuting only the symbols of t form a normal subgroup 
K' of Q. 

If wo leave out of consideration the effect of G on the 
symbols of t, 0 reduces to a group H on the symbols of <r 
alone. If (/, g' are any two mements of <?, while A, hf are 
elements of H permuting the symbols of o* in the same way 
as g^g' \ then gg' and Im permute the symbols of <r in the 
same way. Hence G and a are isomorphic. To the identical 
element in H correspond the elements of K' in G, Therefore 
//= 0/K\ It is evident that H contains AT as a normal 
sub^oup. 

Now K and K' have only identity in common, and every 
element of K is permutable with each element of K\ Hence 
{Ky K^} is the direct product of K and and it is normal 
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in Oy since K and K' are normal in O. It follows that 
0/ {Ky K'} and H / K have the same order. 

Now when we neglect the effect of the elements of Q on the 
symbols of r, each element of {Ky K'} reduces to an element 
of Ky and each element of 0 to an element of H. If , k^y k^ 
are elements of {Ky K'} and g^, g^ elements of 0 which 
reduce respectively to /cj', A/, k^' and g{y g^, g.( when wo 
neglect their effect on the symbols of t, and if k^ g ^ . k^g^ = k^g ^ ; 
we have evidently k^gi-k^g^=k^g^* Hence 0/{Ky K^} 
and H/K are isomorphic; and the isomorphism is simple 
since these two groups have the same order (cf. V 18^). 

Ex. 1. If H' is the group to which G reduces when we leave 
out of consideration the effect of its permutations on the symbols 
of (T, H/K = H'/K'. 

Ex. 2. The elements of G are found by multiplying each 
element of IT by the corresponding elements of H\ 

Ex. 3. Find Hy 7/', 7f, K' when (i) G= {{1 2 S 4), (2 4), (5 6)}, 
cr = [1, 2, 3, 4 j ; (ii) = {( 1 4 3 2) {6 8 7 6) (9 10), (2 4) (5 8) (6 7), 
(T = [9, 10] or [5, 6, 7, 8, 9, lOj. 


§ 9. Let be a simply transitive group on m symbols. 
Suppose that the m symbols may be divided into r sets 
(Ti, 0 - 2 , ... , o-y each containing s symbols (m = rs), so that every 
permutation of G either permutes the 8 symbols of any sot fr^ 
among themselves or replaces them by the 8 symbols of 
another set ay. Then G is called an imprimitive group, and 
•••» called imjyrimitive ay sterna. If no such 

division of the m symbols into sets is possible, G is said to 
be primitive. 

Ex, 1, A A;-ply transitive group {k > 1) is primitive. 

Ex. 2. A transitive group of prime degree is primitive. 

Ex. 3. If a transitive group G of degree m contains a permuta- 
tion whose order is prime and greater than the largest divisor of 
fw, G is primitive. 

Ex. 4. Those permutations of an imprimitive group G which 
do not displace the imprimitive systems but only permute the 
symbols of each system form a normal subgroup of G. 

Ex. 5. The central of a primitive group = 1. 

Ex. 6. The central of a A;-ply transitive group = 1 if A; > 1. 

Ex. 7. No Abelian group is ifc-ply transitive. 

Ex. 8. If H is any subgroup of the group (? of § 2 and 
6 = 779^1 + 17^2 + ^^ 3 + ^ 1® imprimitive in such a way that 

the symbols of Hg^y Hg^y Ug^y ... are imprimitive systems. 
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Ex. 9. {{xyz){ahc), {xa){yc){sh)} is an imprimitive group of 
order 6, the imprimitive systems being either [a;, y, z] and 
[a, f), c] or [x, a\, [y, 6], and [^, c]. 

Ex. 10. Find imprimitive systems in the groups (i) {(135) (246), 
(13)(24), (34)(66), (12)(34)| and (ii) {(14)(26)(35), (123)(4 56), 
(12)(45)}. 

§ 10 . If y, y are two elements of an imprimitive group G 
which do not displace the imprimitive systems but only 
permute the symbols of each system, then yy has evidently 
the same property- Hence elements such as y, y form a sub- 
group r of Cr. If (? = it is obvious that 

all elements in the partition VtJi permute the imprimitive 
systems in the same way. 

The group V is normal in O, For let g be any element 
of f/, and suppose that g replaces every symbol of any 
imprimitive system by a symbol of the system n-j. Then 
since y permutes the symbols of among themselves, g^^yg 
permutes the symbols of erj among themselves. The group 
G /V may be considered as a permutation-group of degree r on 
the symbols o-i, o-^. 

Ex. 1. r is intransitive. 

Ex. 2. The index of F in (7 is a divisor of r I. 

Ex. f3. Find F for the groups of VI Og, jq. 

§ 11 . The group F of § 10 is an intransitive normal subgi-oup 
of the transitive group (?. We show in this section that every 
intransitive normal subgroup of G is contained in a group 
such as r. 

Let H be an intransitive normal subgroup of G, and let 
a’j, a* 2 , ...; 2/i> 2 / 2 » ••• symbols in the transitive sets 

of if. Then if g is an element of G replacing by i/i* 
g^^ replaces 2/1 hy • Hence since g~'^ Hg ^ H, g replaces 
every* xhy a y ; and since gUg~^ ^ H,g replaces every y by 
an X (II 5). Therefore there are as many y^ as a; s. Similarly 
we can show that each transitive set of H contains the same 
number of symbols. 

Now since every element of G transforms H into itself, 
every such element permutes the transitive sots of H among 
themselves. Therefore G is imprimitive and has the transitive 
sets of II as imprimitive systems; which proves the above 
statement. 

♦ For at least one permutation of H contains a cycle of the form ... ), 

whatever i may be. If g transforms this cycle into (yjy^...), g changes 

into 
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Ex. 1. Every normal subgroup of a primitive group is transitive. 

Ex. 2. The order of a normal subgroup H of a primitive group 
(t is a multiple of the degree of 6r. 

Ex. 3. Every primitive composite group is decomposable. 

Ex. 4. If the group P of § 2 is primitive, it is simple. 

§ 12. The symmetric yroiip is the only primitive group 
containing a transposition 

Suppose (1 2) is a transposition contained in a transitive 
permutation-group G on the m symbols 1, 2, 3, . . ., on. Let ( 1 2), 
(13), ..., (1 e) bo the only transpositions in G which affect the 
symbol 1. Then since (ij) = (1 i) (1 j) (1 i), G contains {ij ) ; 
where i and j are any two of the set a of symbols 1, 2, ..., c. 
Hence, unless G is the symmetric group, the set o- does not 
include all the on symbols permuted by G. 

Let a bo a permutation of G replacing 1 by a given symbol/ 
not included in (t and replacing 2 by s (say). Then G contains 
«"^(1 2) a = (f s). Now « is not in a; for otherwise G would 
contain (1 «) (/ s) (Is) == (I /). Hence each permutation of G 
permutes the symbols 1 , 2, . . . , e among themselves or replaces 
them by a completely different set t. 

If 0 - and T do not include all the m symbols on which G acts, 
let i be a permutation of G replacing 1 by a symbol not in 
<r or r. Then as before h replaces each symbol of <t by a symbol 
of a set V having no symbol in common with cr. Now v has no 
symbol in common with r either. For if a and b replace two 
symbols 1' and 2' of a- by the same symbol, ba~^ replaces 2' 
by 1'. Hence peimutes the symbols of a* among them- 
selves ; i. e. 6 = ha ~^ . a replaces o- by r, or r and v coincide. 

Continuing this reasoning we see that the m symbols fall 
into sets permuted imprimitively by the elements of G ; and 
hence G is imprimitive. 

Ex. 1. The symmetric group is the only Z:-ply transitive group 
(A; > 1) or simply transitive group of prime degree containing 
a transposition. 

Ex. 2. 6r contains as subgroups the symmetric groups on the 
symbols of (r, t, v, .... 

Ex. 3. The symmetric group is the only group of degree m 
containing the transposition (12) and (i) the circular permutation 
(1 2 3 ... m), (ii) a circular permutation b of degree m in which 
the symbols 1, 2 are separated by i— 1 symbols, where i is prime 
to m. 

Ex. 4. The symmetric group of degree m is simply isomorphic 
with a group whose elements are birational substitutions of 
degree w--3. 
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Ex. 5. The alternating and symmetric groups are the only 
primitive groups containing a circular permutation of order 3. 

Ex. 6, A transitive group 6f containing a circular permutation 
of order 3 contains the alternating groups on the symbols of each 
imprimitive system. 

§ 13 . The group G generated hy every possible circular 
permutation of order r on the symbols I, 2, , m is the 

alternating or symmetric group on these m symbols according 
as r is odd or even. 

First take r = 2. Since every permutation is the product 
of transpositions, G contains every possible permutation on 
the m symbols and is therefore the symmetric group. 

Next take r = 3 ; then G contains every possible product 
of two transpositions on the m symbols. For such a pro- 
duct is either of the form (1 2) (1 3) = (1 2 3) or of the form 
(1 2) (3 4) = (2 3 4) (12 3); and both these products are in G. 
Hence G contains every even permutation on the m symbols, 
and is therefore the alternating group. 

Lastly, take r > 3 ; then G contains every circular permu- 
tation of order 3 such as (1 2 3). For 

(123)= (1324... r) ar...432) 
which is in G. If r is even, G contains a circular permutation 
of even order ; i. e. G contains an odd permutation and is the 
symmetric group. If r is odd, G is the alternating group. 

Ex. 1. The group G generated by every permutation of the 
type (1 2)(3 4) on m symbols (m > 4) is the alternating group on 
the m symbols. 

Ex. 2. The theorem in Ex. 1 does not hold if m = 4. 

Ex. 3. If ^ is a prime < m, the symmetric group of degree m 
does not contain any subgroup of index < p except the alternating 
group, 

§ 14 . The alternating group G of degree m is simple^ 
unless m = 4. 

This is evident when m = 2 or 3. When m = 4, (? has 
evidently a normal subgroup of order 4 containing the four 
permutations 1,(12) (3 4), (1 3) (2 4), (1 4) (2 3) ; where 1, 2, 8, 4 
are the four symbols on which 0 acts. 

Suppose that when m>4!,G contains a normal subgroup H. 
Let g be that permutation of H which displaces the smallest 
number of symbols. Let g be decomposed into its cycles. 
None of these cycles can contain more than three symbols; 
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for if gr = (1 2 3 , H contains /= (1 3 2) gr (1 2 3^ and 

also = (2) (31 ...) which displaces fewer symbols than gr. 

Again, no cycle of gr can contain three symbols unless it 
is the only cycle of gr. For if gr = (4 1 2) (3 = 

(2) (1 3 displaces fewer symbols than gr and is in H, 

Again, gr cannot contain two cycles of two symbols each 
unless m = 4. For if gr = (1 2) (4 5) ... , gf= (4) (5) (1 3 ...) ... 
displaces fewer symbols than gr and is in H, 

We see then that gr must be (if > 4) a circular permu- 
tation of order 2 or 3. The former is impossible since gr is odd. 
If gr = (1 2 3), H contains every other circular permutation of 
order 3 such as (1'2'3'), and is therefore the alternating group 
(§ 13). For 0 contains one or other of the two permutations 
_/1 234,..m\ ,_/1 234...m\ 

“ = \r2'3'4'...mV ® = V2'l'8'4'...mV’ 
since ha~^ = (1 2) is odd. Hence (1'2'3') = a~'^(ja = 
is in if, since H is normal in (?. 

§ 16. The symmetric group of degree m can contain no 
normal subgroup except the alternating gToup of degree m, 
unless m = 4. 

If m = 4, the subgroup of order 4 normal in the alternating 
group is also normal in the symmetric group. If m 4, the 
proof is exactly the same as that of § 14. Wo have only 
to prove in addition that g cannot be a transposition. If 
gr = (1 2), H contains every other transposition such as (1' 2') 
in the m symbols and is therefore the symmetric group ; for 
H contains a^^ga. 

Ex. 1. A function fi of m symbols (m > 4) is changed into 
fit fit fst ••• by the elements of the symmetric group on the m 
symbols. If those permutations which do not alter f do not 
alter ft f^t •••> fhey form the alternating or symmetric group. 

Ex. 2. The alternating and symmetric groups are the only 
groups of degree m and order > (m— 1) ! (m 4). 

Ex. 3. (i) If (r is the symmetric group of degree 4 and H is 
its normal subgroup of order 4, G/H is simply isomorphic with 
the group formed by the substitutions = x, (1—a;)"^ 
x^\ X 1— a?, (ii) What is the geometrical interpretation 

of this result ? 
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CHAPTER VII 


SUBSTITUTION-GROUPS 

§ 1 . A GROUP whose elements are substitutions on m given 
variables is called a suhditution-fjrovp G of degree m. If the 
substitutions are homogeneous and linear (III 4), Q is called 
a homogeneous lineor substitution-group. If the substitu- 
tions are fractional and linear (III 9), G is called a fractional 
Ihmir Hfiihstitution-group, We shall suppose in §§ 1 to 8 
that all quantities considered (both coefhcients and variables) 
are ordinary real or complex quantities unless the contrary 
is stated. 

Ex, 1. (i) A permutation-group is a particular case of a homo- 
geneous linear substitution-group, (ii) Each of its substitutions 
is real and orthogonal. 

Ex. 2. The similarities of a homogeneous linear group form 
a normal Abelian subgroup. 

Ex. 8. The determinant of every substitution of a finite homo- 
geneous linear group is a root of unity. 

Ex. 4. Those substitutions of a homogeneous linear group 
whose determiniuit is a power of a form a normal subgroup. 

Ex. 5. (i) I'he ‘ group of subtraction and division ' generated by 
of = d~x and of = is of finite order if 7r-r<#> is rational, 

whore 2\/6 cos(/) = d. (ii) If b and d are rational, the group is 
of order 4, 0, 8, 12, or oo. 

§ 2. If every substitution of a substitution- group G on the 
m variables , . . . , is expressed in terms of new variables 

?/i» i/a* ••*,» !/m (functions of a:^), we obtain a new 

substitution-group G' on the m variables 2 /ij2/2> I^ 

now we put for {i = 1, 2, m) in the *^substitution8 
of O', every substitution of G' will be derived from the 
corresponding substitution of G by transforming by 
T = (?/i, 2/.,, ..., y^) 

(HI 3). Hence G' becomes T^^GT. 

Ex. Find T~^GT when G is generated by ic' = l-r(l -^c) 
and a/ = 1 -r^r, and T is rc' = 1. 
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§ 3. Suppose that every element of a substitution-group G 
on the variables when operating on any function 

fix^iX^y either (i) leaves it unaltered for all values 

of a?!, tCg, or (ii) merely multiplies it by a constant 

independent of x.j,, x^. Then / is 

called (i) an absolute invariant or (ii) a relatlre invariant 
of G. By an invariant we shall mean an ‘ absolute invariant * 
unless the contrary is stated. 

Every finite group G has invariants. For if the n sub- 
stitutions <7i> ••• 5 ® change the function f\ into 

./’i»/ 2 » •••»/«> symmetric function of ••• » /« (^-g- 
their sum or product) is an invariant of G. In fact gj changes 
fi into /^, where g^gj = gj^] so that each substitution of G 
permutes 

Ex. 1. For example; and are absolute invariants, 

XJ/ and are relative invariants of the group whose elements 

are (a?, «/), x\ (~ir, -y\ (y, -x\ {x, ~y), (y, x\ {-a;, y\ 

~^)- 

Ex. 2. If f(x^, x,^ is an invariant of G, ^ 2 » > ^m) 

is an invariant of T~^GT; where x/ = ^^{Xl, x^f ..., x^^) is the 
substitution T~^, 

Ex. 3. An expression is an invariant of G if it is not altered 
when we perform on it every one of a set of substitutions which 
generate G, 

Ex. 4. Those substitutions of a group which leave unaltered 
one or more given expressions form a subgroup. 

Ex. 5. (i) If a homogeneous linear group has a homogeneous 
algebraic invariant / of the second degree with non-zero deter- 
minant, it can be transformed into a group of orthogonal 
substitutions, (ii) Illustrate by taking 

/= x^ + 2y^ + Sz^ + 2js^x—2xy, 

Ex. 6. Xi-hx^’hx.^-h ... is a linear invariant of any permutation - 
group on the symbols a;,, Tg, x.^, .... 

Ex. 7. The sum of the symbols in any transitive sot of an 
intransitive permutation-group G is an invariant of G. 

Ex. 8. If a homogeneous linear group G has XiX 2 -.-x^ as a 
relative invariant, every substitution of G is monomial. 

Ex. 9. x-\-y—z is an invariant of the group generated by 
(y, -z, -x) and {x, -z, -y). 

Ex. 10. X’^y-k-z is a relative invariant of the group generated 
by (3x— 3y-f 4^, 2ir—3y + 4jer, — y + - 0 ^) and 

{ — 3a:+4y — 4.sr, --2x-f 3y— 4-8r, ^z). 

Ex. 11. xx-\-yy is an invariant of the group generated by 
(i) (sind X— CO80 y, cosd x-fsind y) and (y, x\ (ii) {iy, ix) and 
(ty, - ix), (iii) (ix, -iy) and (y, x). 

H 2 
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Ex. 12. ory{3i:^-‘y*) and a;^+y*±2\/ — 3j:y are relative in- 
variants of the group generated by (ix, —iy) and 


1— i 1—i 


— 1— i 1 + i \ 

-2 -^+ 2“ O’ 


§ 4. If every substitution of a group G on the variables 

... changes x^,x.^, 

into functions of only, G is called ‘reducible’. 

A 8ubstitution-gi*oup which can be transformed (by a suitable 
change of variables) into a group such as G is also called 
reducible. A group which cannot be so transformed is called 
irreducible. 

Suppose that (i) every substitution of the group G changes 
a’,, iCg, into functions of iCj, only; 2/i'2/2> •••> 2 // 

into functions of y^ only; z^j into func- 
tions of c?|, ^ 

irreducible when considered as a gi'oup of degree e affecting 
aj, only, and as a group of degree / affecting 

?/i> 2 / 2 » •••> 2// only, and as a group of degree g affecting 
Cj, 0 .^, ... , only, &c. Then G is called ‘ completely reducible 
A substitution-group which can be transformed into a group 
such as 0 is also called completely reducible. 


Ex. 1. If we transform by {x—y-\-z, ?/, z) the group G generated 
by (3x— 3i/ + 4<e', 2r-— 3y + 4.2', and (-~3a + 4^~4.2r, 

— 2x + 3^/ — 4<e^, —z\ we get the group G' generated by {x^ 
2x—y-{-2z^ -y + z) and (—a, — 2j: + y “2.8?, ~z). Since every 
substitution of G' obviously changes x into a function of a, G' 
and hence G is reducible. If we transform G' by (r, 
rr-f-je?) we get the group G" generated by (x, r, ~*y) and {—x, ?/, —z). 
Since every substitution of G" evidently changes x into a function 
of X and ?/, z into functions of y, z while the group generated 
by (-e?, — y) and (y. — r) is irreducible (since these two substitutions 
have no pole in common), G" is completely reducible. Hence G' 
and G are completely reducible. 

Ex. 2. A homogeneous linear group whose substitutions have a 
pole in common is reducible. 

Ex. 3. Denoting + a.,.r 2 H- ... +a„ir,„ by/^ prove that (i) a 
homogeneous linear group G with as absolute or relative 
invariant is reducible ; (ii) if the substitutions of an irreducible 
homogeneous linear group H change into /j, /g, ..., /^, 
/1+/2+ — 

Ex. 4. A permutation-group of Unite degree is reducible. 

Ex. 5. The group generated by (^r, 5r, y) and (— y, —a:, — ie?) is 
reducible. 
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§ 6, If A, R are any two homogeneous linear substitutions 
and a, i3 are their determinants, wo see at once by III 4 that 
a/i, and = a are the determinants of A By and 

B~^AB respectively. Hence if G is any homogeneous linear 
substitution-group, those elements of ix whose determinant 
= 1 form a normal subgroup F. If r/, h are two elements 
of O with the same determinant, is in F, since its deter- 
minant = 1. Hence if ^/ 2 , are substitutions of G 

such that no two have the same determinant, 

G zz F^j + F^72 "h + . . . . 

It is at once proved that the product of two similarities 
is a similarity, and that a similarity is permutable with any 
other substitution. Therefore the similarities of U form a 
subgi'oup M contained in the central of G. 

Let a, b be the fractional linear substitutions derived from 
any two substitutions A, B oi G (III 0). Then it is at once 
proved that ab is the fractional substitution dcudved from AB, 
Hence the fractional substitutions <lerivcd from each element 
of G form a group F isomorphic with G, The identical 
element of F may obviously be derived from any similarity 
of G but from no other element of G. Therefore to 1, in 
corresponds in 6r, so that F =: G /M. 

Ex. 1. For example, in the group G of order 8 generated by 
J^nd (.r, —y) M contains (r, ?/), ( — .r, — y), and G/M 
is the group generated by x' = — 1 -r .r and = — .r. 

Ex. 2. If any homogeneous linear substitutions form a group, 
(i) the transposed substitutions, (li) the conjugate substitutions, 
form simply isomorphic groups. 

Ex. 8. The monomial substitutions of a group G form a sub- 
group Hy the multiplications of G form a subgroup K of 7/, and 
the similarities of G form a subgroup of K, 

Ex. 4. (i) The real substitutions of a group Gr form a subgroup 
//, the orthogonal substitutions of G form a subgroup 7f, and the 
unitary substitutions of G form a subgroup L, (ii) The G.C.B. of 
K and L = the G. C. S. of L and 7/ = the G. C. S. of II and K, 

Ex, 5. The substitutions of G with a given pole or poles form 
a subgroup. 

Ex. 6. A homogeneous linear group of degree m is simply 
isomorphic with a group of real substitutions of degree 2 m. 

E^. 7. The totality of all substitutions of the type (a;r+cy, 
cx + ay), where aa — cc = 1, form a group. 

Ex. 8. A set of substitutions of the type x' = {ax-hh) -f- {cx+ d) 
with a pole in common form a finite group. Prove that (i) they 
have a second pole in common, (ii) the group is cyclic. 
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Ex. 9. Prove the following properties of the infinite ‘ modular ’ 

group G formed of all substitutions such as x' = where a, 

cx-^d 

h, c, d are integers and ad'-hc = 1. (i) No substitution of G is 

loxodromic ; (ii) every substitution of G is of order 1, 2, 3, or oo, 
(iii) the substitutions for which = b^e = 0 (mod n) 

form a normal subgroup. 

§ 6 . Every finite homorjenefnis linear yroup G has a positive 
Hermit ian form as an invariant. 

Let /i be any positive Hermitian form 

(e. g. + ^2*^2 “b "b • • • )» 

and suppose that is changed into /i, / 2 , *..,/« by the 
substitutions of G. By 1115 are Hermitian 

forms, and since /j is always positive for all values of the 
variables (not all zero) .so arc / 2 ,/j, Then 

/i+/2+**-+/n 

is evidently a positive Hermitian form and is an invariant of G. 

Ex. 1. In tlie group G = 1 *f a + + a"* 4- & + + ba^ 4* ba^ where 

a = ( — .T 4- 2y, — 4- i/), = ( r — 2//, — ?y ) take f = rx 4* yy. Then 
A =/i» A =,4 = 2./>4-5?/y-3r/7~3>//, 

/i =/7 = f =/« = 2./\r4-y//7-J'y~xy, 

so that /i+/j4- ... 4-/^ = l2(r.r4-2y/y~:r.7-./-y/). 

Hence x>4-2//7 — is a positive Hermitian invariant of G. 

Ex. 2. Find a positive Hermitian invariant of the groups of 
orders 4, 8, 12 generated respectively by (i) ( — rr, —//) and 
( — 2x— ((o— 1)//, (to- — l).r4-2//), where w'* = 1 ; (ii) (/r4 -(l— 0 /A 
-/>) and (.r, (l-/).r— y/) where r=l; (iii) (y, r, .*) and 

(.^•, -/A -4 

Ex. 3. Every finite homogeneous group can be transformed 
into a group of unitary substitutions. 

Ex. 4. (i) A homogonoous group of degree m with the invariant 
rr, + ••• + is reducible if 5 < m. (ii) A group with 

a hypohermitian invariant is reducible. 

Ex. 5. If an irreducible group G has two positive Hermitian 
invariants /and/', their ratio is a constant. 

§7. Any finite hmnogeneovs linear mbstitiition-yroup G 
is cither irreduvihle or completely reducible. 

If G is reducible, it may be transformed by a suitable 
choice of variables 2 / 2 ’ •••» 2/i 

substitution g of G is of the form 
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(8= l,2,...,^•; < = 1, 2, ...,?). 

let then 

(tj ~ 1 > 2 | • • • I ^ ^ ~ 1 j • • • j ^), 

be a positive Hermitian invariant of G, 

Now express Q in tenns of ... , :r;, 

where 2 /^ = 2 :^ + Vai^i + i'a 2‘^2 + • • • + ^ak = i, 2, . . .“, /), and 

the quantities v are chosen so that 

^Vm ^v2^'2u + • • • + ^vk^hu ~ 

This is always possible ; for by III 5 the determinant 




since H is positive. 

Th(‘n H takes the form 

^ l^ij ^ ^ *** '^^ihv^ku)*^u^v 

(^Vu "h 7 rl^'lM + • • • + ^Irk^lu) ^v^ul = ^ 7^0 ^ 


<ln • 


<7;a • 

• • <lkk 


Now express in the canonical form IS (wher(3 

A\, Xg, ..., -ST/;, are linear functions of Xy, 
express in tho canonical form 2Z^Z^, 

Suppose that when g is expressed in terras of 
X„...,X^, 

it takes the form 

^81^1 + • •* + ^ak^k* 

^/= yn^i + ** - ■hy/4-^/c*i'Oi^i + ••• + 

Then if we perform this substitution on i/ = 2 X^X^i-^Z^Z^, 
the coefficient of X^^Z^ in II becomes 

yii* ^iv y2tt^2» + • • • + fiu^^iv* 

This must vanish for v = 1, 2, Z, since H is not altered 
by the substitution g. But the determinant 




^li 


<^il 




^ 0 , 
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since the determinant of ^ 9^ 0. Hence 
yiu ~ y^u ^ ~ 

This holds for each value of u, and therefore every sub- 
stitution of 0 is of the type 

If O is irreducible considered as a group affecting X^, 
Xj^ and as a group affecting Zi, the theorem 

is proved. If not, the process can be repeated until Cr is 
transformed into a completely reducible group. 

Ex. 1. Any ‘Hermitian group’ (i. e. a finite or infinite group 
with a positive Ilermitian invariant) is irreducible or completely 
reducible. 

Ex. 2. A finite reducible group of degree 2 is Abelian. 

Ex. 3. A permutation-group is completely reducible. 

Ex. 4. A finite reducible group of degree 3 has a relative linear 
invariant. 

Ex. 5. The completely reducible group of § 4 can be transformed 
so that every positive Hermitian invariant is of the form 

... +a^c-?<.) + /3(yiyi+ ••• +y/jy) + y(«i‘^+ - +^a5j,)+ ..., 
where a, /I, y, ... are real positive constants. 


§ 8. A finite Abelian homo(jeneou8 linear subditutwn- 
grou2> 0 can he tram^formed into a (jroxip each of whoae 
mbstitutiouB is a multiplication. 

If all the roots of the characteristic equation of an element 
A of 6r ai-e equal, A is a similarity. For find a substitution T 
such that T"Mr = a multiplication M (III 8). Now M is 
a similarity, since the roots of its characteristic equation are 
all equal. Therefore A = Tjl/T"' = M. Hence if each 
element of G is such that all the roots of its characteristic 
equation are equal, every element of tr is a similarity. 

Now suppose A is an element of G whose characteristic 
equation has not all its roots equal. Transform the group G 
(of degree say) into a group G' so that A becomes a multipli- 
cation Jl/=(a)j«;i, Suppose 0)^ = 0)2= ... = 

but o)j ^ ^r +29 •••> reasoning is general). Now 

if M is permutable with 

JS = -f ••• + ^21^1 + ^22^2+ ... + 62m •••> 

^mi + ^in2®a + • • • + 
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as is evident on comparing MB and BM. Hence b^j = 0 
if o)^ ^ (ji>j . Therefore every element of G' changes ajj , , . . . , 

into functions of a'g, ...» only and changes x^^l^ 
into functions of a?r+ 2 > only. 

Now if we consider the effect of the elements of G' on the 
variables x^yX.^, ,,,yX^ only, G' reduces to an Abelian group i/j 
of degree r. Similarly if we consider the effect of the elements 
of G' on the variables ^^+ 2 ^ •••> only, (?' reduces to an 
Abelian group of degree m — r. Now assume the theorem 
true for every Abelian group of degree < m. Then by the 
assumption we can find linear functions yi, ?/. 2 > •••> 2/r 
...yX^ and functions y^+o, y^of 

+ ^r + 2» ••• * 

such that when^j is expressed in terms of •••tVr o very 

element of //j is a multiplication; and similarly for 11. j,. 
Hence G' may be expressed in terms of yj, y^^, ... , i/m *^o that 
every element of G' is a multiplication. Then the theorem 
follows by induction. 

Ex. 1. A homogeneous irreducible Abelian group is of degree 1. 

Ex. 2. An Abelian group of degree wi has m distinct positive 
Hermitian invariants ; and conversely. 

Ex. 8. The central of a homogeneous irreducible group consists 
solely of its similarities. 

Ex. 4. Transform the Abelian group of order 8 generated by 
(lOr— 12y— 24;e, IOj:’— 7y— 12<8r, lOa;— 0//— 18£f), 

(25j;— 18y — 30<8r, Sx— 5y-~10;8r, 12y— 194r), 

and (5a;-~6y~6^, —2x-\-y + 2£;y iix — ^y — 7z) 

into a group of multiplications. 


§ 9, Wo now consider the case of a group of homogeneous 
linear substitutions whose coefficients and variables are marks 
of a GF[j/\ The totality of all possible homogeneous linear 
substitutions (of non-zero determinant) on m given variables 
a’l, 0 ^ 2 , in a GF[jf'\ evidently forms a group 0. It 

is called the general h(ynwgeneou8 linear substitutiuu’grou'p 
in the Field and is of order 

For the substitutions of G leaving unchanged form 
a subgroup H of order x 

x/ = + ... 

is such a substitution when = 1 and 

^12 ^ ^8 = •••= = 0 , 
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while each of the coefficients agiJ •••> 
the marks of the Field and a^* 2 , a^, (i = 2, 3, ... , m) 

are marks subject solely to the condition that their deter- 
minant ^ 0. 

Now if g, h are two substitutions changing arj into the same 
linear function + ^12^2+ ••* + Hence 

(r = //f/i + i/r/g-f ... where f/i, /72> •••> .7fc substitu- 
tions each replacing ccj by a different linear function. Now 
k = — 1, for 6^2 » •••> chosen arbitrarily in 

the Field provided they are not all = 0. Therefore 

and the required result follows at once by induction. 

Ex. 1. The general linear group may be considered as a 
permutation-group on symbols. 

Ex. 2. Wo denote by P, R the groups formed respectively by 
all substitutions of the types = ^ ax-\rh (a 0), 

ic'= ^ {ad— he ^ 0), where a, 6, c, d are marks of a GF[p‘^\ 
cx “ 1 “ d 

Provo that (i) P may be considered as a simply transitive 
permutation-group of degree p^ and order ; (ii) Q may be 
considered as a doubly transitive group of degree p^ and order 
1) ; (iii) R may be considered as a triply transitive group 
of degree I and order p^{p^* — l ) ; (iv) every substitution of 
It is equivalent to a substitution with determinant 1 or z;, where 
V is any given not-square of the Field ; the substitutions with 
determinant 1 forming a normal subgroup of index 1[3 — ( — 1)^’] ; 
(v) Q is the normaliser of P in E ; (vi) Q/P is cyclic ; (vii) Q 
contains a cyclic subgroup of order consisting of the 

substitutions ^ where u is a given mark of the 

Field ; (viii) by varying 21 we get a set of p^ conjugate subgroups 
of (jj ; (ix) every element of Q is in P or in one of these conjugate 
subgroups. 

Ex. 3. The totality of all substitutions of the type 

r' = (aa -fb) -7-(b.r+a) where aa~-bb= 1 
(III 11 10) form a group. 

Ex. 4. In the substitutions each coefficient is of 

y.r-f 0 

the form u + vS, w'here u, v are marks of a GF[p\ and S is a 
symbol not in the Field defined by = 1 and combining with 
the marks of the Field under the ordinary laws of addition, &c. 
Prove that the totality of substitutions for which = 1 and 

(i) a = a, = h, y = r, 5 = d (a, 6, c, d being marks of the Field), 

(ii) a= l + rt(l4-6^), iS = fc(l + 60. y = c(l-t-6’), 6= H-d(l + .9), 

(iii) a = l-fa(l-iS), )3 = 6(1— 5), y = c(l-^^), 6= l-fd(l-S) 
form groups A", i/j, Every substitution of is periuutable 
with every substitution of i/^ and Hi = i/g = A". 
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§ 10 . The remarks of § 5 evidently apply to homogeneous 
substitution-groups whose coefficients and variables are marks 
of a GF[^p'^\ 

Let G be the general homogeneous linear group of degree m, 
and let u be a primitive root of the Field. Then if ij is 
(uiCi, Xg, , x^), </ = u’g, ... , Xjf^) is a substitution 

of G with determinant uK But can be any non-zero mark 
of the Field; and hence G = r(/ + r(/^+ ... + There- 

fore G/r is cyclic of order 7 /— 1 . 

Again, if « = (ux^, every similarity of G is 

of the type 8* = u^x^\ Therefore M is cyclic 

of order — 1 . 

The greatest common subgroup D of P and ilf is of order d, 
where d is the H.C.F. of — 1 and m. For d is in P if and 
only if 14 '"* = Iji.e. = 0 (mod — 1 ); and the smallest 
value of t satisfying this congruence is (//■— 1 ) - 7 -(Z. 

The fractional linear group A of degree m ~ 1 derived from 
P = r/7} and is therefore of order -f- ( — 1 ) d. It may 
be shown that A is simple unless m = 2 and = 2 or f3 
(i. e. /? = 2 or 3 and r = 1 ). For the proof of this result, and 
for a discussion of other simple groups derived from subgroups 
of the general homogeneous linear group with given invariants, 
we must refer the reader to Dickson’s Linear Groups (Teubner, 
1901). 

Ex. 1. Show that the centrals of G and V consist solely of tlndr 
similarities. 

Ex. 2 . Show that there are simple groups of orders (10, lOH, 
504, 060, 1092, 2448, 3420, 4080, r>01(>. 

Ex. 3. A is of even order.* 

Ex. 4. Those substitutions of G, P, A whoso coefficients are 
integral murks form a subgroup. 

Ex. 5. When = 2 and r = 1 every element of A is included 
once and only once among and TSf*TS^TS^ (a, r, 

T= 1,2, .. ,p; p,(T= 1,2, P^ = Umod^))); whoro 

S is x' = -h 1 and T is x' = — 1 - 7 - x. 

Ex. 0. Show that A can be generated by three substitutions of 
order 2 when in = 2, r = 1, > 3. 

Ex. 7. If w = 2 and = 2 , G contains a normal suVjgroup 
of order 3 generated by (y, x-f y) ; and G = P = A. 

Ex. 8 . If m = 2 and = 3, while A, B, (J, />, IJ denote 
respectively ( 2 x, x+y), (y, 2 x-hy), ( 2 y, x), (x + y, x-f 2 y), ( 2 x, 2 y), 
show that {E}, \D, E}, 10, Z>, E}, P = {E, 0, 7>, Ej, G = {A, 
E, 0 , E, E) are of orders 2, 4, 8 , 24, 48 and that each is normal 
in its successor. 

* No simple non-cyclic group of odd order has yet been discovered. 
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GROUPS OF MOVEMENTS 

§ 1 , We Hhall consider in this chapter groups whose elements 
are geometrical ‘ movements * of the kind discussed in Ch. IV. 
Such a group is called a (jrouj) of onoveinents. If each move- 
ment of the group leaves a given point 0 unmoved the group 
is called a 

Ex. 1. A point-group can only contain rotations about lines 
through 0 and rotatory-inversions about 0 and lines through 0. 

Ex. 2. Every finite grou]) of movements is a point-group. 

Ex. 8, If a group contains a rotation through 2'n^m [ni integral) 
about a line I and a reflexion in a plane through /, it contains 
reflexions in m planes through 1. 

Ex. 4. If a point-group contains a rotation through 27r-f-in 
about I and a rotation through -tt about a line perpendicular to ?, it 
contains rotations through tt about m lines perpendicular to I, 

Ex. 5. If a point-group contains rotations through about two 
perpendicular lines, it contains a rotation through § tt about a lino 
making an angle tan~'v^2 with each. 

Ex. 6. If a point -group contains rotations through ^tt about two 
lines inclined at an angle cos"^ it contains a rotation through tt 
about a line making an angle tan~^v^2 with each. 

Ex. 7. If a point-group contains rotations through |7r about two 
lines inclined at an angle tan“^2, it contains a rotation through 
'j IT about another line. 

§ 2* If 0 is (Dill (jroiip of movements containing rotatoi^- 
i nversioiis^ the screirs of G a noi'mal subgrtnip Tchich is 

of indc.r 2 when G is finite. 

We include rotations and translations as particular cases 
of ‘screws’, and reflexions, inversions, gliding-reflexions as 
particular cases of ‘ rotatory-invei'sions ’ unless the contrary 
is stated. 

By IV 6 the product of two screws is a screw. Hence the 
screws form a subgroup H. Also the transform of a screw 
is a screw (IV 9), so that H is normal in G. 
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Let J be a given rotatoiy-inversion of (r, and let I be any 
other rotatory-inversion of 0. Then IJ~^ being a screw, is 
in H ; so that I is in HJ, Hence (? = //+ HJ ; and U is of 
index 2 if G is finite. 

§ 3. If any point, line, &c. P is brought to the positions 
P, Pi, -P 2 > movements of a group G ; P, P|, P^, ... 

are said to form an equivcdetit system oi points, linas, &c. 
under G. 

If G contains a screw S about a line G contains a similar 
screw (one of equal angle and translation) about every lino 
equivalent to I ; since G contains the transform of /S' by each 
movement of G (IV 9). These similar screws are the elements 
conjugate to /S' in G. A like result holds for the rotatory- 
inversions of G. 

Ex. 1. Points equivalent imder a point-group lie on a sphere. 

Ex. 2. If G is of finite order «, the number of points, lines, &c. 
in an equivalent system is in general n. 

Ex. 8. (i) If G contains a rotation through 27r-f-w about a 
line 01\ but no rotatory-inversion, there are n -r m points 
equivalent to P. (ii) If G contains a reflexion in a i>lano through 
OP there are n-^2m points equivalent to 1*. 

Ex. 4. Every movement of G permutes P, 7^,, .... These 

permutations of P, i^i, P 2 , ... form a p<^rmutation-group isomorphic 
with G. 

Ex. 5. Use Ex. 4 to prove the result of VI 2 for a point-group. 

Ex. 6. A normal subgroup II of any group of movements G 
contains a screw about a line L Show tliat II contains a similar 
screw about every line equivalent to I under G ; and that a like 
result holds for rotatory-inversions. 

Ex. 7. If a group contains a screw of angle Jtt about a line I 
and a reflexion in a plane through 1, it contains reflexions in two 
other planes through I, 

Ex. 8. If a group contains a screw of angle ^ tt about a line / 
and a translation perpendicular to it contains three indei)endont 
translations. 

§ 4 . The trandations of any group G of geometrical move- 
ments form a noi^mal subgroup //, and G/H is simply 
isomorphic with a point-group. 

Since the product of any two translations is a translation, 
the translations of G form a subgroup i/, and since th(3 
transform of a translation by any movement is a translation 
(IV 9), H is normal in G. 
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If aSj, 62* ••• screws of (?, and 

rotations through equal angles about parallel lines through 
a fixed point 0, we can find translations such that 

k% = .... Moreover we can find a transla- 

tion T such that Ri = RiRj . T (IV 9^, 7, g, 9). 

Similarly if ,7j, ... are any rotatory-inversions of G, 

and /2> ••• O'!*® rotatory-inversions through equal angles 
about 0 and parallel lines through 0, we can find translations 

^2, ... such that = ./g = •••• Moreover we 

can find a translation t such that J: = /,* . or such that 

RiJj=:RiIj.t, or Ji^Sj^^IiRj.t 

Hence the group G is multiidy isomorphic with the point- 
group r consisting of the movements ..., Ii<> •••• 

To identity in V corresponds every translation of G, so that 
T^G/IL 

A group (such as H) each of whose elements is a translation 
is called a irandatioii-yroup. 


Ex. 1. Jl is infinite unless 11 = 1. 

Ex. 2. The group generated by rotations through tt about two 
peri)endicular non- intersec ting lines is isomorphic with the point- 
group of Vdii(u), the subgroup II being generated by a single 
translation. 


§ 5. We proceed now to find all possible types of finite 
point-group leaving a given point 0 unmoved. Every element 
of such a group (r is a rotation about a line through 0 or 
a rotatory-inversion about 0 and a line through 0. Lot R be 
any rotation about a line I through a positive angle a con- 
tained in the group, and suppose that the group contains 
no rotation about I through a positive angle < a. Then 

2 TT 

a = — where n is integral. For if {/t-f l)a > 2 7r ^ 72 a, 

ih 

a rotation through 2 tt -- u-a about I is a movement of the 
group, so that 2?? = ?ia. Himilarly if / is a rotatory-inver- 
sion through a about 0 and /, and the group contains no 
rotatory-inversion about 0 and I through an angle < a, 
2 TT 

a = ™ > wLere n is integral. Wo shall speak of R or I 8.8 
an ‘ ti-al ’ rotation or rotatory-inversion of (?. 

Ex. 1. A 1-al rotatory-inversion is equivalent to inversion 
about 0. 
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Ex. 2. A 2-al rotatory -inversion about I is equivalent to reflexion 
in a plane through 0 perpendicular to I, 

Ex. 3. Find the orders of E and L 

Ex. 4. If a group 0 of order N contains an n-al rotation or 
rotatory-inversion, jV* -r- w is integral. 

Ex. 5. If a group contains an w-al rotatory-inversion, it contains 

an 2 {3 — ( — l)”}-al rotation about the same line, 

§ 6. We first consider a ‘holoaxial’ point-group G of 
order n containing only rotations about lines through a 
point 0, 

If G contains 2-al rotations about v,, different lines, 3-al 
rotations about different lines, ..., 

— 1 = '^2 "h 2 ‘M'j “h 3'tt^ *4“ .... 

For any point P is brought to coincide with (m — 1) other 
equivalent points by successive rotations through 2-n ^ m 
about any one of the lines round which an '?/i-al rotation 
of G takes place. We thus get + ... points 

equivalent to P, Also since G contains only rotations, all 
the points ecpiivalent to P are thus obtained except P itself. 
But in general there are n points equivalent to and in- 
cluding P. 

Ex. If a group G of order 7i contains 2-al rotations about u.^ 
lines, 3-al rotations about lines, ... and rotatory -inversions, 

W — 1 = 2^2 "1 2 i/3 -f- 3 -f- .... 

§ 7. Let now 0 contain a-al, A-al, c-al, ... (a ^ > c ^ ...) 
rotations about lines OA, OBy OG,... no two of which are 
equivalent under G, We suppose these lines only drawn in 
one direction from 0. The prolongation OA' 01 OA is in- 
cluded among OB, OG, ... if and only if the two ends of the 
line A'OA arc not equivalent, which is the case if G contains 
no rotation (through tt about a line perpendicular to OA) 
bringing OA to coincide with 0A\ If t is any lino through 0, 
there are in general n lines equivalent to t ; but if t coincides 
with OAy these lines coincide in sets of a. Hence there are 
n^a lines equivalent to (and including) 0A\ and G con- 
tains a-al rotations about each. A simuar result holds for 
OB, OG , .... Therefore O contains a-al rotations about a 
equivalent lines, 6-al rotations about n-i-b equivalent lines, 
and so on. These lines are the U2 + U3 + U4+... lines of § 6 
reckoned twice over. Thus, for instance, the line A'OA is 
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reckoned once as OA and once as OA'. Hence 


or 


... 


The term inside each bracket of this equation is < 1 but > 
Hence there are on the right-hand side not more than three 
brackets or less than two. 



Fig. 11. 


The diagram shows the linos about which the 2-al rotations of D 4 take 
place. Tho 4-al rotation of takes place about a line through 0 perpen* 
dlcular to the plane of the diagram. 


71 

a 


2 11 

(i) If there are two brackets, we have - = - + ,-• 
n nab 

and -g are integral ; hence a=^b = n. Then 0£ is 


But 

0A\ 
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and (? is a cyclic group (C^) formed by rotations about a 
single line. 

O 1 T 1 

(ii) If there are three brackets, we have = 

n a h r 

Then c = 2 ; for otherwise n would be negative, since a 
12 11 

Hence — = -4-y If 6 also = 2, we have 2a = a, 

'ii Cl u 

h = c = 2, Then OA' is equivalent to OA, and G is the 
diJiexiroL group (D^) formed by rotations through multiples 
of 27r -f- a about A'OA and rotations through tt about a lines 
perpendicular to 0 A each making angles tt a with its 
neighbours (Fig. 11). 

The group D ( = D.^) formed by rotations through about 
three mutually perpendicular intersecting lines is called the 
‘Quadratic* group (Vierergruppe). 

(iii) If (? = 2 and i > 2, 6 = 3 ; for otherwise i -f r < ^ • 

1 1 o a b 2 

Then ~ - -f- “ j so that a < 5. 

a 6 n ^ 

We can have = 12, a = i = 3, r = 2. Then G contains 


rotations through §7r about i = 4 lines. Each such 


rotation brings the system of four lines to self-coincidence (§ 3). 
This is evidently possible only if the four lines lie along the 
diagonals of a cube. By IV 2 0 also contains rotations 
through 77 about three lines perpendicular to the faces of the 
cube. We call G in this case the tetrahedral group (T). 

(iv) Again, we can have n = 24, a = 4, /> = 3, c = 2. Then 
as before G contains rotations through Itt about four lines 
lying along the diagonals of a cube. It contains also rotations 
through Jtt about the perpendiculars to the cube-faces and 
rotations through tt about the lines joining the middle points 
of opposite edges. We call G in this case the octahedral 
group (O). 


G 


(v) Again, we can have n = 60, a = 5, 6 = 3, c = 2. 

. * 1 n 

contains rotations through f tt about ~ • — = 6 lines. 

2 a 


Then 

Each 


such rotation brings the system of six lines to self-coincidence, 
and hence the six lines lie along the diagonals of a regular 
icosahedron. By IS 2 0 contains rotations through j tt about 
the ten perpendiculars to the faces of the icosahedron, and 
rotations through tt about the fifteen lines joining the middle 
points of opposite edges. We call Q in this case the icoBu- 
hedral group (B), 


BiLTOK r. a. 


I 
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Ex. 1. Find the groups formed by the rotations bringing to 
self-coincidence (i) a right regular hexagonal pyramid, (ii) a right 
regular hexagonal bipyramid, (iii) a rectangular parallelepipedon, 
(iv) an ellipsoid, (v) a cube, (vi) a regular tetrahedron, (vii) octa- 
hedron, (viii) dodecahedron, (ix) icosahedron. 

Ex. 2. C,^ and D are Al^elian. 

Ex. 8. (i) is a normal subgroup of D,i of (a even), 

T of O, D of T and O. (ii) E is simple, (iii) O/D = D3. 

Ex. 4. contains 1 or 8 conjugate sets of elements of order 2 
as a is odd or even. 

Ex. 5. If ^ is a factor of a, contains q subgroups Da. 

Ex. f). Find the conjugate sets of elements in T. 

Ex. 7. O contains 4 subgroups D.*, forming a conjugate set and 
8 subgroui)s D4 forming a conjugate set. 

Ex. 8. E contains 5 subgroups T forming a conjugate set, 
10 subgroups D.J forming a conjugate set, and O subgroups D5 
forming a conjugate set. 

§ 8 . Wo now consider a point-group G containing rotatory- 
inversions.* The rotations of G form a normal subgroup H 
of index 2 (§ 2), and G is completely given when we know H 
and a single rotatory -inversion of G, Wo find then all 
possible point-groups by taking any one of the groups H of 
§ 7 and finding each m-al rotatory- inversion X about 0 and 
a lino I which (1) brings to self-coincidence the system of 
lines about which the a-al, 6-al, ... rotations of H take place, 

TlX ' 

and (2) is such that 7/ contains a — {3 — ( — l)"*}-al rotation 
about L (VIII 5,). 

First we have cyclic groups (c„j) g»‘nerated by an ni-al 
rotatory-inversion about O and a line / : 7/ is or as 
VI is odd or even. 

The only other cases in which 7/ is the group are those 
in which A" is an inversion about 0, or a retlexion in a plane 
through the line OA of § 7, We thus get two types of group 

Again, we may derive a type (d^) by combining the group 
with a rotation through tt about a line perpendicular to L : 
7/ is D^ or D^,,! as m is odd or even. 

The only other case in which 7/ is D,,^ is that of the 
type (A,^) in which A'' is an inversion about 0. 

From T we derive two types (0 and 0) by taking X as 


* Such groups are sometimes called ^ extended ’ groups. 
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an inversion about 0 or a reflexion in the plane through two 
opposite edges of the cube of § 7, (iii). 

From each of O, E we derive a single typo (Q, H) by 
taking X as an inversion about 0. 

Ex. 1. Show that d2 is identical with 82» with (m odd). 

Ex. 2. By taking II as or and X as a rofloxion in a 
plane perpendicular to OA, we get no group not already obtained. 

Ex. 3. By taking H as and X as a reflexion in a plane 
through OA (i) passing through one of the lines about which 
a 2-al rotation takes place, (ii) bisecting the angle between two 
such lines, we get no new group. 

Ex. 4. Show that we have exhausted all distinct point-groups 
derivable from T, O, E. 

Ex. 5. contains reflexions in m planes through OA each 
of which makes angles tt -r m with its neighliours. 

Ex. G. What are the groups of syminetry niovements of an 
ellipsoid, a parallelepipedon, a rectangular parallelopipedon, a 
sphero-conic, an oblique circular cone, a right scpiare prism, 
a cube, a regular tetrahedron, octahedron, dodecahedron, icosa- 
hedron, a tetrahedron with two pairs of opposite edges erpial. 
a tetrahedron with each pair of opposite edgis ecpial, a tetra- 
hedron with two pairs of opposite edges (xiual and the third pair 
perpendicular, a square open tank, a bound book, a paraboloid. 

Ex. 7. c„p 82, A( = A2), are Abelian. 

Ex. 8. 8,„ = D,„, d, = D,„ (»» even), 0 = 6, = 1) = 62. 

Ex. 9. e D = D3, 0/D = C„, fi T = D, 0/D = d,. 

Ex. 10. Which groups of § 8 are direct products? 

§ 9. We shall now consider briefly the properties of a 
translation-group H containing no intinitosiuial translation. 
Let 0 be any point and let OA^ represent (IV 8) a translation 
of H such that no other translation of 11 is represented by 
a line shorter than OA^. Lot 07^, represent another transla- 
tion of II, being chosen (out of OAy) so that the area of 
the parallelogram OA^DB^ is as small as possible. Take 
equidistant points ...» A_^, 0, ... along OAj, and 

through them draw lines parallel to O^j. Treat similarly. 
The net of points so obtained (see Fig. 12) includes all the 
points in the plane AfiB^ which are equivalent to 0 under //, 
For if V were such a point situated in a parallelogram r, 
then evidently the parallelogram OA^DB^ (and in fact each 
parallelogram of Fig. 12) would contain a point F equivalent 
to V situated with respect to OA^DBy^ in the same wav as V 
with respect to r. This is impossible ; for the parallelogram 
whose adjacent sides are OjF, OAj is smaller than OA^DBy^. 

I 2 
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Let 0(7j represent another translation of if, being chosen 
(out of the plane A^OB^ so that the volume of the parallele- 



Fig. 12. 

pipedon whose adjacent sides are 05^, 0(7^ is as small 
as possible. Take equidistant points , . . , , 0, Cj , . . . 

along OCi and through them draw planes parallel to OA^B^. 
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Treat the lines OB^ similarly. Then just as before we 
see that the lattice of points formed by the intersections of 
these three sets of parallel planes (Fig. 13) includes all the 
points equivalent to 0 under H, Hence H is generated by 
the translations represented by OA^, 0G^\ and there- 
fore : — 



Fig. 13. 

Evenj translation-group containing no infinitesimal trans- 
lation is generated hy not more than three independent 
translations. 

Ex. 1. Every translation of H is represented by a line drawn 
from any given point of the lattice to some other point of the 
lattice. 
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Ex. 2. The straight line joining two points of a net (or lattice) 
passes through an infinite number of points of the net (or lattice). 

Ex, 3. The plane through three non-collinear points of a lattice 
contains a net of points in the lattice. 

Ex. 4. If /j, ^ 2 , are the translations represented by 0-4,, 
OR,, 00, in §9, (i) prove that and are independent 

if ^ generate a subgroup of {<1, t.,} which 

only coincides with {/,, if — = ±1; (ii) 

condition that Tg = 

should be independent; (iii) show that if = {t,, r^, rj is a 
subgroup of H and find the condition that H^K\ (iv) show 
that Ag, t^] / tfl is an Abelian group of order jr^z 

generated by three permutablo elements of orders .r, z. 

Ex. 5. Find every group of movements such that H is generated 
by a single translation. 

Ex. 0. No function of the complex quantity can 

have more than two independent periods. 

§ 10. L et H bo the normal subgroup formed by the trans- 
lations of any group of movements G (§ 4). Let G contain 
a screw N through an angle 2it (but through no smaller 
angle) round any line. Let Ji be the rotation through 2tt^ it 
about a parallel line I through 0, Now R transfonns every 
translation of 0 into another translation of G, and hence S at 
most moves the lattice of § 9 parallel to itself. Hence R 
brings the lattice to self-coincidence. 

Let be a point of the lattice such that no point of ihe 

lattice is nearer I than R, (excluding points on 1), Let the 
rotations R, bring R, to Rg, ..., E^, Com- 

plete the parallelogram E,E,^E^D. Then E^^ E^, 
points of the lattice, ana therefore RgR,, represent 

translations of II, Hence E,J) represents a translation of H ; 
so that D is a point of the lattice. Therefore D lies on 
or else is outside the polygon E^E^,,,Ej^, We see at once 
that this is only possible if n = 2, 3, 4, or 6. 

A similar result holds for the rotatory-inversions of G. 
Hence : — 

If the taihgrmcp H formed hy the traiidations of a group G 
coutaina iw infimtealmal translation^ the point-group simply 
isomorphic icith G/H contains only 2-a/, S-al, 4-aly and 6-a/ 
rotations and rotatory-inversions. 

G is not necessarily given when II and 0/ H are given. 
If // is generated by three finite independent translations, 
G is one of 230 different types (of which 165 contain rotatory- 
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inversions). For the discussion of those wo must refer to 
Schoenflies' KrystalL^yderne itnd Kryt^talli^tmctur, or Hilton’s 
Mathematical Crydallography, 

Ex. 1 . G^H is one of 32 clitferont types. 

Ex. 2. The movements bringing a net to self-coincidence and 
not displacing 0 form one of the groups F.,, A, A^, A,,. 

Ex. 3. The movements bringing a lattice to self-coincidence 
and not displacing O form one of the groups c, F^,. A, A., A^, 
Ag. Q. 

Ex. 4. The only type of lattice brought to self-coincidence by 
Ag is that in which 

OA^ = 07/,. A, OB, = 120 ° C,OA, = C,OB, = 90° 

(§ 9 ). 

Ex. 5. There are two types of lattice brought to self-coincidence 
by A 4 ; that in which 

(i) OA, = 07/,. A, OB, = (\0A, = 0,07/, = 90°; 

(ii) OA, = on,. A,0B, = 90’, 

and the line joining C, to the middle point of A, B, is per])endicular 
to the plane 0 ^ 1 , //,. 

Ex. 0 . If t\0A, = C,0n, = 90° and O/// = C.„ G is one of 
two possible types. If 0/7/ = Co. O is one of two types. 

Ex. 7. If ^1,07/, = 120°, C,OA,=z(\on, = 90°, and 0/7/= C,, 
G is one of three types. 

Ex. 8 . There is only one typo of group for which G/il = Cg. 

Ex. 9. Find the groups in which 7/ is generated by only two 
independent translations and G/lI is C.^, C^, C 4 , or Cg. 


§ 11. If a given movement brings any point P to the 
position P\ P and P' have a one-to-one corresj)ondence. 
Therefore a movement may be considered as a particular case 
of collineation. If {x\ y\ c') and (x, //, z) are the coordinates 
of P' and P referred to the same Cartesian axes of reference, 
we have evidently relations of the form 

(for if P is at infinity so is 7^'). These relations may be 
considered as defining a substitution. Hence any group of 
movements G may be looked upon as a group of colliiieations, 
while the corresponding substitutions evidently form a sub- 
stitution-gi’oup of degree 3 simply isomorphic with G. 

If G is a holoaxial point-group whose elements leave a 

} )oint 0 unmoved, G is simply isomorphic with a fractional 
inear substitution-group of degree 1. 
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For let 2 be any sphere with centre 0, and et a point P 
on 2 be brought to Q by a rotation of 0 equivalent to 
successive reflexions in two planes through 0 meeting 2 in 
the great circles L Let P', Q'y j\ k' be the stereographic 
projections of Q, k. Then P is brought to by 
successive inversions in the circles /, k> (IV 11). Let the 
coordinates of P\ Q' referred to rectangular axes be {x, y), 
{x\ if ) ; and let ^ = ic -f /y, -f iy' {i z=z ^ 1). Let /, k' 
l>e the circles 


x^ + if + 2<iX’^2fy + e = 0, + = 0; 

and let (A, Y) be the inverse of (x, y) in j or of (x', y') in k'. 
We verify at once that 

Y _ Y- (f.. (y +/) _ f 

{•« + . 7 )“ + ('/+/)“ (-e + ilY + Oj+fr 


{■«+<jY+{y+fr 

-+i!h + </i) 

Solving (i) we have a substitution ^ of the form z* = 


Hence 


(x + yf + (^ +/)' 

^ — (similai-ly) 

2 + (//+'y) 


( 1 ) 

az + b 
cz-^d 


(where a, h, r, d arc complex quantities) which is not altered 
by multiplying a, h, c, d by a common factor (not 0 or oc). 
It is usual to take ((d--hc = 1. The substitutions similar to 
H form a substitution-group (x simply isomorphic with G, 
If we change the vertex of stereographic projection or the axes 
of reference, we obtain a transform of ir by some substitution. 


Ex. 1. A point-group is simply isomoqdiic with a group of 
homogeneous orthogonal substitutions. 

Ex. 2. (i) The substitutions of a homogeneous orthogonal group 
of degree 8 whose determinant is 1 form a normal subgroup 11 of 
index 1 or 2. (ii) If If is Unite, it can be transformed into one 
of 5 given types of group. 

Ex. 8. Find the simplest substitution-groups of degree 8 simply 
isomorphic with A, dj, D4. T, the group generated by an inversion 
and three indei>endont translations, and the group generated by 
two screws tli rough tt and of equal translations about two parallel 
lines. 

Ex. 4. Find the simplest substitution groiips of degree 2 simply 
isomorjihic with 84, the group generated by two rotations through 
Tt about parallel lines, and the group generated by a reflexion in 
a plane and a rotiition through tt about a parallel line. 

Ex. 5. Find the simplest fractional substitution-groups of 
degree 1 simply isomorphic with T. 

Ex. 6. Show that there are only 5 possible types of finite 
fractional linear substitution-groups of degree 1. 
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Ex. 7. By what substitution is the group ff' of § 11 transformed 
if (i) the plane of stereographic projection is turned through an 
angle a about the axis of the origin being at 0 ; (ii) the axes of 
reference are turned through an angle p about the origin, the 
plane of projection remaining unaltered ? 

Ex. 8. Show that a point-group containing rot atory-in versions 
is simply isomorphic with a group composed of substitutions such 
iis a/ = (glt + 6) -r {cjr + d) and ‘ pseudo-substitutions ’ such as 
r' = (a Jp -f 6) -r (ci + d). 


§ 12. We shall conclude this chapter by working out in 
detail one example showing the connexion between certain 
groups of movements, collincations, permutations, and sub- 
stitutions. 

Consider the octahedral gi-oup O formed by the rotations 
bringing a cube to self-coincidence (§ 7 (iv)). Take as (i’artosian 
reference-axes the lines through the centre O of the cube 
perpendicular to the faces. The group O may obviously bo 
generated by a rotation a, through i tt al)out x y ^ 0 and 
a rotation b through tt about ^ = 0, x* == c. 

Now let (x. jji z) be the coordinates of any point J\ Then 
if the rotation u brings P to coincide with the point and b 
brings P to coincide with P.^^ the coordinates of J\ and P., are 
( — yjX.z) and (c, Ilenco O is simply isomorphic 


with the 
generated 


homogeneous linear substitution-group of degree 3 
by ./= -y, y'= X, z'^ z and x y = -y, 


Take OP as unit of length and project points on the sphere 
1 stereograph ically from the point (0, 0, — 1) 
on to the plane s; = 0. Let (x, y), (xi , Yi), 3 ^ 2 ) 
coordinates of the stereographic projections of J\, P.^ and 
let z = x+ V — ly, Zi = Xi-f a/ — lyp *2 = * 2 + a/ — ly^. The 
rotation a is equivalent to successive reflexions in the planes 
y = 0, X = y and b is equivalent to successive reflexions in 
the planes y = 0, x ^ z. These planes meet the sphere in 
groat circles whose projections are y = 0, x == y V = 

1* Hence it follows by equations (i) of § 11 

that Zi = *, Z 2 = (l-z) -r (1 +z). Hence O is simply 

isomorphic with the fractional substitution-group generated 

t QD 

by x'= •/— 1 X and a/ = — 

Ao'ain, every rotation of O interchanges the four linca 


The circle through (0, ± 1) cutting x — 0 at an angle of 


V 

4 * 
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x= ±y = ±z (the diagonals of the cube) while evidently 
no rotation of O except identity brings each such diagonal 
to self- coincidence. Hence O being of order 41 must be 
simply isomorphic with the symmetric group of degree 4. 

Again, suppose a rotation r of O brings any line I to 
coincide with V. Let V meet a given plane in Q, O' ; and 
let the lines x— ± 2/ = ± ^ the plane in the coders 

of a quadrangle A BCD. Then the rotation t establishes 
a coll inear transformation of the plane A BCD such that Q' 
corresponds to Q. This collineation interchanges the points 
A, B, C, D and therefore transforms the quadrangle ABCD 


J 



into itself. Moreover since a collineation of a plane is com- 
pletely determined when four pairs of corresponding points 
are given and A, B, 0, /) can be interchanged in 4! ways, 
O is simply isomorphic with the group formed by all those 
collineations of a plane which transform a given quadrangle 
into itself. The collineations of order 2 in this group are 
at once seen from Fig. 14 to be the perspective collineations 
whose fixed point and line ai*e and YZ, Y and ZX^ Z and 
XYy E and Ci), F and DA, G and AB, H and BC, I and BD, 
J and AG. These correspond to the rotations through k 
contained in O as explained in IV 13. 

Ex. 1. Show that 6 is also simply isomorphic with the 
symmetric group of degree 4. 
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Ex. 2. Show that £ is simply isomorphic with the alternatin^^f 
group of degree 5 and with the group generated by those collinea- 
tions of a plane of order 2 which transform into itself the figure 
formed by a regular pentagon and the line at infinity. 

Ex. 3. Show that an Abelian group composed of collineations 
of order 2 transforming (i) a straight line, (ii) a plane into itself is 
of order < 4. 

Ex. 4. Show that an Abelian group generated by j>erspective 
collineations of order 2 is of order < 8. 

Ex. 5. Show that in an Abelian group of collineations of order 
2 the non-perspective collineations form with identity a normal 
subgroup of index 1 or 2. 

Ex. 6. Discuss the groups generated by (i) two perspective 
collineations with a common fixed point ; (ii) four perspective 
collineations with a common fixed plane ; (iii) three non- 
perapective collineations of order 2 with one fixed line in common 
and the other fixed lines concurrent. 
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§ 1 . Wk defined ‘an independent set of generators* in V 3. 
A group may have several such sets, but the group is com- 
pletely determined when wo know any one such set of 
generators and all independent relations between them. So 
far our knowledge of the properties of generators is confined 
to isolated theorems (see the examples below) except in the 
case of Abelian groups which arc discussed in §§ 3 to 6. We 
shall suppose the number of generators to be always finite ; 
this is the case for all finite groups. 

Ex. 1. The group a"* = 6” = 1 is infinite. 

Ex. 2. If rt, b denote (i) permutations on any finite number of 
symbols, (ii) linear substitutions in a a and h are 

connected by relations other than the equations a’" = = 1 

giving their orders. 

Ex. 3. (i) The relations = 1, = ab ah = ha^ * are incon- 

sistent unless A;^— 1 =r(A;— 1) = 0 (mod A), (ii) If they are 
consistent, [a, h\ is of order A/Z. (iii) = 1, db^ha^ 

are inconsistent unless A; = 1. 

Ex. 4. If |u, h\ is finite and ?/- = (a/>)b [«, b\ is of the type 

= 6“^ = 1, aha = b or = 1, aba = 6. 

Ex. 5. The relations ab = ba = ad define (if consistent) 
a finito group. 

Ex. (>. If a and b are of finite order and are both permutable 
with their commutator c, [a, b] is finite and each of its elements 
is of the form bifr^. 

Ex. 7. If = bP = = 1, a6 = ba, ca^bc \ {a, 6, c] is of 

order 2jr>b 

Ex. 8. = Ir = {aby = c- = 1, ac = ca, be = cb cannot be 

generated by < 3 generators. 

Ex. Find in their simplest form the elements of 
(i) = b^ = 1, ba = ; (ii) a* = b^ =1, ba = a^b\ 

Ex. 10. (i) Prove that if = 1 and ba = a-6^ ab = {bay 

* This implies that K is the order of a, $ the order of b relative to (ab 
X > ife > 0. ^ 
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and {hay = 1. (ii) Deduce that a* = =1, ha^ is the 

same abstract group as = 1, hg = gh'^ and find its order. 

Ex. 11. Prove that = 6® = 1, ha = is the same abstract 
group of order 65 as g^^ = = 1, hg = gh^. 

Ex. 12. = b'^ = {arby = 1, {ahy = {hay and a-”* =: b^ 1, 

a^h bar, {aby = {bay are of order 4mr. 

Ex. 13. Find the orders of (i) M = {ab)- = a^b-al? = 1, 
(ii) = 6“ = = (a6c)2 = (oc)"’ {cby = (ac)* (W>)'* = 1. 

Ex. 14. Find the orders of 

(i) a'' = = {ab)'^ = 1, (ii) = (a/^)- = 1, 

(hi) a® = 6- = (a6)^ = 1, (iv) = 6“ = {aby = (a'*^;)^ = 1. 

§ 2. Suppose we are given a finite or infinite group G 
generated by any given elements i/n [/a, i7:i» *•* connected by 
given mutually consistent relations . . . = 1 , . . . = 1, &c. 

Consider the group V generated by elements yi , 72 » Va , . . . 
connected by the relations = 1, y^y^...=:l, A^c., and 

also by any number of further relations y“yf ••• — = 
&c., not in general all independent but consistent with each 
other and with yj^y^^... = 1, yPy^... = 1, &c. Now G and V are 
evidently isomorphic ; for to the product of any two generators 
(ji, <jj of G corresponds the product of y^, yj in 1", and conversely. 
To each element of f/ corresponds only one elem(‘nt of F, 
while to identity in F corresponds every element of G con- 
tained in the normal subgroup H whose elements arc 1, 
UaUb'"’ Hence r = (}/ II. 

Ex. 1. (i) The addition of g^^g}^ ... = 1 to tho relations 
connecting the generators g.^y //a, ... of any group G involves 
/j = 1, where h is any element conjugate to g^^gfP ... in f/ . (ii) If 
9a' 9h^ ... is normal in Vr and of order r, the addition of tho 
relation ga^gi ,^ ... = 1 reduces the order of Cr to 1 -f- v its original 
value. 

Ex. 2. z=z ■=■ 1, aha = 6 is a subgroup of index 2 in 

Q2n ^ -- 

Ex. 3. Prove that in § 1, Ex. 14 the group (i) is simply 
isomorphic with the alternating group of degree 4, tho group 
A(m = 2) in the frjP[3] (see VII 10), and tho tetrahedral group 
T ; that (ii) is simply isomorphic with the symmetric group of 
degree 4 and the groups O, 6 ; that (iii) is simply isomorphic 
with the alternating group of degree 6, the group A (m = 2) in 
the ^^[5] and the group A(m = 2) in the CrF’[2'^J, and the 
group E ; that (iv) is simply isomorphic with the group generated 
by (1 2 3 46 67) and (12)(47), the group A(in = 2) in the ^^[7] 
and the group A(m = 3) in the OF [2], 
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Ex. 4. Prove that in § 1, Ex. 14 the group (i) is simply 

4 3x 

isomorphic with that generated by ^ = and x' = ^ in 

3 r 

the GF[^\ and the group (iii) with that generated by .r' = -^ 
and ocf = in the GF\l\\ 

Ex. 5. Prove that the group = b* = {ab)'^ = 1 is simply 
isomorphic with the symmetric group of degree 3, the grouj) 
A(m = 2) in the GF\2\, and the groups 8,. 

Ex. 0. Show that = h- = («h)^ = = 1 is simply 

isomorphic with the per mutation-group generated by 
a = ( 1 2 3 4 5 ()) and b ~ (3 6). 

Ex. 7. Show that a** = b'^ = {aby^ = (aV>)- =1 is simply 
isomorphi<t with the general homogeneous linear group of degree 
2 in the tf7^’|3]. 

Ex. (S. Prove that a'‘ = h- = {ab)* = {a^hab)'^ = 1 is simply 
isomorphic with the symmetric group of degree 5. 

Ex. 1), Find abstract groups generated by two elements simply 
isomorphic with 0, 0, H. 

§ 3. independent ffenemtlnff elnnents of an Abelian 
fjron/) (t if order o, ice van ahvoyn find vleinents g^y g^f ... 
satisfying the foUoiving conditions: — {JiUj^gjgi for all 
vitlnvs if i and j and r//'i = 1, vhere (i) the order n^ of g^ is 
a factor if and is the order of g^ relative to | g^y r/.^, . } ; 

(ii) g*\ is in {gi.g^y •••if/i-iK 0 being any element of u; 

(iii) n = n^iion.^..., 

(1) If u, is the L, C. M. of the orders of all the elements 

of (jy G contains an element whose order is For let 

r= wliero y^ </, r, ... are prime numbers. Then 

G contains an element g whose order is ni (m integral) ; 
and therefore G contains an element of order />". Simi- 
larly G contiiins elements of orders ; and the product 

r/j of these permiiUiblo elements of ord(*r8 //\ r^y ... is of 
order Uj. If r/ is any element of (r, we have g'^ = 1. 

(2) Let the L. C. M. of the ordt^rs of all the elements of 
(tj = (r/ {(/i) be n^. Any factor-group of an Abelian group 
is evidently Abelian ; in particular (r^ is Abelian. Then (?, 
contains an element 1i of order Let h be an element of G 
corresponding to // in (tj. Then n^ is the order of k relative 
to {g^}. The order of any element of G relative to {g^] is 
a factor of for it is equal to the order of the corre- 
sponding clement of Cr^ Hence g^% is where g is any 
element of Q. 
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Let /i".2 = (//. Then say) is integral. For 

= k»i = 1 by (1) ; which is only possible if e is integral. 
Put f/2 = Then r/./i = 

Moreover is not in {r/i) ({f< n.J, and therefore (/./ = (////j 
= is not in if s is a positive integer < //^. Hence 

is the order of g,, and is its order relative to {(Jx)- 
Since divides the order of h which divides n.^ divides 
Ux (the case is not excluded). It is evident that the 

order of {g^, g2} i« elements is of 

the form 

(3) Let the L. C. M. of the orders of all the elements of 
^2 = (r/ { </i, g^} bo a,. Then G,^ contains an clement of order 
><3. Let A* be a corresponding element of G, Then as in (*2) 
/I3 is the order of k relative to {//, , g^}^ and ^”3 Is in {</i, ,7.3 L 
g being any element of G, 

Let = g/g^""- Then r -f- and w -f- (=7 and 7 \ say) 

are integral. For == bi Jf/i 1 by (2) ; which is 

only possible if r is int'gral ; and = 1 by (1); 

which Ls only possible if 7 is integral. Put r/j = /iv/, '^^2 
Then as in (2) g.J*s = ^'g.y = 1, and g.^* = A^7l~'^^7o"*^'* 

is not in {//p //.,} (s< n.J. Hence a., is the order of and is 
its order relative to Uji^ !Ul> 

Since is in [//pf/al «n(l a, is the order of /c r(*lative 
to \gx, g^Si a;j divides a^ (\^ 1). 

(4) We now apply to [7,, //.^ 7.,] the process appLusl in (3) 
to { 7 p 7.3} and so on. 

All the elements of G will then be includiMl among the 
'nx}Lj,,,.njr elements 

Ui 1/2^'* * * • “ L • 1 ^*'1 » <== 1 , 2 ,...,./). 

These elements are all distinct. For if 7/* 

= »»» {.7|. fifa. •••. a'V* 

and then similarly = iVc. Therefore 

Jh = tLj,,,, tlj^, 

§ 4 . The elements 7i, 7;^, 73>.*»* are said to form a lane 
[7i, 72,73, ...] of the Abelian group G. The base may bo 
chosen in many different ways; but, however the base is 
chosen, the quantities ^3, ... are always the same. 

For this reason n^y ... are called invar UmtH of W, and 

G is said to be of tlie type (%, Tig, ^3, ...).* Two Abelian 

• An AMian group of the type (p®, p^, p^, ...) is said by some authors to 
be of the type (a, 7 , ...) » »ee § 7. 
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groups of the same type are simply isomorphic and two simply 
isomorphic Abelian groups are of the same type ; so that an 
Abelian group is completely defined as an abstract group 
when its invariants are given. Abelian groups of every 
possible type exist. These statements we shall now prove 
(§§ 5 and 6). 


§ 5. The orders of the elements of tivo different bases of an 
Abelian group 0 are respectively equal. 

If l//i. .'72. ffa. •••] and [y„ y^, y^, ...] are the bases, being 
of order and of order wo wish to prove 

{i = 3 , ...). 

Now 71, = r, by § 3 (1). If therefore we can prove 
when we assume /i, = r,, ni_^ = the theorem 

can be proved by induction. 

Consider the elements obtained by raising every element 
of G to the ?i^th power. They form a subgroup H of since 
= {gh)\ g and h being any elements of G. Every 
element of i? is included in 

{ffl = 1, 2, ... , 71^; t =z 1, 2, 3, ...) ; 

i.e. in 


= 1, 2, nr, ^ = 1, 2, ... , i~l), 

since oA = r//*< = q!^> = ... = 1. 

Now 0^ = 1, 2, ..., 7?;) takes distinct values, 

and therefore H is of order ^ ^ . ... . . 

n^ 

Again, the elements 

{H, = 1 , 2 »-,;< = 1, 2, .... i-1) 

are all in H and are — • **^* • ... • -**■’ in number on the 

Ilf Ilf -Hf 

assumption lij = Vj, 'n2 = ..., '*b’-i ~ Hsnce every 

element of II is included among these elements and is there- 


fore in {yi, yj, •••.yi-i}* But y/'. is in B and is only in 
{yi. ya. " .yi-i} if *'< divides Hence »•< divides n{, and 
similarly Uf divides yf. Therefore 7if = yf, and the proof by 
induction can be completed. 

It should be noted in particular that every base contains the 
same number of elements. 
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§ 6, Two Abelian groups with the same invariants are 
simply isomorphic, 

•••]» [yi>>'2>y3> •••] bases of the two Abelian 
groups. The g*s are connected by precisely the same relations 
as the y s and therefore g^, g^, ...} = y^y y^y 

Tivo simply isomorphic Ahdian groups 0 ami T have the 
same invariants. 


Let [^1, g^, g^, ...] be a base of G and let y^ in T correspond 
to gi in 0, Since the y*s are connected by the same relations 
as the r/s, the y*s satisfy the conditions of § 3 and therefore 
form a base of T precisely similar to g^y •••]• 

An Abelian group of any given type can always he found. 

Let the type be (/i^, 7^2» •*•)• Taking for the cyclical 

permutation {a^a ^ . , . for g^ {hj )^ . . . for g.^ {i\c ^ . . . &c., 

the required group is the permutation-group {g^y g^y r/3, 


Ex. 1, An infinite Abelian group is not of necessity generated 
by a finite number of elements. 

Ex. 2. The group Cr of § 4 is the direct product of // = f^j, g.^y 
g^y g^y ... } and JSC = {g.^, g^, g^y g^y ... } or of any two similar 
subgroups. 

Ex. 3. Every Abelian group is the direct product of cyclic 
subgroups. 

Ex. 4. Two conformal Abelian groups are simply isomorphic. 

Ex. 5. The subgroup formed by those elements of G whose 
orders divide w,- is of the type (Wj-, n^y ..., Wj-, Wj + j, •-> ^x)* 

Ex. 6. The subgroup formed by the «^-th powers of the elements 


of G is of the type » — > — > ...V 

^ Kfii fii n,- / 

Ex, 7. If nj ^2 =p®2ni2, .. 

n»2, .... are prime to p, gj^^y 


=p«arm^, where mj, 
. , is a base of the 


subgroup of order **• +0^ in G. 

Ex. 8. Find a base and the invariants of (i) = 6^ = 1 

ah = ha; (ii) = 1, a5 = l>a ; (iii) = 1, 6® = 

ah ^ha; (iv) = 1, 6^0 ^ ab = 6a ; (v) a^® = 6^® = c® = 1, 
be = cb, ca == oc, a6 = 6a ; (vi) a^® = 1, 6^^ = a^"*, = a® 6®, 

he ^eby ca:=: acy ah = 6a. 

Ex. 9. Find the types of the Abelian groups 82, A, F^, 

BILTOW F. a, K 
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§7. Iff.?,, f/g, STj.] is a base of an Abelian group 0 of 
order (p prime), the orders of (jy are evidently 
all powers of p. If these orders are p^i, jo®*, 

Qj, Og, are often called the invariants of G instead of 

//*i,yA, ...jjrA as in § 4 ; and G is said to be of the type 
(ttj, Qg, , a^) instead of the type (p“i, 7>®2, .... jA) as in § 4 . 
No ambiguity will arise if we are careful to state in this case 
that the order of G is a power of p. Thus ^an Abelian 
group of the typo (/ii, n.^ //^)* has generators of orders 

7^2, ... , Uy ; while ‘ an Abelian group of order /)" and of the 
typo (74, 7^2, , y^x) * has generators of orders />"i, ^"2, ... , /A. 

Any element (j of the gi*oup G of order with base 
[ffi> 1/2 > •••> VA invariants a^, cig, ..., is of the form 

•••» Suppose a. > 

Then fji*^ = 1 if and only if / 3 , is a multiple of //*i of 

of 7/‘r\ Hence G contains 
elements whoso orders divide p^. If a^- > \-l 2: a;+j(; 

G contains ;;7(A”b+«y+,+«y4.a+ -+«x elements whose orders divide 
and therefore G contains 

( = Z say) elements of order 

Ex. 1 . G contains elements of order p. 

Ex. 2 . If «,• > A > A — 1 > Cr contains 

elements of order p^. 

Ex. 8. G contains L -r-p^”'^p~~l) cyclic suberroups of order p^. 

Ex. 4 . An Abelian group G contains Z, ill, A, ... elements and 
L\ M\ N\ ... subgroups of orders p\ r*', ... respectively; 
p, q, r, ... being distinct primes. How many elements, subgroups, 
and cyclic subgroups of order p^qf^r^ ... does G contain ? 

Ex. 5 . u) Ev<‘ry element of an Abelian group of order p^ and 
typo (1, 1, ...» 1) is of order 1 or p ; (ii) conversely, if every 
element of an Abelian group G except identity has the same 
order, G is of this type ; (iii) every subgroup and factor-group 
of G is of this type. 

Ex. (). If every element of an Abelian group G is contained 
in one of a set of subgroups of G no two of which have an 
element in common. G is of the type ( 1 , 1 , ..., 1 ). 

Ex. 7 . If an element a of prime order q is permutable with an 
Abelian group G of order p” but with no subgroup of Gy q is > a. 

Ex. 8. (i) A group G whose elements are all of order < 3 is 
Abelian of order 2 ” and type ( 1 , 1 , ..., 1). (ii) If a is an element 
of order r permutable with 6r, {6^, a] is of order or 2“r. 
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Ex. 9. (i) In the group ^ ~ = a^^W) prove 

that hshs^i = bs^^ and 2)5,. = ... (ii) Show 

that the group contains a normal Abelian subgroup of order 2^' 
and type (1, 1, , 1) where k < m. 

Ex. 10. If f^ 7 i, ..., is a base of an Abelian group Gy 

find the condition that 

fei = ... S',™"!-, »2 = ... ... , 

ll,n = ... 

may (1) be independent, (2) form a base of G in the two cases 
where the invariants are (i) infinite, (ii) all =^. 

Ex. 11. The marks of a GF[2t^\ form an Abelian group of 
order p*" and type (1, 1, ..., 1) when combined by addition. 


§ 8 . Let G bo an Abelian group of order />“ and typo 
(1, 1, ...» 1). Then evidently a base of G contains a generators, 
every element of G except identity is of order p, and every 
subgroup of G is of order // (r < a) and typo (1, 1, ..., 1). 

A base [/<j, ho, ..., /?^] of some subgroup of order // in G 
may be chosen in 

ways. For may bo any one of the //* — 1 elements of order p 
in G; may be any one of the (//* — 1) — (/>— 1)=/)(/>”“^ — 1) 
elements of G not conUvined in |//jj ; may be any one 
of the ( //* — 1) — (^r — 1) = (//*“^— 1) elements of G not con- 
tained in may be anyone of the (/>‘*~1) — (/>*—!) 

= — 1) elements of G nut contained in {hy^y lt.^\ ; 

and so on. 

Putting a = ?’’ in X wo see that, when a ’subgroup of order p’^ 
is given, its base may be chosen in 

F = (p---1) X />(//-' X ... x//-'(y^-l) 

ways. Hence the total number of subgroups of order 
p'^ in G is 

Ex. 1. ~ r* 

Ex. 2. a A,, = the coefficient of in 

(l+i)^)(l+p"x)...(l+p«4 

Ex. 3. An Abelian group G of order p" and type (oi, a^, ... , Or) 
contains (p^— l)(p^“^ — 1) ... (p^ — 1) — l)(p’’^ ^ — l) ... 
(p~l) subgroups of order p»' and type (1,1, ... , 1). 

Ex. 4. The G. C. S. of all the subgroups of index p in G (§ 8)=1, 

K 2 
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Ex. 5. If an element a of prime order q is permutable with an 
Abelian group G of order and type (1, 1, 1) but with no 

subgroup of G, a^r = ^ and g > a. 

Ex. 6. Find the number of subgroups of order in an Abelian 
group of order and type (2, 2, ..., 2, 1, 1, ..., 1);— ^2s 

and z I’s. 

Ex. 7. Find the number of subgroups of the type (2, 1) in an 
Abelian group of order and type (2, 2, 1, 1). 

Ex. 8. Find the number of subgroups of the type (3, 3, 2) in 
an Abelian group of order and type (3, 3, 3, 2, 2, 1, 1). 

Ex. 9. Find the number of distinct bases of an Abelian group 
of order and type (m, m— 1, ... , 2, 1). 



CHAPTER X 


THE COMMUTANT AND GROUP OF 
AUTOMORPHISMS 

The Commutant 

§ 1 . The commutator of any two elements of a group G 
will be called for brevity a commutator of G. (See I 4.) 

Let hy ky Z, ... be these commutators; then the subgroup 
A = {/i, Z, ...} of Cr is called the commutant y commutator 
mbgroupy or first derived group of Cr. Though A contains 
every commutator of Cf, it is not in general true that every 
element of A is a commutator of G ; for the product of two 
commutators of G is not necessarily a commutator of G. 

If A coincides with (r, G is called a perfect group. 

Ex. 1. A = 1, if and only if G is Abelian. 

Ex. 2, The commutant of a subgroup of Cr is a subgroup of A. 

Ex. 3. The commutant of the direct product of any number of 
groups is the direct product of their commutant. 

Ex. 4, The direct product of perfect groups is perfect. 

Ex. 5. If A is of order S, no conjugate set of Cr contains more 
than 8 elements. 

Ex. 6. If A is a subgroup of the central of G, any two elements 
conjugate in G are permutable. 

Ex. 7. If G contains a normal cyclic subgroup K, each element 
of A is permutable with each element of K, 

Ex. 8. If ha = ah^ and ah = ha^\ tho commutant of {a, h} is 
cyclic. 

Ex. 9. Find the commutants of the groups of V 4| and IX l.^. 

§ 2 . Tite commutant A of a group G is normal in Cr. 

Let a, h be two elements of (?; then is in A. 

Let g be any other element of G ; then 

g-'^(a-^b-^ab}fj = {g-^ag)-^((j-^bg)-^(g-^a(j) (g-^bg) 

is in A, for it is the commutator of g~^ag and g~'^bg which 
are elements of G. Again, if h, k, I, ... are commutators of G, 
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fr^hJd g = g'^'^hg .g'^^kg . is the product of com- 

mutators of (7, and is therefore in A. Hence the transfoi*m 
of any element of A by any element of 6^ is in A, i.e. A is 
nonnal in G* 

Ex. 1. Every simple group is perfect. 

Ex. 2. The direct product of any number of simple groups is 
perfect. 

Ex. 3. The commutant of a^^Ga is a“^Aa. 

Ex, 4. The commutant of the .symmetric group of degree m is 
the alternating group of degree m, and this alternating group is 
perfect unless m = 4. 

Ex. 5. In VII 10 r is the commutant of G except when m = 2, 
2 f = 2 or 3. 

§ 3. If 'iionaal t^uhgroup of a group G and A is 

iiia coiumutant of G, {II, ^] / II is the commutant of G / II. 

Let A' be the commutant of T = G / II. Let a, b be any 
two elements of G, an<l a, the corresponding elements of F. 
Then to the commutator of a and /i correspond 

the elements of II Ir^ab, while to each commutator of G 
corresponds a commutator of F. It follows that to the pro- 
duct of any number of commutators of F coiTespond the 
products of elements of II and commutators of G, and con- 
versely. Hence the subgroup A' of F corresponds to the 
subgroup {II, A) of G, and therefore A'= { If A} /II (V 18). 

CoHOLLATiY T. If uvij ooTmal subgroup II of a group G 
coiticidrs v'ith or coutaias the commutant A of G, F = G /II 
is Abelian. 

For in this case tlui commutant A' of F = {//, A} / // = 1, 
and therefore F is evidently Abelian. 

('ouoLLAUY II. Gonvtrscljp if F is Abelian, II coincides 
frith or contains A. 

For if F is Abelian, A'= 1. 

Ex. 1. Every factor-group of a perfect grou]> is perfect. 

Ex. 2. Every perfect group is isomorpliic with a simple non- 
cyclic group. 

Ex. 3. Wo can always find a group G such that G/A is simply 
isomorphic with any given Abelian group K. 

Ex. 4. The G. C. 8. of all normal subgroups of index p in any 
group G contains A. 
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Ex. 5. (i) A normal subgroup II containing the commutators 
of each* pair of generatora of 6r contains A. (ii) If these com- 
mutators generate a subgroup K and K, lu, ... are the 
conjugates of AT in fr, A = {if, ATi, 

Ex. 6. If the commutant of a group G is Abelian, the coin- 
mutant of any factoivgroup F is Abelian. 

Ex. 7. Find the commutants of the groups of V 14^), ^ and 
IX 1^2. 

Ex. 8. Find the commutants of T, O, H. 

The Group op Inner Automorphisms 

§ 4. If U is the central of a group G, A = t? / (7 is called 
the group of inner uutoinorpliLsmHy the grouj) of cogredieut 
isoniorphia'ini^^ the jird cogredient, or the jird adjoined group 
of G. (See V 7.) 

The groiip of inner automorphisms A of a group G is 'not 
cyclic^ unless G is Abelian when A = 1. 

If A is generated by a single element a of order c, and g 
is an element in G corresponding to a in A; the elements 
( 74 -C 7 *fU//*^ 4 - ... are all distinct and include every 
element of G, Hence if A is cyclic, G is Abelian : for any two 
elements such as are permiitablc (<\ and Oj being 

in (7), since . CjgU = c^Cj g^gV = CjC^ glhf = CjgH . epy. But 
if G is Abelian G = and lienee d = 1. 

Ex. 1. No element of A is a power of each of the otlu*rs. 

Ex. 2. h is an element of G corresponding to an <doment of 
order t normal in A, and g is any otln r element of G. IVovo that 
(i) h is permutable with every commutator of G ; (ii) c ==: g ~^Jr^gh 
is in (7 ; (iii) gh^ = eVi§ **// ; (iv) gh* = h^g ; (v) = 1 ; (vi) if C is of 

order jp”, it is possible to choose h so that c is of order t. 

Ex. 3. The group of inner automorphisms of a direct product 
is the direct product of groups simply isomorjdiic with the groups 
of inner automorphisms of the component groups. 

Ex. 4. The orders of a group Gy its commutant, and its central 
C are w, 6, y. If the group G/C contains an element a of order c, 
G contains a subgroup of index < b with a central of order > cy. 

Ex. 5. Find the groups of inner automorphisms of the groups 
of ¥3.3, V4i, and V14it,. 

§ 5. If the group of inner automorphisms of a group G 
is Abelian, G is called Metahelian. It follows at once from 

§ 3 that the commutant of a metahelian group is contained 
in its central ; and conversely, that if the commutant of 
a group is contained in its central, the group is metahelian. 
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Ex. 1. If the group of inner automorphisms A of a group G is 
metabelian, its commutant is Abelian. 

Ex. 2. If {a], {&}, {c}, ... are normal in G = {a, o, ...}, G 
is metabelian. 

Ex. 8. a, b are two elements of a metabelian group G and c is 
their commutator. Prove that the order of c is a factor of the 
order of ah and of the orders of a, b relative to {&}, {a}. 

Ex. 4. (i) Every metabelian group of odd order is conformal 
with an Abelian group, (ii) This is not true of every metabelian 
group of even order. 

Ex. 5, = b^ =1, = ha\ (a6)^ = {ba)'^ is metabelian. 

Thk Group op Automorphisms 

§ 6. If the elements ... of a group G are trans- 

formed by an element y permutable with G into y./, (j.^, ... ; 
then is transformed into y/Uj since 

Y • y"’ 'Jj y = y~^!ii<Jjy- 

The transformation by y exhibits G as simply isomorphic 
with itself, y/ corresponding to y,- in the isomorphism. If y^ 
transforms <// into <j{\ yy, evidently transfoiTns y^ into y{\ 
Therefore to the isomorphisms of G with itself given by y and 
y, corresponds a <lotinite isomorphism of G with itself given 
by yy^. A simple isomorphism of G with itself is often 
callecl an antoDiorphiiim of G. It is defined as an inner or 
coyrcdient automorphism, if the isomorphism can be obtained 
by transforming G by an element contained in G ; if not, as an 
outer or conirayredient automorphism. 

*If every possible outer automorphism of G is obtained by 
transforming (7 by y, y,, y^, ..., T = 1 G, y, y,, y^^, ... } is a group 
(not necessarily finite) containing G as a normal subgroup. 
Those elements of V which transform each element of G into 
itself evidently form a subgroup ]1 of F, If h is permutable 
with each element of G and a is any element of F, a^^ha is 
permutable with each element of G ; and therefore H is normal 
in F. The greatest common subgroup of G and // is obviously 
the central C of G. 

If the same automorphism of G is exhibited on transforming 
by two elements a, b of F, (ib~^ transforms each element of G 
into itself, and is therefore in IL Let 

F = H((^ -I- //ug -f Ha^ -f . . . . 

Then each element of Ila^ transforms the elements of G in 
the same way, wdiile the elements of Ifa,*, Huj transform the 
elements of G in different ways (i ^ j). Let be the element 
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oiV/H corresponding to the elements Ua^ of F. Then if the 
elements Ha^ . Hcij transform the elements of G in the same 
way as the elements a^aj = a^-.. Hence F/Jf is a per- 
fectly definite group such that to each element of F//i 
corresponds one and only one automorphism of G. It is 
called the group of automorphimis or group of iaoinoiphiaoitf 
of G» 

If any two elements g, g' of G transform the elements of G 
in the same way, g'g^^ is in // and G, and is therefore in 
Hence (changing the notation) if 
G = Cg^ + Cg^ + ... + Cg^, 

F = 4* //y 2 + + //y + + ••• 

(where y, yj, yg, ... are not in G). Now 

E = ILji 4- lig.j, 4- ... 4- Hg^. 

is a normal subgroup of F, for E= {If, G) and II, G ai’o 
normal subgroups of F. The automorphism of 0 exhibited 
by transforming the elements of G by an element g of F is 
inner or outer according as E does or does not contain g. 
Therefore the group of automoiidiisms F / 11 contains a normal 
subgroup E / II ^ G / C corresponding to the inner auto- 
morphisms of G. This is the reason why G /(> is called the 
‘group of inner automorphisms ’ of G, If 

r = A"/>i4-AV>2 4-A7>,..., 

the T outer automorphisms exhibited ))y trnnsforming th(^ 
elements of G by each element of Eh^ are said to form a clans 
of outer automorphisms. 

If G admits of no outer automorphisms and the central 
C = 1, G is called a complete group. 

Ex. 1. The identical element corresponds to itself in every 
automorphism of a group G. 

Ex. 2. Those elements of G which correspond to themselves in 
a given automorphism of G form a subgroup. 

Ex. 3. In any automorphism of G a conjugate set of elements 
corresponds to a conjugate set. 

Ex. 4. An Abelian group may be exhibited as automorphic by 
making each element correspond to its inverse. 

Ex. 5. A complete group is simply isomorphic with its group 
of automorphisms. 

Ex. 6 . If L is the group of automorphisms of the direct product 
G of two complete groups A and B, G L, unless A ^ B when 
G is normal and of index 2 in X. 

Ex. 7. If Li, Xg, X 3 , ... are the groups of automorphisms of 
groups Gi, G^, ... such that the orders of any two are prime 
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to one another, while {Gi, G<^^ 6^3, ...} is their direct product; 
the group of automorphisms of {(ti, G^j G^, ...} is the direct 
product of groups simply isomorphic with • 

Ex. 8. In § 6 those elements of T which are permutable with a 
given suhgroui) X of G form a subgroup H of T. Those elements 
of r which transform each partition of G with respect to X into 
itself form a normal subgroup of H. 

Ex. 9. If the complete group if is a normal subgroup of a 
group Gf the elements of G not lying in K form (with 1) 
a subgroup M of G ; and G is the direct product of K and M, 

Ex. 10. If a, by c, ... are generators of a group G satisfying 
certain relations, and a\ h'y c', ... are elements of G satisfying 
precisely similar relations but no relations independent of these, 
then an automorphism of G exists in which a' corresponds to a, 
h' to by c' to — 

Ex. 11. The group of automorphisms of a cyclic group of order 
is a cyclic group of order 1?^* excluding the case 

= 2, a > 2. 

Ex. 12. The group of automorphisms of a cyclic group of order 
2‘*(a > 2) is Abelian of order 2**“^ and type (0 — 2, 1). 

Ex. 13. Find the group of automorphisms of any cyclic group. 
Ex. 14. (i) If h^g^ corresponds to in an automorphism of an 
Abelian group G = /7i + <72 4- //a 4- ••• in G), g^ corresponds to 
in an isomorphism of G with a subgroup, (ii) Every Abelian 
group (of order > 4) is isomorphic with a subgroup in such a way 
that no element corresponds to its inverse. 

Ex. 15. G is an Abelian group with base [r/^, ^2> •••> 
Prove that (i) if k^ corresponds to g^{i = 1, 2, ..., j) in any 
automorphism of G, [/?,, h^y ..., is a base of G; (ii) if [Ji^y 
h^y ..., is a base of G, an automorphism of G exists such that 
A, corresponds to g ^ ; (iii) the order of the group of automorphisms 
of an Abelian group is equal to the number of distinct bases : 
apply this to the group of 1X8. 

Ex. 1(>. (i) If an Abelian group G of order p”* and type (1, 1, 
..., 1) with base [g^y g^y admits of an automorphism in 

which <7i^'i »• <7-/- corresponds to <7,., <7i^i <7/a 
corresponds to <7i'* «<72 ^‘j ••• < 7,,/"* in this automorphism; where 
.r/ = ... in the GF[2)]. (ii) The group of 

automorphisms of G is simply isomorphic with the general 
homogeneous linear group of degree m in the GF[p\ 

Ex. 17. If an element of prime order q is permutable with an 
Abelian group G of order and type (1, 1, ..., 1), a is > 5, 
where 6' is the smallest integer such that = 1 (mod q). 

Ex. 18. If = 1, and the commutator c of a and b is 

permutable with a and h, every element of (u, b} is of the form 
a^l)U(^ and is of order p{p > 2). Prove that a' = can 

correspond to a and V = a* to b in some automorphism of 
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(a, h} if and only if xs—jfr^O (mod p\ Find the order of the 
group and of its group of automorphisms. 

Ex. 19. Find the order of the group of automorphisms of 
(i) = {ahY = 1, (ii) a* = = {abY = 1, 

(iii) a‘ {aby = 1. 

§ 7 . If the group If of § 6 is itself simply isomorphic 
with tr, r is called the holomorph of G, For the proof that 
this holomorph always exists we refer to § 8, where wo shall 
show how to construct a permutation-group simply isomorphic 
with the holomorph of any given group. 

If every element permutablo with O is pormutablo with 
a subgroup K of (r, K is called a character idle subgroup of G. 
In every automorphism of G each clement of K corresponds 
to itself or some other element of K. A characteristic sub- 
group of G is evidently a normal subgroup of the group F 
of § 6 ; and conversely, each normal subgroup of T contained 
in is a characteristic subgroup of G- 

Ex. 1. Every characteristic subgroup of a group G is normal in 
Gy but not every normal subgrou]) is necessarily characteristic. 

Ex. 2. A simple group has no characteristic subgn>up. 

Ex. 3, The central and commuiant of any group are characteristic. 

Ex. 4. If B is the only subgroup in G of a given order, B is 
characteristic. 

Ex. 5. Every subgroup of a cyclic group is characteristic. 

Ex. 6. The subgroup generated by those elements of a group 
whose orders divide a given number is characteristic. 

Ex. 7. An Abelian group of order (p, r, ... being 

distinct primes) has characteristic subgroups of order jp**, q^y r^y ... . 

Ex. 8. The subgroup formed !>y the A;-th powers of the elements 
of an Abelian group is characteristic. 

Ex. 9. A characteristic subgroup K of an Abelian group G 
cannot contain an element g of mjiximum order in Cr. 

Ex. 10. (i) Every characteristic subgrou]) of an Abelian group 
is contained in the subgroup formed by all the elements not of 
maximum order, (ii) What is the condition that an Abelian 
group of order may contain a characteristic subgroup of index p? 

Ex. 11. If a group is the direct product of characteristic 
subgroups, its group of automorphisms is the direct product of 
groups simply isomorphic with the groups of automorphisms 
of these subgroups. 

Ex. 12. The order of the holomorph of a group G is the 
product of the order of G and the order of the group of auto- 
morphisms of G. 

Ex. 13. The holomorph of a complete group of order n is of 
order 
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Ex. 14. The holomorph of the direct product of two simply 
isomorphic complete groups of order n is of order 2n^. 

Ex. 15. The holomorph of the holomorph of a complete group 
of order n is of order 2n*. 

Ex. 16. Find the order of the holomorph of a cyclic group. 

Ex. 17. The general linear group T of degree m in the GF\^p^ 
formed by substitutions of the type 

is simply isomorphic with the holomorph of an Abelian group of 
order and type (1, 1, 1). 


§8. If ,7i> ••• j f/rt elements of a group G of 

order ti, wo can readily construct permutation-groups on the 
symiKils isomoi-phic with the group of 

automorphisms and the holomorph of G. 

If a, b are elements of V (§ 6) such that 

a- J y,- a = !//, b-' //,' b = r//' ; (ab) -> (/,• (ab) = 0 -'. 

Again, if o*, r denote the permutations 


/fh iJ, (Oi Vl 

\h' if I • • • <jr • . • Un'^ ' 


<TT replaces <// by f//'. Hence the peiTnutations o-, r, corre- 
sponding to each distinct transformation of G by an element 
of r form a group L such that V is multiply isomorphic with L, 
while to each clement of L corresponds one automorphism 
of 0, and convemely. Therefore L :=r / H and is simply 
isomorjihic with the gi'oup of automorphisms of G. 

(Consider now the group F (VI 2) simply isomorphic' 


with G formed by the permutations =( V 

Let T = f ) (where c,, , e,. are elements 

of (?) bo a permutation on the symbols fh, <f 2 y 
mutable with every element of F, Then replaces by 
<’x!hOty (S', 7’ replaces by c,^g^gi if = </„. 'Now 
because But since r/,» may bo any element 

whatever of (?, may also be any element of G. Therefore 
e = (it = 1. 2, ..., ii); and T is permutable with every 
element of F if and only if Cj = ^2 = Hence the 


only permutations on c/^, ..., ^ennutable with every 
element of F are the n permutations ot the type 


S.'=( ‘^2 --{fn \ 

‘ \<A»i srf</2 


which are readily shown (as in VI 2) to form a gi'oup P' 
simply isomorphic with G or F, 
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The permutation f ‘ ) is in i, 

and v^Si = 8{. Therefore the ^roup A = {L, P] contains P' 
as a subgroup. Now P and P' are normal subgroups of A", 


since 

SflT = (T X 1 

{ 9i .<72 •• 
1 / / 

• 9n 



9i9i •• 

’9»9i 

and 

Sf<r = <r X 

( 9i 9-i 

•• 9n 
/ 


^9i 9i 9i 92 • 

■■9i9n 


as is easily verified. Again, L and P have only identity 
in common ; for no permutation of L displaces tnat one of 
the symbols (j^, (j^, <Jn which represents the identical 
element of Cr, while each permutation of P (except identity) 
displaces every symbol. Similarly L and P' have only 
identity in common. Hence if rr.,, ... are the permu- 
tations of Z, A = fZ, = (Z, P} = + PVg + PV 3 + ... 

and K/P'=^L. But the elements of K permutablo with 
every element of P are the elements of P\ and P. 
Hence K is the holomorph of P, and is therefore simply 
isomorphic with the holomorph of G. 


Ex. 1. Z is intransitive, K transitive. 

Ex. 2. (i) K is not contained in any permutation-group on the 
symbols Qit g 2} •••> gn which contains P normally, (ii) Every 
permutation on these symbols permu table with IMs in K, 

Ex. 3. The group of automorphisms and the holomorph of 
a non-cyclic Abelian group of order 4 are simply isomorphic with 
the symmetric group of degree 3 and the symmetric group of 
degree 4. 

Ex. 4. (i) The group of automorphisms of = {abY = 1 

is c*” = = 1 , cd = dc^ ; k being prime to w and such that 

A;^ ^ 1 (mod w), t < (l>{m), (ii) When m = 3, 4, or 0 the group 
and its group of automorphisms are simply isomorphic. 
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PEIME-POWER GROUPS 

§ 1 . We shall devote this chaptoi* to the properties of 
a ^roup whose order is the power of a prime. Such a group 
will be called a 'prime-'power group. 

Everjj prime-power group contains Twrmal dements other 
than Ulentitg, 

Lot G 1)0 a group of order p being prime. Then the 
order of every clement and subgroup of G is a power of p. 
Let 0 of order v be the central of tr. Let the conjugate sets 
of elements in G (other than the v sets containing only one 
element apiece) contain respectively €j, €3, ... elements. 

Then y/* = r + + + •••• Now by V 8 contains a 

subgroup of order y>“ -f- and therefore each e is a power 
of p. Hence is a power of p and is 1 ; which proves the 
theorem. 

Corollary. Every group of order p^ is Ahdian, 

A group G of order p^ can only contain elements of orders 
1, p^ p\ If G contjiins an element of order p^, G is cyclic 
and is therefore Abelian. If G contains no element of order 
let g be an element of order p normal in G, Let h be another 
element of 0 of order y>, not contained in {g}. Then the 
elements <fhy(r, y = 1, 2, are all in G, are all 

permutablo, and are all distinct. 

For g^h ^ . g^hv = g^hy . g^h^ since gh == hg ; and g^h* = g^hv 
only when i.e. when x Hr and y Hs (mod p)» 

Hence all the elements of 0 are included among the p^ permu- 
table elements g^hy, and therefore G is Abelian. 

Ex. 1. The direct product of prime-power groups has a 
central ^ 1. 

Ex. 2. No prime-power group is simple unless its order is prime. 

Ex. 3. No prime-power group is complete. 

Ex. 4. In § 1 the order of the commutant of 6r is ^ the 
greatest of the quantities cg, C3, .... 
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Ex. 6. If a group 0 of order contains more than one normal 
subgroup of order jp, G is Abelian and non-cyclic. 

Ex. 6. If a group G has a commutant of index it contains 
no other normal subgroup of this index. 

Ex. 7. The G. C. S. of all normal subgroups of index p) or pr in 
any group G contains the commutant of G. 

Ex. 8. A normal subgroup of a prime-power group G has 
elements in common with the central C of G. 

Ex. 9. The commutant of the group of inner automorphisms of 
a prime-power group G is of lower order than the commutant of G. 

Ex. 10, The central C of a group G of order contains at least 
p commutators of G. 

Ex. 11. If the commutant of a prime-power group G is of prime 
order, each commutator of G is normal in G. 

Ex. 12. Every group G of order y* contains (i) a normal 
subgroup of index 2h subgroups of orders Py p^y 

Ex. 13. No prime-power group is perfect. 

Ex. 14. An element of order p in a group G of order y* is 
conjugate to none of its powers except the first. 

Ex. 15. If a, h are two elements of a group G of order 
having each p conjugates in G, their commutator c is of order 
and is permutable with a and h. 

Ex. 16. The elements of those conjugate sets of a group G 
of order {p > 2) which contain 1 or jt) elements of order < pf^ 
form with identity a characteristic subgroup of G. 

Ex. 17. If the central C of a group G of order is of order 
and g corresponds in G to an element of order p in G/G, {Cy g) 
is Abelian of order p^"^^ and is the central of a subgroup of index 
< p^ in G. 

Ex. 18. A group of order y* whose central is of order p^ 
contains a subgroup of index whose central is of order 

if a> ^(2jr-f-)8)(^+l). 

Ex. 19. A group G of order p” whose central is of order p^ 
contains an Abelian subgroup of order p^'+^ifa > lc(2ic-f€—l). 

Ex. 20. A group of order p^® whose central is of order p^ 
contains an Abelian subgroup of order p®, and a group of order 
p'® whose central is of order p^ contains an Abelian subgroup of 
order p"^. 

§ 2. In any group G of order we can always find 
a beries of subgroups of orders p, ... mch that each 

is norrmU in G and in all the subgroups of the series which 
follow it 

Let c be any element of order p^ normal in G; then 
is an element of order p normal in G, and ig^} is 
a normal subgroup of G of order p. Now 0/ {g^} is of order 
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and similarly contains a normal element of order p. 
Let ^2 ill ^ correspond io y^m G/ {g^}. Then flTgP is in {gi}\ 
and, if g is any element of G and y the corresponding element 
of 0 /{g^}, y“V2“Vy2 = 1 and therefore g'^g^T^gg^, is in {gTi}. 
It follows at once that {gi,g<^} is a normal subgroup of G. 
It is of order containing the p^ elements 

= 1. 2, 

which may be shown to be distinct as in the Corollary of § 1. 

Let y-j be an element of order p normal in Cr/ {//j, g^}^ and 
let g^ be a corresponding element of G, Then as before g^^ 
and g^^gf^gg^i are in {g^, g^}y while {g^, g^, g^} is a normal 
subgi'oup of G containing the elements 

(/^U ^2> ^3 ~ I» 2) •••» 

These elements are all distinct, since gig^gz^=^g{g*igs would 
involve .7/-' lying in {g^, g.^}. 

Wo now take an element y^ of order p normal in 
G/ {g^, <r/2, g^} and proceed as before. Finally we show that 
every element of O is included once and only once among the 
jr>« elements ... = 1, 2, ; i = 1, 2, , a), 

where for all values of i g^P and g^^gf^ggi (i*e. the com- 
mutator of g and g^y g being any element whatever of G) are 
contained in [g^ g^^ •••» one of the subgroups 

{gi^ g^)^ {.^U ^/2» i/al* ••• of orders 2A ... is normal 
in all the subgroups succeeding it. 

Ex. 1. If is the direct product of prime-power groups and m 
is any factor of the order of Gy G contains a normal subgroup 
whose order is m. 

Ex. 2. Any normal subgroup F of order p® in a group G of 
order p** is contained in normal subgroups of orders p®‘‘"^ 

Ex. 3. A group G of order n contains a normal subgroup H of 
index p^. Prove that (i) G contains a normal subgroup of index 
p^y y < (ii) any normal subgroup K of index p^ contains 
a normal subgroup of index p^. 

J 3. Every subgroup H of order p* in a group G of 
er is contained normally in a subgroup of order 

Using the notation of § 2, if if does not contain g^y 
{ ff, flfj } = + Hgi -f Hg^ 4- . . . -b Hg f is evidently the sub- 
group of order p*"^^ required. If H contains 
but not {H, =H + Hgi^.i + HgUi + ... + Hgl;l is 
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the subgroup required. For is in Jff ; and so is h g^+i 
(h being any element of H), since h’^^gr^^hg^^^ is in 

Corollary. Every subgroup of index p in a group of 
order p^ is a norm^ subgroup* 

Ex. 1. Every subgroup of order p* in (r is contained in some 
subgroup of given order where a > > $, 

Ex. 2. If Ki, Ag, Ag, ... are conjugate subgroups of fr, {iTi, 
JBTa, Ag, ...} ^ 6^. 

Ex. 3. If every subgroup of order in 6r is Abelian, every 
subgroup of lower order is Abelian. 

Ex. 4. If two subgroups i/, K of index jd in ^ are Abelian and 
6r is non- Abelian, (i) the G. C. S. of H and K is the central C of G, 
(ii) the commutant and group of inner automorphisms of G are 
AMian of the type (1, 1, ..., 1). 

Ex. 6. Any group containing two Abelian subgroups of index p 
is Abelian or metabelian. 

Ex. C. If the commutant of G (§ 3) is of order p, the G. C. S. D 
of all subgroups of index p is in the central of G* 

Ex. 7. If G contains only one subgroup T of index p, G is 
cyclic. 

Ex. 8. If G contains only one subgroup K of order p**, K is 
cyclic. 


§ 4. If p^ is the order of the greatest common subgroup D 
of the subgroups of index p in a group G of order p”, G 
contains (p"”* — 1) -f- (p~ 1) such subgroups of index p. 

Let jffj, ijTg, -ffg, ... be the subgroups of index p. Since 
they are all normal in G (§ 3), E is normal in G (V 11). Now 
G/H^y G/H^, G/H^, ... are of order p and are therefore 
Abelian. Hence ... all contain the commutant 

A of G (X 3). Therefore E contains A, and G / D in Abelian. 

Let g be any element whatever of G, the corresponding 
element of O/H^, and y the corresponding element ot G / D* 
Since yf = 1, gP is in 11^. Similarly gP is in 
so that gP is in D. Therefore yi^ = 1. Hence every element 
of G/-D is of order 1 or p^ and G/B is of the type 
( 1 , 1 , ..., 1 ). 

It follows from 1X8 that G/D contains -r I) 

subgroups of index p, each corresponding to one of the 
subgroups jHj, JBfg, ••• iu G. Hence G contains 

subgroups of index p. 


VU.TOK r. o. 
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Ex. 1. The number of subgroups of index jp in a prime-power 
group = 1 (mod j?). 

Ex. 2. If A is the commutant of a non-cyclic group G of order 

Cr/A is non-cyclic. 

Ex. 3. G (§ 4) contains no element of order 

Ex. 4. If is a normal subgroup of G such that G/E is Abelian 
of type (1, 1, ..., 1), E contains 2>. 

Ex. 6. If P is the normal subgroup generated by the p-th 
powers of the elements of 6r, prove that (i) G/{A, P} is Abelian 
of type (1, 1, ..., 1), (ii) {A, P} =1>. 

Ex. 6. G contains 0, 1, or Abelian subgroups of index p, 
unless G is Abelian. 

Ex. 7. It is i)0S3ible to choose the elements 02 , of 

§ 2 so that 011 may be any given element in G but not in P. 

Ex. 8. Any group G contains (i) 1) -r (p — l) normal 

subgroups of index p, (ii) (p^— 1) (p^“^ — 1) -r (p^ — 1) (p— 1) 
normal subgroups Kj, IC^, ••• of index p^ such that G/Ki, 
G/K 2 , G/JC^, ... are non-cyclic, (iii) pt non-normal subgroups of 
index p or p^ ; t being zero or a positive integer. 

§ 5, The number of subyroups of order p^ in a group G 
of order = 1 {unod p). 

The number of subgroups conjugate to any subgroup H not 
normal in G (including H) = 0 (mod p ) ; for the index of the 
norinaliser of 11 in 0 is a multiple of p. Hence the number 
of sul>groups of order p^ not normal in G = 0 (mod p), and 
wo must prove that the number of those normal in G = 1 
(mod p). 

By § 2 G contains at least one normal subgroup of order 
Suppose that the normal subgroups of order are 
B 2 , ..., B^ ; and that the subgroups of order are 

Ai, A 2 , ... , Ay. By § 4 r = 1 (mod p), and we wish to prove 
» = 1 (mod />). 

Let be the number of subgi’oups B contained in A^, and 
lot bj be the number of subgroups A which contain Bj, Then 
^>1 + ^*2 + . . . -f + c/o + . . . + o,. ; for each side of this equation 

represents the number of subgi-oups A when each is counted 
once for every subgroup B which it contains. 

Now bj = 1 (mo<l p). For the groups A containing Bj are 
the subgroups of G corresponding to the subgroups of index p 
in 0 /Bj, Hence aj-f-ag-f- ... + = s (mod p). 

We know that the number of normal subgroups of order p^ 
in a group of order = 1 (mod p). We shall assume the 
same true for groups of orders p^^^t ...» and then 
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by induction prove it true for the group O of order By 
the assumption the number of normal subgroups of order 
contained in = 1 (mod p). These subgi’oups include 
of the groups B together with other subgroups Uj, •••> ('t 
not normal in (?. Since A,- is normal in G, contains every 
subgroup conjugate to (7j, ... in G. Hence ^ = 0 (mod jt?) 

as before ; and therefore = 1 (mod p). It follows that 
8 = + .,.+a^ = r (mod p). But r = l (mod p), and 

hence 8 = 1 (mod p). Therefore the proof by induction 
holds good. 

Ex. 1 . The total number of subgroups of G (including 1 and G) 
= 1 -f a (mod jj). 

Ex. 2. A subgroup IT of order normal in G contains 

a subgroup of order normal in G. 

Ex. 3. The number of Abelian subgroups of order p^^^ in G 
which conhiin a given Abelian subgroup K of order pfi is zero or 
= 1 (mod p). 

Ex. 4. The number of subgroups of index p^ in any group 
G = 1 or = 0 (mod p) according as G does or does not contain 
a normal subgroup of this index. 

§ 6. If ft' groiibp G of order //* contains only one subgroup II 
of order p^^ G is cyclic unless = 2 , 8 = 1 , a > 2 . 

( 1 ) First suppose 8 = a — 1 . If is any element of G not 

in H, g is of order p^K For otherwise {g} being contained 
in some subgroup of order would be contained in //. 

Hence if 8 = a — l, G^={^} and is cyclic. 

( 2 ) If all the subgroups A, B, C, ... of index in a group L 
of order p^ are cyclic, L contains a single subgroup of index p^. 

For let X be the greatest common subgroup ot A, B^ C\ ... , 
and let a be an element of order p^''^ in X. Then is in X 
(§ 4), and hence X ^ {a'P} is a cyclic subgroup of index p^ 
in L, If Y is any subgroup of index Y is contained in 
one of the subgroups A, B, (J, ... (§3) and therefore coincides 
with X ; since a cyclic group of order p^~^ contains only one 
subgroup of order p^~^ (see also XI 84 ). 

(3^) Suppose that G contains a single subgroup of order 
but more than one subgroup of order p*'*’'. 

G contains a non-cyclic subgroup K of order p^"^^ by (2). 
Let a be any element of K not in //. Then as in ( 1 ) a must 
be of order for otherwise {a} would be in H. Moreover, 
the group {aP} = U since it is of order p*. Similarly, if h is 
any element of K not in {a}, h is of order and {hP} =H. 
Suppose aP = 6 “^, where u is prime to p, since a and b are of 

L 2 
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the same order. Now c = is in {a} and {6} by § 4 

and is therefore in If, Hence c is permutable with a and b. 
Therefore by 14 = 1 (since and 

If c = 1 (iT is Abelian), or if c :56 1 but p is odd, (i““a)P=l. 
Now 6*"^ a is not in H, since a is not in {&}. Hence K con- 
tains a subgroup of order/) not contained in H, This 

is impossible, since every subgroup of order < // is con- 
tained in H, 

Similarly if c 1, /) = 2, {Ir^aY = = 1 . Hence 

K contains a subgroup of order 4 not contained in which is 
impossible if s > 1. 

§ 7 . There is one aryl only one abstract non- Abelian group 
of order 7)*^ containing an element of order if p > 2 

and a > 2. 

Let a be an element of order 7)"*“^ in a group G of order 
Now by § 6 (r contains an element g of order p not contained 
in {a}. Since {a} is normal in the non-Abelian group 
0 = {(If g} by § 3 , g^^ag = a^, where k is an integer such 
that 7/*”^ >4 > 1 ; and then g^PagP^a^^^ (I 3 ). But g^PagP=^a^ 
and hence kP = 1 (mod /)‘^"^). 

Now from = 1 (mod ji) and kP = k (mod p) [Fermat's 
theorem] wo deduce A; = 1 (mod p). Let /<; = 1 -f vp\ where 
t is an integer such that a — 1 > t >0 and is a positive 
integer prime to 7). Then 

kP-^ \ = — 1 ^p^^^ \y’\-p^.\v^{p--\) 

+ a multiple of /)] = 0 (mod 

This is only possible if ^ = a — 2 ; since | z;"(7)-~l) is integi'al. 

Now g^^ag^ ^ \ and it'*’ = (1 + = 1 -f 4- a 

multiple of p^^^S since a > 2. Hence, choosing x so that 
w = 1 (mod p), we have g~^ag^ = Putting =^b 

we obtain the unique group (? = {«,&}, where 

aP^-^^ = bP = 1 , a6 = 

Since b^^aPb = aP'^P*^”^ = aP, b is permutable with aP. 
Therefore a and h are permutable with c = a^^b'^ab = aP^'^^ 
and cP = a^Pb'~^aPb = 1 . Hence by I 4 {bVay = 
if ^ is a multiple of p. Therefore by a is of order p®’b Hence 
0 contains p cyclic subgroups {6ya} {y = 0, 1, 2, p~l) 
and one Atelian non-cyclic subgroup {aP, b} of index p. 
Since the greatest common subgroup of the subgroups of 
index p in G is {aP} by § 6 ( 2 ), 0 contains no subgroup of 
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index p other than these (§ 4). Now every subgroup of G 
of order is contained in some subgroup of order 
while every subgroup of {hVa} is contained in {ai*} and 
therefore in But {a^, 6} is of order and con- 
tains an element of order Hence G contains p cyclic 

subgroups {hVa^} and one non-cyclic Abelian subgroup 
6} of index p^. Repetition of this process shows at 
once that G contains exactly p cyclic subgroups 
and one Abelian subgroup b] (non-cyclic if X:^a — 1) of 
index p\ 

Ex. 1. The central of G is {a^}, and the commutant is 

Ex. 2. Find the conjugate sets of elements in G, 

Ex. 3, Every subgroup of G is Abelian. 

Ex. 4. G is metabelian and conformal with an Abelian group 
of order p'* and tj^pe (a — 1, 1). 

Ex. 5. Every non-cyclic subgroup of G is characteristic. 

Ex. 6. G contains only p non-normal subgroups. 

Ex. 7. Every factor-gi*oup of G is Abelian. 

Ex. 8. Any two subgroups of G are permutable. 

Ex. 9. Find the order of the group of automorphisms of G. 

Ex. 10. Every non-cyclic group of order jP contains at least 
one normal non-cyclic subgroup of order 2f{s >1). 

Ex. 11. Find every type of group of order p'^{p > 2). 


§ 8 . There are four and only four abstract non- Abelian 
groups of order 2^* containing an element of order 2^^”'*, 
v/ a > 3. 

(1) Let a be an element of order 2”"^ in a non-A}>elian 
group G of order 2^*. First suppose that G contains an 
element b of order 2 not contained in 

Since {a} is normal in (?, b'^ab = a^^ (2^*”^ > h > \)\ and 
then b~^ab^ = so that k'^ = 1 (mod 2 ^*"^). Now k is odd ; 
suppose A;= 1 + v2^ where t is an integer such that a — 1 > ^ > 0 
and V is an odd positive integer. Then 

=(l+v202-l + =0(i»od2«-'’). 

This is only possible if 

(i) ^ 0 — 2, (ii) t = \ and v(l -fv) = 0 (mod 2"''^). 

In case (i) we have A=1 4*^2““^; hence i;=l and A=:l-f 
since 2”“^ >h In case (ii) we may put u = — 1 -f ^2“""® and 
get A; = — 1+Z2“~^. Since 2”’^>A;, we have i! = 1 or 2 
and A; = 2"“^— 1 or 2"“^ — 1. We obtain thus three types 
of non- Abelian group 
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(I) = V = \,hah = ; 

(II) = 6* = 1, a*'""* = {pthf ; 

(III) a*"'‘ = 6“ = {ahY = 1. 

Type (III) is a ‘ dihedral * group. 

(2) Now suppose G does not contain an element of order 2 
not contained in {ce}. Let h be any other element of 0; 
so that G = {a}-¥{a}b and h'‘^ab = == Then 

r i 0 (mod 2^^"^), since b^ 1 : wo may suppose 2"“*^ > r > 0. 
Since = Ir^a^b = r(fc-l)=0(mod2«-^). 

Now as in (1) there are three cases to consider, since 

a = b~^alr = 

(i) /c = 1 4 - 2^*"^. Then r = 0 (mod 2) ; let r = 2h. Choose 
x so that h + x (I 2**“'^) = 0 (mod 2^“^). Then 

(ha^f = // . h-Ui'^b . a-^ = = 1 ; 

which is impossible since ba^ is not in {a } . 

(ii) A= --l-f’2^*“^ Then r = 0 (mod 2”“^), and therefore 

r = 2^*”^ since > r. Hence (ba)^ = = 1 ; which is 

impossible. 

(iii) —1 + 2”"^. Then as in (ii) r = 2““^. We have 
then the type — 

(IV) = 1, a*“'" = {ahy = 61 

Ex. If a = 3, there are only two distinct non- Abelian groups of 
order 2^*, i, e. = b'^ = (aby^ = 1 and = 1, = {aby = b^.^ 

^9. A group G of order 2^* containing only one suhgrouj} 
of order 2 in cyclic or die y die. 

A dicyclic group is defined by the relations = 1, 
= {ahy^ = Every element of this group not in {a} 
is evidently of the form ba^, while {a} is a normal subgroup. 
Since {ha^f ^ b- .h~^a^b .tv^ ^b'^^ is the square of every 
element not in {a}. 

(1) The theorem is obvious if a = 2 ; suppose a = 3. If G 
is non-cyclic, G contains two elements a and b of order 4 
such that = {6^} and therefore = 6^ Since {a} is 
normal in G, b~^ab = a or a^. Now b~^ab ^ a, i.e. G is not 
Abelian and non-cyclic ; for then alr^ would be an element 
of order 2 not contain^ in (a). Hence (a6)^ = 5^, and G 
is dicyclic. 

(2) Now assume in the general case that every group 
of order 2^ (/i < a) containing only one subgroup of order 2 is 
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cyclic or dicyclic. We shall show that on this assumption G 
is cyclic or dicyclic. By § 8 (2) it is sufficient to prove that 
0 contains an element of order 2®“^, Then induction may be 
applied to prove the theorem true univei*sally. 

Now if G is non-cyclic, some subgroup of order 2^ in G is 
non-cyclic {ji > 2), for othei-wise by § 6 (2) G would contain only 
one subgroup of order 2^~^. Hence G contains a dicyclic 
subgroup of order 2^ and is non-Abelian. 

(i) First take a = 4. The subgroups of order 4 in (? are all 
cyclic ; for otherwise G would contain more than one sub- 
group of order 2. Let a be an element generating a normal 
subgroup {a} of order 4, and let h bo any element of order 4 
in G but not in {n}. Then H = {r;, 6} is the dicyclic group 

=z 1, = (ab)^ = 6^ of index 2 in G, 

(ii) Now take a > 4. Let a subgroup II of index 2 in be 

dicyclic, so that i/ = {a, 6 } where = 1, = (ahy^ = 

Since {a} is the only cyclic subgroup of order 2^“*^ in II and 
H is normal in (r, {a} is normal in G, 

In cases (i) and (ii) let y be an element of G not in //, 
so that G = II’\’Hg and is in H. Let ir^ay = cA Now 
y'^ is not of the form For otherwise 

= y^'^ay^ = 

and therefore + 1 =0 (mod 2”*"^). But this is impossible 
when a > 3 ; for as in § 8 (1) /c^ — l =0 (mod 2^*""^). Hence y^ 
is in {a}, and as in § 8 (2) A; = + 1 or ± 1 + 2**"*'^ (mod 2^“*;. 

If /c = + 1 + 2^“^ we show as in § 8 (2) that {a, y} contains 
an element of order 2 not in {«}, which is impossible. 

Similarly if 

k = -1+2“-*, (hg)-^a(hg) = g-^ar^g = a'"*""® = ; 

and {a, by} contains an element of order 2 not in {a}. 

If k =1, {a^ y] is of order 2“"’^ and is Abelian. This is 
impossible unless {a, g] is cyclic, when G contains an element 
of order 2“-^ 

If = —1, (igr)“^a(6j/) = a\ and therefore {a, by] is cyclic 
of order 2®^^ 



CHAPTER XIT 


SYLOW’S THEOREM 

§ 1, Sylow’s theorem is of fundamental importance in the 
theory of finite groups. It may be enunciated as follows ; — 

If 7;" if) the highent power of a prime p which divides the 
orde,r n of a group O, 6 contains kp +1 subgroups of order js" 
(k being integral), and these form a conjugate set of subgroups. 
If jj"m 'is the ordf.r of the normaliser in 0 of any one of the 
subgroups of order n = p"m {kp + 1). 

(1) G contains at least one subgroup of order 7>“. 

When n' =■ 2, 3, 4, ... it may be easily verified that a group 
of order n' contains a subgroup of order p^' if this is the 
highest power of p which divides n'. We assume the state- 
ment true for aU values of n' <n, and use induction to prove 
it true for the group Q. 

Let V be the order of the central C of G, and let the elements 
of G not contained in C be divided up into conjugate sets 
containing respectively *1, <2, ... elements. 

(1) Suppose one of the quantities ej, <3, ... (e^ say) not 
divisible hy p. By V 8 (? contains a subgroup F of order 
“n — ({• Now « -T- is < n, and is divisible by p° but not 
by 7>“+^. Hence by our assumption F contains a subgroup of 
order 7>“, and therefore so does G. 

(ii) Suppose each of the quantities tj, €3, ... is divisible 

by p ; then p is divisible by p since n = v + ti + e^ + f^ + 

Hence C contains an element c of order p (V 19), and G / {c} 
being of order n -f- p contains by our assumption a subgroup 
of order 7>"-b Corresponding to this subgroup oi Q / {c} we 
have a subgroup of order p° in G. 

(2) The subgroups of order 7>« are (Iip + l) in number, and 
are all conjugate. 

This is obvious if G contains a single subgroup H of order 
7)“ ; then A: = 0, and H is a normal subgroup of 0 . Now 
suppose that 0 contains at least two subgroups H, of order 
7)“. Let D of order pB be the greatest common subgroup of H 
and ifj, and let H=Dh^ + Dh^-kDh ^-\- ... (Ai= 1). Form the 
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groups = ... 

all conjugate to H^. Then : — 

(i) H^, H^y ... are all distinct. 

Let Fi be the normaliser of in G. The order of 
is a power of p^ since H is of order p" If hihf^ were 
permutable with JETi, it would be contained in Fj, and the 
corresponding element of Fj/ifj would be a power of p. 
This is impossible; for the order of F^/J/j is not divisible 
by p. Hence h^hf^H^ ^ i.e. hf^U^hi ^ 

or Hi ± Hj. 

(ii) Every element of the partition Dhi transforms into 

For if d is any element of i), 

(dhir^H.idhi) = hr^ {d-^H,d) hi = hr^H.hi = Hi. 

Hence on transforming by all the elements of II we get 
and only distinct subgroups conjugate to II^ 

(including i/j). 

Let bo a subgroup of 0 conjugate to //, not included 
among these subgroups (if such exists) ; and let E, the 
greatest common subgroup of H and be of order p^. Then 
by splitting U up into the partitions Ek^ + Ek,^ -f Ek^ + . . . 
and proceeding as before we get more subgroups of G 
conjugate to Hi. These are distinct from if,, ILy IL^ ...\ 
for since {hikf^Y^ H,{hikf% h^Uv.kj^ hf^H.hi. 

This process may be continued till all the subgroups con- 
jugate to H^ are exhausted. 

We have shown that is not normal in G. If wo had 
taken H as one of the subgroups conjugate to we should 
have deduced the fact that G contains p^^^ ... sub- 
groups conjugate to including but not H; i.e. that the 
total number of subgroups conjugate to //j and including 
H and is 1 + If, however, it had been 
possible to take II as a subgroup of order p^ not conjugate 
to we should have deduced that the total number of 
subgroups conjugate to and including H^ is .... 

These two statements are inconsistent, and we conclude that 
H cannot be a subgroup not conjugate to H^. Hence all the 
subgroups of order p^ are conjugate, and they are 

l + + = *^> + 1 

in number. 

( 8 ) n — p^m{Jcp-\‘\). 

For the index of Fj in (? = the number of subgroups con- 
jugate to ifi = ijo + 1. 

The kp+\ subgroups of order jp" are known as Sylow 
mbgroups of G. 
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COROLLABY I. Ifp^isa powcT of a x/rime p which divides 
the order of a group G, G contains a subgroup of order p^. 

For each Sylow subgroup of order in G contains a sub- 
group of order 

Corollary II. Every subgroup of order p^ in G is con- 
tavned in a subgroup of order p^K 

Take i/, as subgroups of orders p^ respectively ; and 
as in the proof of § 1 obtain all subgroups conjugate to 
2Z"^+^Z"'y + ... in number. Since the number of subgroups 
conjugate to II ^ is kp+\, one of the quantities /:?, y, ... = r. 
Hence the greatest common subgroup of H and some subgroup 
of order 7/* is of order ^Z; i. e. II is contained in some 
subgroup of order p^\ 

Corollary III. A group G contciining lcp-\- \ Syloiv sub- 
groups of order p^ is isomorphic with a transitive permu- 
tation-group of degree kp 4- 1. 

This is a particular case of the corollary of VI 3 , since the 
Sylow subgroups form a conjugate set. 

Corollary IV. If every Sylow subgroup of a group 0 is 
'normal in G, G is the direct product of these Syloiv subgroups. 

Let Gp G2, G3, ... bo the Sylow subgroups of orders 
••• respectively. Let gi, gj be elements of 
G^, Gj. Then c ^ gf^ gf'^ g^gj is in G^ since gf’^giOj is 
in Gi, and is in Gy since gf^gf^gi is in Gj. Hence the order 
of c divides the orders of G^ and G^-, and therefore c = 1; 
i- OiOj = OjVi* Moreover, Gi and Gy have only identity in 
common since their orders are relatively prime. Hence 
{ G^ , Cn* } is the direct product of G ^ and Gy and is of order 
Similarly we show that every element of {G^*, Gy} 
is permutable with every element of G^, and that G^ and 
{ G^, Gy } have only identity in common. Hence { G^, Gy, G^^} 
is the direct product of G^ and {G\-, Gy} and is 01 order 
2 >i^iPj^J Continuing this process we show that G is the 

direct product of and {Gj, Gg, ..., G^p.p G^^^, ...} for all 
values of ir,and hence G is the direct product of Gp G2, G3, 

In pai'ticular we notice that every Abelian group is the 
direct product of its Sylow subgroups. 

Ex. 1 . Two Sylow subgroups are conjugate in any subgroup K 
of G containing both. 
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Ex. 2. A normal subgroup of order in (r is contained in 
every Sylow subgroup of order jp«. 

Ex. 3. The subgroup of G generated by the elements of the 
Sylow subgroups of order is chai*acteristic. 

Ex. 4. (i) The normalisers Tg, ... of ]L, /fg, ... in 

§ 1 are all distinct ; (ii) they form a conjugate set ; (iii) each is 
its own normaliser in G ; (iv) every subgroup of whose order 
is a power of p is in H^, 

Ex. 5, Each subgroup of order in G is contained in ?p+l 
Sylow subgroups of order p^\ 

Ex, 6. If is the number of subgroups conjugate to If 

and having with II a G. C. S. of order p^, the total number of 
subgroups of order is A'ip^^“^ + A*2p““^+ ... +1. 

Ex. 7. If a group is the direct product of its Sylow subgroups, 
so is every subgroup. 

Ex. 8. The number of subgroups of order ... (p, g, r, ... 

being distinct primes) in a group which is the direct product of 
its Sylow subgroups = the product of the number of subgroups of 
orders p* r=, .... 

Ex. 9, Find the number of subgroups (i) of order 84 in an 
Abelian group of the type (42, 0, 2), (ii) of order p^qr in an 
Abelian group of the tyi>e {p^(fr\ p-qr, pq^ p, p). 

Ex. 10. If the commutator of any two elements of a group G is 
permutable with both elements, G is the direct i)roduct of its 
Sylow subgroups. 

Ex. 11. 6r is a group of order Pi^p^^Pa*^ ... and (^ 2 , Og, ... 
are Sylow subgroups of orders p^**, p./, Pg'^, ... respectively. If 
the commutant A of G is of order Pi\ show that (i) G^^ Gg, ... 
are Abelian ; (ii) {A, 6r } is the direct product of A and G^ 
provided i > 1 and pi^ ^ 1 (mod p^), c < A. 

Ex. 12. (i) If a group G contains cyclic Sylow sub^oups of 
even order, G contains a normal subgroup of index 2. (ii) If the 
order of a group is divisible by 2 but not by 4, the elements of 
odd order form a subgroup of index 2. 

Ex. 13. A group of order p^*g^ (p and q prime) is decomposable. 

Ex. 14. Use the method of § 1 to prove that every subgroup 

of index p in a group G of order p” is normal. 

Ex. 15. (i) If is the degree of a transitive permutation- 

group G of order p^st {s and t being prime to p), a Sylow 

subgroup 11 of order p^ has s transitive sets each containing p" 
symbols, (ii) If 5 = 1, 6r is decomposable and II transitive. 

Ex. 16. Those elements of a group G of order n whose orders 
divide a factor e of n generate a group L whose order A is a 
multiple of e. 

Ex. 17. If two conjugate subgroups E and F of G are both 
normal in a Sylow subgroup //, they are conjugate in the 
normaliser F of U, 
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Ex. 18. If is the order of a group G, where e ^ 0 and ^ 1 
(mod p), G contains a normal subgroup of order 

Ex. 19. Show that the only possible types of abstract group of 
order pq, p and q being primes such that p > q, are (1) a cyclic 
group ; (2) the group aP = 5^? = 1, aft = ha '^ ; where jc is a positive 
integer < p such that (mod jp), but ^ 1 (mod p) if e<q,* 

Ex. 20. Find all possible groups of orders 2j?, 35, 39, 66, 57, 
133, 186, 889. 

Ex. 21. Show that a group of order 825 contains normal 
subgroups of orders 26 and 11, but not necessarily one of order 3. 

Ex. 2‘X Show that there is no simple group of order 200, 204, 
2G0, 330, 364, 2223, 2540, 3042, 9076. 

Ex. 23. Show that a group of order 1001, 3325, 6125 is the 
direct product of its Sylow subgroups ; and find every group of 
this order. 

Ex. 24. Show that there is no simple group of order 520, 30, 
380, 495, 646. 

Ex. 25. Show that there is no simple group of order 616, 
56, 351. 

Ex. 26. There is no simple group of order 450, 12, 80, 160, 
300, 12376. 

Ex. 27. There is no simple group of order 90 or 306. 

Ex. 28. Find every abstract group of order < 16. 

Ex. 29. Find the Sylow subgroups of (i) a’^ =: =: {ahY = 1, 

(ii) = 6^ = (T* = 1, ah = ha\ he = ac = ca. 

Ex. 30. Find the Sylow subgroups of the alternating group of 
degree 4. 

Ex. 31. There is a homogeneous linear group of order 
and degree m with coeflBcients in the GF\p'^]. No one of its 
substitutions except identity can be transformed into a multi- 
plication. 

Ex. 32. The normaliser of a Sylow subgroup of order 3 in the 
point-group 42 is d 3 . 


§ 2. If the order n of a group G is divisible by p^, 0 con^ 
tains l2)+l subgroups of order p^ {I integral). 

Let p” be the highest power of q) which divides n ; then G 
contains a subgroup H of order by § 1. The theorem is 
true if r = a, suppose then r < a. Now H contains cep-f 1 
subgroups of order p’’, x being integral (XI 5) ; it is then only 

* K is called a ‘primitive root of the congruence = 1 (mod p)\ It is 
readily shown that sucli a root exists only if is a factor of p—l, and that 
the roots of the congruence are ir, «*, <r*, sff. If we replace k by another 
primitive root in the relations «» =: 1, ab » bo*, we only obtain 

group (2) in another form ; for since ob^ » b‘a** the new relations are 
obtained from the old by writing b for b<. 
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necessary to prove that G contains yj> subgroups of order 
besides these. 

Let be a sub^oup of order not contained in H (if 
such exists). If a, 6 are two elements of II permutablo with 
ah is also permutable with Hence those elements 

of H which are permutable with form a subgroup F of H. 

Let pfi be the order of F, and let p^ be the order of the 
greatest common subgroup of Fand . Since every elenient 
of F is permutable with F and are evidently per- 
mutable OToups. Hence {F, HA is of order (V 13). 

But {F^hi} is a subgroup of Oy and therefore 7"*f 0 — k < a. 
Since K < r, 0 < a. 

Now let U = 4- F/fg + jFAs 4* and let = //^. 

Then just as in § 1 we see that on transforming i/. by the 
elements of H we get and only distinct sungroups 
of order p^ not contained in //. Taking now any other suo- 
group of order p^ not contained in //, we derive (y < o) 
more subgroups of order // not contained in H. Repeating 
the process we obtain ... yp subgroups of G 

not contained in if. 

Ex. The subgroups of order 2 / do not necessarily form a 
conjugate set. 



CHAPTER XIII 

SERIES OF GROUPS 


§ 1 , We shall discuss in this chapter the properties of 
various series of groups which may be derived from a given 
group 0 ] namely, the composition-series, chief-series, series 
of derived groups, and series of adjoined groups. 

The Composition-Series 

§ 2. If is a normal subgroup of G not contained in any 
other normal sul)group (other than G itself), is called 
a maximum normal subgroup of G* This does not imply 
that there is no subgroup normal in G of greater order than 
6\ ; only that if such a subgroup exists, it does not contain (?, . 
Let ^ maximum normal subgroup of (?i, Gg of G,^, 

G^ of (?3, (tc. Then the scries G, G^ G,^, 6^3, ... is called 
a conipositio a-aerien of G, It should be noticed (i) that G 
may have more than one distinct composition-series, (ii) that 
every composition-series terminates with the identical group, 
(iii) that Gi, though normal in is not necessarily normal 
in 

It will be proved in § 3 that, whatever composition-series 
of G is taken, the groups G/G^, G^/ G.^, ^2/^3, ... are always 
the same (considered as abstract groups j except as regards 
the sequence in which they occur. They are known as 
vompottitioii-factor fjroups of G, and their orders are called 
com ])oiiition-f actors of G. These groups are all simple; for 
to a normal subgroup of would correspond a normal 

subgroup of G^ containing G^j ^^ ; and this does not exist. 
Convensely, if is a normal subgroup of G, G^ of Gj. G3 of 
(r2, ..., and G/Gj, Gj/G^, G2/G3, ... are all simple; 
G, Gj, Gg, G3, ... is a composition-series of G. 

Ex. 1 . For example, G, 0 , H, {6}, 1 is a composition-series for 
the group G of V 4 ^. 0 is normal in G, II in 0 (but not in G), 

{6} in IL The groups G/G, 0 ///, H/{h}j {&} are simple, being 
all of order 2. 

Ex. 2 . Gii G,+i, G^+2> — is ft composition-series of G^. 
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§ 3. The composition-factor-groups of any two composition- 
series of a group 0 are identical except as regards the sequence 
in which they occur. 

(1) Let O, G„ Gi, ... and G, G„ .... G,, ... 

be two composition-series of G. Let J) be the greatest common 
subgroup of G,-+i and then D and fG,+i, are 

normal in G^ (V 11). Since { Gj+i, is normal in (r,- and 
contains G^ = (Gi+j. 

Let Gj+i =Dg^ + Dg.^ + Dg.^ + .... Since is normal in 
{Gj+i, ii+i), all the elements of Gf = {Gj+i, are in- 

cluded among the elements ^’f+i G,-^.,, i. e. among Ff^^Dpy 
+ ^i+i %2 + ^i+i%s+ •••« i-e. among + + 

+ Moreover, and F^^^g^ have no element in 

common {t ^ «) ; for otherwise gf g~^ would be contained in 
both and and therefore in D. Hence G^ = F^^^g^ 
+ (800 V13). 

It loUowH at once that = G^i+iZ-D. Similarly 

Gi/G,^,^Fi,,/D. 

(2) is a maximum normal subgroup of and 

For since Fij^^ is a maximum normal subgroup of 0^, 
simple. Hence G^^^/D is simple; and therefore 
jy is a maximum normal subgroup of and similarly 

of 

(3) By (1) and (2) the two composition-series f?, 0,, 0^, 

^r+l> ^r+2> ••• •••» ^r+l> ^V+2» ••• samo 

composition-factor-groups if and Fj,^-^ have only identity 

in common so that = •^r +2 = shall show that 

they have the same factor-groups when r = on the assump- 
tion that they have the same factor-groups when r < i. 
Then the required theorem follows at once by induction. 

Let two composition-series of G be 

(i) Gi Ctj, «•., ^i + 2» ^-i+3» ••• 

and (ii) G, (r^, , G^^ -^ 1 + 2 * •••• 

Let D be the greatest common subgroup of and ; 
then 

(iii) •••» ^t+i> •^2> ••• 

and (iv) G, G^, Gp F^^^, D, D,, Dg, ... 

are also composition-series of O by (2), if D, Dj, Dg, ... is part 
of a composition-series of (?. 

Now by our assumption the two composition-series (i) and 
(iii) have the same factor-groups, and the two series (ii) and (iv) 
have the same factor-groups. But since Oi/F^^j = 
and Oi/Gi+i = D the two series (iii) and (iv) have the 
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same factor-groups (two factor-^oups being interchanged). 
Hence the two series (i) and (ii) have the same factor-groups ; 
and the proof by induction can be completed. 

Corollary I. The compodtion-factora of any two composi- 
tion-aeries are identical except as regards their sequence. 

Corollary II. The order of a group is equal to the product 
of its comjyosition factors. 

Ex. 1. A composition series of G can always be found containing 
a given subgroup H, if H is normal ; but not in general if II is 
not normal. 

Ex. 2. (i) A prime-power cyclic group has only one distinct 
composition-series, (ii) Conversely a prime-power group G with 
only one distinct composition-series is cyclic. 

Ex. 3. The only composition-series of a simple group G is G, 1. 

Ex. 4. A non-cyclic group G of order pq (where p, q are primes 
such that p > q) has only one composition-series. 

Ex. 6. The symmetric group has only one composition-series 
unless it is of degree four. 

Ex. 6. Use § 3 to prove that the symmetric group G of degree 
m (m 4) contains only one normal subgroup, assuming that the 
alternating group U of degree m is simple. 

Ex. 7. Every composition-factor of an Abelian group G is 
prime, and a composition-series of G can always be formed in 
which the composition-factors occur in any given sequence. 

Ex. 8. A cyclic group has only one composition-series in which 
the composition-factors occur in an assigned sequence. 

Ex. 9. (i) A cyclic group G of order p^q^r^ ••• (p> ••• being 

distinct primes) has e = (a-f-j8+ y-f ... ) I -f- a ! x /S I x y ! X ... 
distinct composition-series, (ii) An Abelian group K of order 
p^q^ry ... with only e distinct composition-series is necessarily 
cyclic. 

Ex. 10. Show that a non-cyclic group G of order p^{p > 2) 
containing an element of order has (a — l)p-f 1 distinct 

composition-series. 

Ex. 11. Show that an Abelian group G of order p® and type 
(1,1,...,!) h^ (i^®-l)(p«“^~l)(p«-2^1)...(i>-l)-T-(i?~l)« 
composition-series. 

Ex. 12. Any group in a composition-series of a group G whose 
order is prime to its index in Cr is normal in G. 

Ex. 13. If a group G has a composition-series in which each of 
the last a composition-factors is p, while every other composition- 
factor is prime iopt G contains a normal subgroup of order p®. 

Ex. 14. (i) If every subgroup of G is contained in some 
composition-series of (?i ^ is the direct product of prime-power 
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groups, (ii) Conversely^ if 6r is the direct product of its Sylow 
subgroups, every subgroup of U is contained in some composition* 
series of G. 

Ex. 15. Find the number of composition*series of each group of 
order 8 . 

Ex. 16. Find all composition-series of the groups d 3 , Q, H. 

§ 4. Given any normal subgronp H of a group G, a com- 
position-series of O tvhich includes H can ^wwys be foumL 
The composition-factor-groups of G are the composition-factor- 
groups of G / H together with those of H. 

Let G/H = r, and let F, Fj, Fg, ... be a composition- 
series of F. Let Gj, Gg, G 3 , ... be the subgroups of G corre- 
sponding to the subgroups Fj, Fg, F 3 , ... of F. Then 

G/o, = r/r,, G,/G, = r,/r„ GJG, = r,/r„ ...(V is). 

But F/Fj, F./Fg, Fg/Fg, ... are simple, and hence G/Gj, 
^ 2 /^ 3 * ••• simple. Therefore G, G^, Gg, Gg, ... 
is a composition-series of G including jEf, and its composition- 
factor-groups are those of F together with those of IL 

Ex. 1. If G, H, JST, Z, ... is a series of groups each normal in 
its predecessor, a composition-series of G can be found containing 
//, K, X, .... The composition-factor-groups of G are those of 
G/H, H/K, K/L, .... 

Ex. 2. G, Gj, Gg, G 3 , .. is a composition-series of G, and H is 
a subgroup contained in G<r^i but not in G,.. If H^ is the G. C. 8 . 
of Gr and If, prove that {G,., H]/Gr = U/H^. 

Ex. 3. If U is any subgroup of a group G, every composition- 
factor-group of H is simply isomorphic with a subgroup of some 
composition-factor-group of G. 

Ex. 4. Find the composition-factor-groups of the group G 
of VII 10. 

§ 6 . A group all of whose composition-factors are primes is 
called a ^uble group. Evidently all its composition-factor- 
groups are cyclic. Since every group of order p^ contains 
a normal subgroup of index p, every prime-power group is 
soluble. Every Anelian group is also soluble ; for if p is any 
prime dividing the order of an Abeban group G, G contains 
a normal subgroup of index p (V 20). 

Ex. 1. No soluble non-cyclic group is simple. 

Ex. 2. No perfect group is soluble. 

BiLTOV r. a. It 
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Ex. 3. Every subgroup of a soluble group is soluble. 

Ex. 4. Every group of order pq is soluble {p and q being prime). 
Ex. 5. The direct product of soluble groups is soluble. 

Ex. 6. The direct product of any number of groups, one of 
which is insoluble, is insoluble. 

Ex. 7. No perfect group is the direct product of groups one 
of which is soluble. 

Ex. 8. Every factor-group of a soluble group is soluble. 

Ex. 9. The group = 1, 6^ = a*", ah = ha^ is soluble. 

Ex. 10. The groups of V 14^0 , n are soluble. 

Ex. 11. Every finite point-group except E and H is soluble. 


§ 6 . If 0 is a minimum normal subgroup of a group F, 
the composition-f actor-groups of G are all simply isomorphic. 

By a ‘ minimum ’ normal subgroup of F we mean one con- 
taining no normal subgroup of F except itself and identity. 

Let i/j be a maximum normal subgroup of 0\ and let 
jffj, J/g) subgroups conjugate to in F. If y 

is any clement of F, evidently y'^-ETjy is normal iny“”'Cry = G' ; 
while /y"^^iy = y^^Gy /y”^jEfiy = and is simple. 

Hence , //g , Ho, . . . are all maximum normal subgroups oi G, 
and G///i= G/lf 2 = G/H- 3 = .... 

Denote by greatest common subgroup of 

J/y, .... Then as in § 3 we have H ^/ = 0/H^, 

and therefore H,/ G / Similarly H ^/ = G/H^. 

Now the greatest common subgroup of = 1, 

for it is normal in G (V 11). Hence cannot contain all of 
i/i 3 , i/i 4 , ... unless i/jg = 1. Suppose T/jg does not 

contain Then as in § 3 G, Hi, 

G, //,, Hnn ••• composition-series of G, and 

As before does not contain all of ••• 

unless y/jg,. = 1. If Hi 2 r does not contain 
repeat the above reasoning and prove that G, H, J^jg, Hjg^, 
Hi 2 r 8 > • • • is a composition-series of G and ^/’^v 

By repetition of this process we may establish tne theorem. 

Each group of the composition-series is normal in G, for it 
is the greatest common subgroup of normal subgroups. 

Corollary 1. G is the direct product of groups simply 
isomorphic urith its composition-fa^tor-groups. 

Let B = G^ be the CToup of a composition-series G, Gj, Gg, ... 
of G preceding 1. Then B is simple, is normal in G, and 



163 


xni 6] MINIMUM NORMAL SUBGROUPS 

is simply isomorphic with any one of the composition-factor- 
^roups of G. Let R, B^, ... be conjugate groups in F. 
Then {B, B^, B^^ ...} being a group normal in F and con- 
tained in G must coincide with G. 

Since B and B^ are normal in (?, their greatest common 
subgroup is normal in G and therefore in B, Bub B is simple, 
and hence B and Bi have only identity in common. Moreover, 
every element of B is permutable with every element of 7^,. 
For let b be any element of B, and any element of Bi- 
Then b~'^ b^"^ is in B since br^bbj^ is in B, and is in B. since 
is in B^. Hence = 1. Therefore {7^, B^\ 

is the direct product of B and B^^ 

Now let ^2 be one of the groups conjugate to B which is 
not contained in {B, Then just as before, since B,^ and 

{B, B^} are both normal in (?, we may show that 
{ B, B ^ } have only identity in common and that every element 
of B,^ is pei-mutable with every element of {B, B^}, Similarly 
B and {7?^, B,^} have only identity in common, and every 
element of B is permutable with every element of {B^^ B.^ \ ; 
and so for B^ and (77, B.^}, Hence {77, is the direct 

product of 7/, B ^ , and B^. Now let bo a group conjugate to 
B not contained in { 77, l \ , B ,^ } . Then as before {ByB^^B^^ B.^ 1 
is the direct product of the simply isomorphic groups B, B^^ 
B^y B^\ and, proceeding in this way, wo show that G is the 
direct product of ^ + 1 simply isomorphic groups 

B, Biy B29 ...| B^, 

Corollary II. Let (?, 77 be normal subgroups of a group F, 
such thit G contains II, but contains no normal subgroup 
of T containing 77. Then the compos it ion-factor-groups of 
G / H are alt simply isomorphic, and G / 11 is the direct 
j/roduct of groups simply isomorphic with these composition- 
factor-groups. 

For G / H is evidently a minimum normal subgroup of 
T/H. 


Ex. 1. If 6r (§ 6) is a prime-power group, it is Abelian. 

Ex. 2. If G is of order pr (p prime to r), G is simple. 

Ex. 8. Assuming that the symmetric group of degree m(mj6: 4) 
contains no normal subgroup except the alternating group of 
degree tn, deduce from § 6 that this alternating group is simple. 

Ex. 4. If P is a primitive permutation-group of degree pk and 
order pr (p prime to r), the group II generated by the elements 
of orderp in P is a minimum normal subgroup of P and is simple. 

M 2 
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The Chief-Series 

§ 7. Let H. be a maximum normal subgroup of a group 0, 
and let H^, ... be a series of normal subgroups of 0 

such that contains but contains no normal subgroup 
of 0 containing Then 0, Hi, ... is called a 

chief ^series or chief -composition-series of &. The group G may 
have several distinct chief-series ; each such series ends with 
the identical group. 

As in § 4 we may prove that a chief-series of 0 can always 
be found containing any given normal subgroup of G, 

The groups G / Hi, Hi/ H^^ HJH^, ... are called chief- 
factor-groups of G. The first G/ Hi is simple, each of the 
others is simple or is the direct product of simply isomorphic 
simple groups. This follows at once from § 6, Corollary II. 
If /j, /jj, J.p ..., /^ are the subgroups of H^ corresponding 
to the members of a composition-series of H^ / H^^i ; G,Hi, 

Hi, li, I. j,, Tg, Ii, Hi^i, ... is a composition-series of G. 
The chiei-factor-gi'oup Hi/ H^^i is the direct product of 
groups simply isomorphic with any one of the composition- 
factor-groups 11^1^, 

The orders of the chief-factor-groups are called chief-factors 
of G, 

Ex. 1. For example; G, N, K, {a^}, I and G, 0, L, {c}, 1 are 
chief-series of the group G of V-i^, each group of either series 
being normal in G, 

Ex. 2. ifj, i/j+i, H^+ 2 y ••• Is not necessarily a chief-series of H^, 


§ 8. The chief-factor-groups of any two chief-series of a 
group G are identical except as regards the sequence in which 
they occur. 

(1) Let G,Hi,...,Hi,Hi^i,... and G, Hi, H^, K^^i, ... 

be two chief-series of 6, Let D be the gi*eatest common 
subgroup of Hi^i and K^^i ; then!) and { j } are normal 
in G (V 11). Since is a normal subgroup of 

G containing Hf= Then as in § 3(1) 

wo prove Jli/Kt^, = and 

(2) contains no normal subgroup of 0 containing D, 

For if J were such a subgroup, {J, jSTj+j} would be a 
normal subgroup of Q contained in and not identical with 
{■^<+11 ^i+i) =^i' Similarly contains no normal sub- 
group of Q containing D, 
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(8) The proof of the theorem is now completed exactly as 
in § 3 (3). 

Ex. 1. A composition-series can always be found containing 
the terms of any chief-series. 

Ex. 2. It is not always possible to obtain a chief-series by 
suppressing terms of a given composition-series. 

Ex. 8. Any element permutable with a given group transforms 
every chief-series into a chief-series and every composition-series 
into a composition-series. 

Ex. 4. Every composition-series of an Abelian-group is also a 
chief-series. 

Ex. 5. If a group has only one composition-series it has only 
one chief-series. 

Ex. 6. Every chief-series of a prime-power group is a composition - 
series, but not conversely. The same holds for the direct product 
of prime-power groups. 

Ex. 7. Every chief-series of a group G of order ends with 
the groups A, 1, where K is some subgroup of order p in the 
central of G, 

Ex. 8. If /f is a normal subgroup of G, the chief-factor-groups 
of G are the chief-factor-groups of G/JI together with direct 
products of groups simply isomorphic with the chief-factor-groups 
of if. 

Ex. 9. (i) If every chief-factor-group of a group G is cyclic, the 
same is true of G/II, H being any normal subgroup of G, (ii) Every 
element of the group preceding 1 in any chief-series of G is 
permutable with each commutator of G, 

Ex. 10. A non-Abelian group of order p”(p > 2, a > 2) con- 
taining an element of order has (a — 2)p-f 1 chief-series. 

Ex. 11. Find the number of chief-series of each group in 
XIII3i5,i6. 


The Chauacteristic-Seriks 

§ 9. Let 0 be any group, and let t/,, J3, ... be 

characteristic subgroups of (?, such that Ji contains but 
contains no characteristic subgroup of G containing 
Then ... is called a cfiaraderistic-seriea of 0. 

Let r be the holomorph of G or any finite group containing 
G of the type described in X6. Then ... is 

part of a chief-series of F, so that properties of a characteristic- 
series can be deduced from those of a chief-series. 

Ex. 1. A group with no characteristic subgroup is the direct 
product of simply isomorphic simple groups. 

Ex. 2. Show that is the direct product of simply 

isomorphic simple groups. 
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Ex. 3. A characteristic-series can always be formed containing 
any given characteristic subgroup. 

Ex. 4. A chief-series can always be formed containing every 
member of a given characteristic-series. 

Ex. 5. Every characteristic-series of a complete group is also 
a chief-series. 

Ex. 6. Every composition-series of a cyclic group is also a chief- 
series and a characteristic-series. 

Ex. 7. If a group has only one chief-series, it is also a character- 
istic series. 


The Series of Derived Groups 

§ 10 . If is the first derived group (commutant) of any 
group (7, A2 the first derived group of A3 the first derived 
group of A2, &c., A2, A3, ... are called respectively the ‘second, 
third, ... derived groups' of G, 

All the derived griyaps are characteristic subgroups of G. 

The proof of X2 shows at once that h^^A^h is the com- 
mutant of h~^Ghf whatever element h may be. Hence any 
element permutable with G ispermutable with Aj. Similarly 
any element permutable with A^ is permutable with Ag, and 
so on. Hence any element permutable with G is permutable 
with Ai, A^, A3, ... ; i.e. Aj, Ag, A^, ... are characteristic sub- 
groups of G. 

§ 11. Each of the groups G, A^, A2, A3, ... is contained in 
the one preceding it. Hence there are two possibilities only ; 
(i) for some value of i is perfect, and (ii) for some value 
of i A^ = 1. We shall prove that in case (ii) G is soluble. 

If the series of derived groups of a grouj) G ends with the 
identical group, G is soluble. 

For since all the derived groups are normal in G, a com- 
position-series of G may be formed containing all the groups 
A,, A2, A3, ... ; while the composition-factors of G are the 
composition-factoi-s of G/Aj, A^/ A^, A2 /A 3, ... (an obvious 
extension of § 4). But tnese latter groups are Abelian (IX 3), 
and are therefore soluble (§ 5). Hence ^ is soluble. 

Ex. 1. If a group G is soluble, its series of derived groups ends 
with identity. 

Ex. 2. Every soluble group contains a characteristic Abelian 
subgroup. 

Ex. 8. If Aj is perfect, G/A,* is soluble. 
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The Series op Adjoined Groups 

§ 12. If is the first adjoined group (group of inner 
automorphisms) of a ^oup G, the fii-st adjoined group 
of Aj, A3 the first adjoined group of A^, &c. ; A.^, A,,, ... are 
called respectively the ‘second, third, ... adjoined groups* (or 
‘ cogredients * 1 of G. If any one of these A^*.^ is Abelian (of 
order > 1), A^ = 1 and G is said to be of class or speciality L 
In this case none of the groups (r, A,, A^, ..., A^_2 can be 
Abelian. 

Since A^^^ is the fii-st adjoined group of the non-Abelian 
group A^.2* non-cyclic (X 4) ; hence : — 

No adjoined group of a non-Abelian group is cyclic. 

If the centrals of G, A^, Ag, A^^^ are of the types 

Vi , ...), (Aj, »-2, ...), •••). 

G is said to be of the type 

(\, fi, r, .*.) (A-j, ...) (A2, •••)•** •••)• 

There are in general several distinct groups of a given type. 

Let Cl bo the central of G; and let be the normal 
subgroup of G corresponding to the central JS of A,, so that 
B = C\/Ci. Then G/ C\ ^G/C^ fCJCi ^A,/B^A,, (V 18). 
Let Ug be the normal subgroup of G correspondir^ to the 
central of Ag. Then as before G/C^= A3. Let be the 
normal subgroup of G corresponaing to the central of A 3, 
then G/C4 = A4, and so on. The central Ci is sometimes 
caUed tne ‘first central’ of G, while Cg, (^g, ... are called the 
‘second, third, ... centrals’ of G. 

Ex. 1. The direct product of prime-power groups is of finite 
class. 

Ex. 2. A metabelian group is of class 2, and conversely. 

Ex. 3. The commutant of a group of class 2 or 3 is Abelian. 

Ex. 4. Every non-Abelian group of order is of the type 

(1)(L IV 

Ex. 6. If ff is of class i, (i) ^ 0 unless i = 1, (ii) Cj = 6r, 

(iii) the class of is i—x. 

Ex. 6. If 6r is of class i, (i) contains , (ii) -3 contains A.^. 

Ex. 7. If (r is of order and A^ of order the class of 
G<^+ 1 . 

Ex. 8. Every element of is of the form C1C2 ... Cj. where is 
in Cf but not in C^.i. The commutator of and any element of 
(x is in (7y_i. 
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§ 13. If the first adjoined group A of a group O is the 
direct product of its Sylow subgroups^ 0 is also the direct 
product of its Sylow subgroups. 

Let G be of order p^q^r^...; p^q^r, ... being distinct 
primes. Let Q, R, ... be Sylow subgroups of orders 
q^, r^, .... 

The order of A is a factor of the order of G. Let A be 
of order p^iq^iv^t .... Then A must be the direct product 
of prime-power groups P^, Q^Ri, ... of orders p^i, .... 

Let a, o be elements of P and Q respectively ; and let a, , 6, 
in A correspond to a, h in G. Then the order of is a power 
of p and the order of b^ is a power of q. But A is the direct 
product of Pj, Qj, iij, ...» and therefore = a^. From 

this we deduce h~^ah = ca, where c is some element in the 
central of O. Hence if m is the order of a, 

1 = a'^h = (ca)^ = (since ca = ac). 

It follows that the order of o is a factor of m and is therefore 
a power of p. Similarly from we see that the 

order of c is a power of q ; and hence c = 1. 

Therefore every element of P is permutable with every 
element of Q, and similarly with every element of P, &c. 
Hence every element of P is permutable with every element 
of {Q, P, and these two groups have only identity in 
common. The same is true of Q and {P, P, &c. Hence 
G is the direct product of P, Q, P, .... 

Corollahy. If one of the adjoined groups of a group Q is 
identity, G is the direct product of its Sylow subgroups. 

If = 1, is Abelian, and is therefore the direct 
product of its Sylow subgroups (XII 1, Corollary IV). Now 
is the first adjoined group of A^^^, and therefore A |_2 is 
also the direct product of its Sylow subgroups. The same 
reasoning maybe extended to show that A^^^, ..., A,, G 

are all direct products of their Sylow subgroups. 

Ex. 1. A group of finite class is soluble. 

Ex. 2. If each chief-factor-group of a group Q is cyclic, the 
commutant A of 6r is the direct product of its Sylow subgroups. 
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§ 1. Suppose that {a} is a normal cyclic subgroup of the 
group (t = {a, 6} generated by the elements a and b. Let 
A, fx be the orders of a, b ; and let a, /3 be their orders relative 
to {6}, {a} respectively. Suppose 

= 6*, b^ = a^, 

It follows at once from the relation b"~^ab = that every 
element of G is included once and only once among 

I2'a^(a;=l,2, ...,A; y = 1, 2, /3), 

and hence that O is of order A/3. 

Since a'" is in {6}, r -r « and similarly s -r ^ are integral 
(V 1). Hence = 1, and therefore A -7- a is a 

multiple of /x -r /3. Similarly /x -f- is a multiple of A -f* a, 
so that A -r- a = /X -f- /3. 

Now the order of 6^ = ;x -f- ^3 = A -f- a, while the order of 
is evidently A -f- (the H. C. F. of A and r). Hence a is the 
H. C. F. of A and r, and similarly p is the H. C. F. of fx and s. 

Since a“^6“’^a6=a^~S we have by 1 4 
1 = a”«6-ia«6 = 

Hence a (fc— 1) = 0 (mod A) or r (fc — 1) =0 (mod A), since a is 
the H. C. F. of A and r. 

Since = a^, = a^*' (13); hence bv is permu- 

table with a if and only if = 1 (mod A). If 6* is the lowest 
power of b permutabie with a, c is tne smallest positive 
integer such that A:* = 1 (mod A), i. e. & is a ‘ primitive root of 
the congruence 1 (mod A) Since b^ is permutabie with a, 
it follows as in y 1 that « is a factor of 13 and = 1 (mod A). 

We shall show in § 5 that every group whose Sylow sub- 
groups are cyclic is of the same type as 0 : the converse is 
not true. 

Ex. 1. Every element of G is included among a^by{x = 1, 2, 

• • » ^ ; y = h 2, ... , /3), or among aP^by{x = 1, 2, ..., a ; y =: 1, 2, 

..., fx). 
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Ex, 2. If d is the H. C. F. of X and A;— 1, (i) the central of G is 
; (ii) the commutant of is {a^} ; (iii) G is metabelian if 
A is a factor of d^. 

Ex. 3. Find a group of the type of § 1 with non-cyclic Sylow 
subgroups. 

Ex. 4. {of} and {a, V} are normal subgroups of G ; {a\ h] is 
normal only if it contains the commutant of G, 

Ex. 5. Every subgroup of G is of the type {a\ hya^} where y 
is a factor of i is a factor of A and r + 1) -r 1), and 

Z > iP > 0. No two such subgroups are identical. 

Ex. 6. Every subgroup and factor-group of G is of the same 
type. 

Ex. 7. (i) G is soluble, (ii) The chief-factors of G are prime. 

Ex. 8, If every Sylow subgroup of G is cyclic, A; is a primitive 
root of = 1 (mod A), provided a and b are chosen so that G is 
not generated by two elements a, b where {a} is normal in G 
and of order greater than A. 

§ 2. The following four important groups are included 
among the gi'oups of § 1 : — 

(I) = 62—1^ 5^5 ^ ^i+2m . 

(II) = 1, = {abf; 

(III) = 62 ^ (abf = 1 ; 

(IV) = 1, = (abf = b\ 

Group III is the dihedral group of order 2 m, and group IV 
is the dicyclic group of order 4 m. The case in which m 
is a power of 2 has been discussed in XI 8. 

Ex. 1. Find the centrals and commutants of the four types. 

Ex. 2. (i) Every element of any one of the four groups is of the 
form a® or ha^, (ii) Find the order of each element, (iii) Find 
the conjugate sets of elementa 

Ex. 3. (i) {a®} is a normal subgroup of each type, (ii) Every 
non-cyclic subgroup is of the form {a\ ha^}. 

Ex. 4. Every subgroup of group I is Abelian or of the type L 

Ex. 5. In group II the subgroups {a^, ba^} are of the type II, 
III, IV according as I is odd, I and x even, I even and x odd. 

Ex. 6. In groups III and IV the subgroups {a^, ba^} are respec- 
tively dihedral and dicyclic, and they form one or two conjugate 
sets for a given value of Z as 2 is an odd or even factor of m. 

Ex. 7. Find the orders of the groups of automorphisms of the 
four types. 

Ex. 8. (i) If n» = 2 3 6 7' ..., the number of composition- 
series of III is 2“^ tty 1 1 d ! € ! {!..., where uy is the coefficient 
of in the expansion of (1— J^)“^(l— and + .... 
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(ii) The number of chief*series is 

(3y + 0x(y+<~l)!-r-yI6! ct Ct.... 

(iii) Find similar theorems for group IV. 

Ex. 9. (i) The dihedral and dicyclic groups are the only groups 
generated by a and 6, where a*' = {abY = 6^. (ii) A group of 
order 2j)® with cyclic Sylow subgroups is either cyclic or dihedral 
(i>>2). 

§ 3. Another inmortant special case of the group in 5 1 is the 
metacyclic group G = {a, 6} where aP = hP'-^ = 1, ao = ba ^ ; 
k being a primitive root of the congruence xP~^ = 1 (mod 
As in § 1 G is of order (p— 1). 

Every automorphism of {a} is completely given when wo 
know the power of a corresponding to a in the automorphism. 
Now leave different remainders when divided 

by p ; for = kf (mod (p>e>f>0) would involve 
= 1 (mod p), contrary to the hypothesis that A; is a primi- 
tive root of xP~^ = 1 (mod py Hence these remainders are 
the numbers 1, 2, ..., 2 ^ — 1 in some order or other. But 
b'^Vaby (13), so that every automorphism of {a} in 

established by transforming {a} by a power of 6, and no two 
powers of b establish the same automorphism. Hence 
= the group of automorphisms of {a}. Also since the only 
elements of 0 perrnutable with a are the elements of {aj, 
G is the holomorph of {a}. 

Ex. 1. The commutant of G is {a} and the central is 1. 

Ex. 2. There is only one abstract metacyclic group of order 

Ex. 3. The order of 62/ a® is (jp— 1) -f* (the H.C.F. of y and p— 1), 
unless y = 0 (mod p). 

Ex. 4. The subgroups of G are cyclic subgroups {bya^] not 
normal in 6^, a normal cyclic subgroup {a}, and normal subgroups 
{a, by}, where y is any factor of p— 1 and a; = 1, 2, ..., orp. 

Ex. 5. A metacyclic group contains a dihedral subgroup. 

Ex. 6. Every Sylow subgroup of a metacyclic group is cyclic. 

Ex. 7. Every composition-series of 6r is a chief-series. 

Ex. 8. If i)-l = 2Y8*6*7f <?ha8 

(y+6 + c-f ...)! y I 61 cl ... 
composition-series. 

Ex. 9. Every metacyclic group is complete. 

Ex. 10. 6r is simply isomorphic with the group of auto- 
morphisms of a dihedral group of order 2p. 

Ex, 11. 6r is simply isomorphic with the doubly-transitive 
permutation-group of degree p generated by fi^=(12...p) and 
T^{kik 2 ... \-i), where kg is that one of the symbols 1, 2, ... , 
p— 1 which satisfies kg^k^ (mod p). 
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Ex. 12. 6r is simply isomorphic with the substitution-group in 
the GF[p] generated by a/ = + 1, x' L e. with the group 

in the GF[;p] composed of every substitution of the form 

x^ = ax-^h. 


§ 4. If the Sylow mbgroups of a group G are cyclic groups 
of orders p ““ (pj < < ... < p„), O contains 

a normal subgroup of order p/ • • • Pm”^ 

taining every element of G whose order divides 

pf pftt' ••• - “»•)• 

(1) Let n^p^\j)f ^2 be the order of G. The number 

of elements in G whose orders divide n is n, and by the 
corollary of V 21 the number of elements in G whose orders 
divide n -f- p^ is A9^-r jPi (A integral). Let g of order p^\k l)e 
one of the (Pi — k) p^h^^ pf^ 2 p^m, elements of G whose 
orders divide n but not n^^py^. Such an element exists; 
for G contains by hypothesis an element of order pf^i. Then 
the order of g^ {pf^ik >e>Q) divides n but not n -f- Pi if and 
only if e is one of the (Pi— 1) A; integers less than pf^ik 
and prime to p^. 

Let h of order pf^il be one of the (pi — A) Pi”r^ pf^^ *^*Pm'^ 
elements of G whose orders divide n but not n-^py which 
is not a power of g (if such an element exists). Then as 
before Pi^i”^ (Pi— 1)^ of the powers of h divide n bul not 
n-i~py. Now take one of the (Pi— A) Pa”* ...p”** 

elements whose orders divide n but not n -f- Pi which is not 
a power of gr or A and reason as before. Continuing the 
process till all the (Pi— -A) Pg^a ...p®*** elements are 

exhausted, we see that (Pi— A) Pi”r^ P 2 ”* - ‘P"”* is a multiple 
of s-nd is not zero. Since Pj— 1 is prime to 

Pa”* ...p”"*, we must have A = 1. 

(2) By (1) and the Corollary of V 21 the number of 
elements in G whose orders divide n^py but not n -f-Pi® is 
(Pi— m) Pi”j“* P 2 ”* ••• P®" (m integral). Then exactly as in 
(1) we may show that {Pi-y) Pi^i~^ pf^^ ... pa»* is a multiple 
of pi”i~*(pi — 1) and is not zero; from which it follows that 

M = 1. 

(8) This reasoning may be repeated to show that G con- 
tains exactly p/ p^®^+i ...p”*» elements whose orders divide 
Pr PrfV finally that G contains exactly p”"» 
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elements whose ordere divide p Hence G contains only 
one Sylow subgroup of orJer for if G contained 

two, G would contain more than elements whose orders 

are powers of Since is the only subgroup of order 
p in G, P^ is normal in G. 

(4) If r is any factor-group of G, the Sylow subgi'oups of F 
are cyclic. For that Sylow subgroup of F whose order is 
a power of is generated by an element of F corresponding 
to an element of order in G. 

Hence G/P^ contains a normal subgroup of order 
The corresponding subgroup P^_i of G is of order p “»*• 
and is normal in G. Again, G contains a normal subgroup P,n^.^ 
of order Pm-i' Pm'* corresponding to the normal sub- 
group of order in G / Continuing this process 

we see that G contains a normal subgroup P^+i of order 
P,^+i^P^+ 2 ^ ••• Pm”'^ group G/Py+i contains a normal 
cyclic subgroup of order p,.”r, and hence G / Pr+i contains 
a normal cyclic subgroup of order p/. The corresponding 
subgroup P of G is of order p/ p/^Y‘ **• Pm”* consists 
of those p/ p^^f^ . . . p elements of G whose orders divide 

Ex. 1. If G is Abelian, it is cyclic. 

Ex. 2. The subgroup P is characteristic. 

Ex. 3. If gi, g 2 , g,n are elements of orders ..., 

in G, P= {gA gr+u where u p^r-s 

Ex. 4. Any subgroup H of G has all its Sylow subgroups cyclic. 

Ex. 6. The result of § 4 holds good even if the Sylow subgroup 
of order p ”*** is non-cyclic, provided r^m. 

Ex. 6. Prove that G is soluble. This is true even if the Sylow 
subgroup of order p is non-cyclic. 

Ex. 7. The chief-factors of G are prime. 

Ex. 8. Assuming only that G contains a normal subgroup 
of order deduce from V 14 that G contains exactly 

...p®*** elements whose orders divide pAp^^^+i ...p 

Ex. 9. If a group G (with non-cyclic Sylow subgroups) 
contains exactly p/p“^+» ...p^”"* elements whose orders divide 
VrPrlV' ^ contains exactly p®^J^ whose 

orders divide f where Pi”iP 2 ®a ••• hi the order 

of G and s < a,.. 
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§6.-4 group G with cyclic Sylow subgroups is generated 
ly two elements a, h suck that {a} is normal in 0 and 
contains every normal cyclic subgroup of G, tvhile the lowest 
power of h permutahle with a is in {a}, 

(1) We assume that the result is true for any group whose 

order is the product of powers of m — 1 distinct primes. We 
shall then prove that the result is true for a group G whose 
order is the product of powers of m distinct primes. Then 
the theorem can be proved by induction ; for it is evidently 
true when m = 1 (h being identity). Let G be the group 
of § 4. It contains a subgroup H of index p^^i with cyclic 
Sylow subgroups formed of those elements of G whose orders 
divide Since H is the only subgroup of its kind 

in Gr, every element permutable with G is evidently permu- 
table with //; i.e. if is a characteristic subgroup of G, By 
our assumption H = [a, />}, where = 1, = a'’, ah = ha^ ; 

while {a] is normal in H and contains every normal cyclic 
subgroup of if, and is the lowest power of h permutable 
with a. Since every element permutable with {a) is pcr- 
mutable with each subgroup of {a}, {a] contains no cyclic 
subgroup not normal in H\ and since [a} is the only subgroup 
of its kind in if, every element permutable with H is permu- 
table with {a) ; i.e. {a} is a characteristic subgroup of if. 

(2) Let a cyclic Sylow subgroup of order p-f^i in G be 

generated by an element g\ and let g^ be the lowest power 
of g such that {,7^} is normal in G, As in V 1 /o is a factor 
of p^^\. Since if and {g^} are normal in G, g^^h^'^g^b is 
both in if and in {<7^}. Hence 1 ; for H and {g^} 

have only identity in common, since their orders are prime 
to one another. Therefore is permutable with 6, and 
similarly with a. 

Since the orders of a and g^ are prime to one another, the 
order of ag^ = the order of the Abelian group {a, ; and 

hence {a^g^} = {ag^} is cyclic. 

(3) Since {a} and {g^} are normal in G, {ag^} and every 

subgroup of {ag^} is normal in G. Conversely, every normal 
cyclic subgroup of G is contained in {ag^}. For suppose h 
generates such a subgroup of order pfm, where m is prime 
to Pi. Then ; being a normal cyclic subgroup of 

order m, is in {a} ; while {h^}, being a normal cyclic sub- 
group of order p^*, is in {g^}. Hence {hj = {AV, h^} is 
in {a/}. 
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(4) Now gf* is the lowest power of g permu table with a. 
For if g^ is permutable with a, b'^g^b is permutable with 
Ir^ab = a* and therefore with Hence Ir^g^b is permu- 
table with a ; for we can choose e such that ke = 1 (mod \), 
since k is prime to X. Now since g^ is permutable with //, 
every element of {g^^ H} is of the form g^^bVa^^ which is not 
permutable with a unless y = 0. Hence Ir^g^b is of the 
form g^^a^. But since the order of g^ is prime to the order 
of a, we must have cc = 0, so that b is permutable with {g^} 
and {g^} is normal in G. 

(5) Again, g is permutable with {a} ; suppose g'^^ag = 
Then since g^ is the lowest power of g permutable with a, I is 
a primitive root of = 1 (mod A). Now 

(bg)-^a(hg) = g~^a'‘g = ; 

hence by 1 3 

{bgY^a(bgY = 

If {bgY is permutable with a, yV = 1 (mod A) ; and then 
1 = (kH^Y = and 1 = {yVY = (mod A). Since ^ and p 
are prime to one another, we deduce that t is a multiple both 
of and p if (bgY is permutable with a. Hence the lowest 
power of bg permutable with agf* is a multiple of fip ; for 6 
and g are permutable with g^, 

(6) Write now a for b for hg. Then {a} is normal in 
{a, b}, and the order of {a, b} = {a} + {a}b+ {a}b2+ ... is 
^ 71. For the order of a is -f* lSf > ; while the order of b 
relative to {a} is ^ p/3, since the lowest power of b permu- 
table with a is a multiple of pp. But fa, b} is a subgroup 
of 0. Hence is in {a}, and G= fa, b} where {a} is 
normal in G and contains every normal cyclic subgroup of G, 
while the lowest power of b permutable with a is in fa). 

Ex. 1. A group r whose order contains no square factor is of 
the type = 6^ = 1, ab = ba\ where is a primitive root of 

= 1 (mod A) and A is prime to p. 

Ex. 2. (i) Find the conditions that b^af^ should correspond to 
a, b^a^ to b in an automorphism of //. (ii) Find the order of the 
group of automorphisms of P in Ex. 1. 

Hamiltonian Qboups 

§ 6* A non-Abelian group all of whose subgroups are 
normal is called a HamUtoniaTi group. The simplest type 
of Hamiltonian group is the quaternion group = 1, 
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a? = {ahf = 6® which is identical with the dicyclic group 
of order 8. It contains one subgroup {a*} of order 2, and 
three subgroups {a}, {6}, {ah} of order 4* 

Ex. 1. Verify directly that every subgroup of the quaternion 
group is permutable with a and K 

Ex. 2. Every subgroup of a Hamiltonian group is Hamiltonian 
or Abelian. 

Ex. 3. Every element of order 2 in a Hamiltonian group is 
normal. 

Ex. 4. A Hamiltonian group is the direct product of its Sylow 
subgroups. 

Ex. 5. Every factor>group of a Hamiltonian group is Hamiltonian 
or Abelian. 

Ex. 6. If o? = {ahY = {a, 6} is Abelian of order 4 or 

quaternion. 

Ex. 7. If hob = a and ah = ha^, {a, h} is Abelian of order 4 
or quaternion. 

Ex. 8. The quaternion group is the holomorph of a cyclic group 
of order 4. 

Ex. 9. (i) The group of inner automorphisms of a quaternion 
group is non-cyclic of order 4. (ii) The group of automorphisms 
is simply isomorphic with the symmetric group of degree 4. 

Ex. 10. The quaternion group is not the group of inner auto- 
morphisms of any other group. 


§ 7. The direct product O of an Abelian group A of odd 
order x, an Abelian group B of order 2”* UTid type (1, 1, . . , , 1), 
ami the quaternion group C is Hamiltonian. 

Let H be any subgroup of 0, let h = abc be any element 
of //, and let g = be any element of O ; where a and a 
are in A, b and /3 in B, and c and y in C. Then 

g^^hg = y”^/3~^a~^a6ca/3y = y'^abcy = y^^cyah. 

Now since = 1 and {cj is normal in (7, y"^cy = c or c\ 
Hence g^^hg = h or c^h. But H contains 

h^ = (abcY^ = a^b^^G^ = (since = 1 and x is odd). 

Hence II contains g'^^hg and is normal in 0. 

The converse of this theorem is proved in § 9. 

Ex. 1. Every element of [B, C} is of order 1, 2, or 4. 

Ex. 2. The central of €r is the direct product of A and H, 
where H = { e} is Abelian of order 2^+^ and type (1, 1, ... , 1), 
e being the element of order 2 in (7. 
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§ 8 . There is no Hamiltonian group of order p^ if p > 2. 
If p there is one and only one abstract Hamiltonian 
group of order p^ (a > 2); it is the direct product of the 
quaternion group and an Abelian group of the type 
(1, 1, 1). 

(1) Let 6r be a Hamiltonian group of order jr>”. Let g of 
order p^ be an element of G which is not normal in 0 but 
is such that every element of lower order in 0 is normal. 
Let h of order jpM (fi ^ A) be any element of 0 not permutable 
with g. 

Let c = Since O is Hamiltonian Ir'^gh is in {jr;|, 

and therefore c is a power of g» Similarly, is a power of h. 
Hence c lies in the greatest common subgroup 7) of {g) and 

{h}- Since D contains the subgroups and 

{h'P^'~^} of order p in {g} and {h}» Therefore g'^~'^ = 
where u is prime to p. Since h is not permutable with g^ 
D ^{g} and hence A > 1. 

Now by 14 g~Ph''^gPh:= cP. But gP is normal in 0 by 
hypothesis, and hence cP = 1. Again, (hygY = 

Putting y := ^upP~^, wo have 

Hence if jj is odd, or if p = 2 and y is even or A > 2, (hygf = 1. 
Now since hyg is not permutable with A, we cannot have 
(hygY = 1 ; otherwise hyg would be of lower order than g 
contrary to hypothesis. Hence ^ = 2, 2/ Is odd and therefore 
A = /It, and A = 2. Therefore A = /ut = 2 and = A* = 1 , = li^. 

The group {g,h} is evidently a quaternion group. 

(2) We have shown that any two non-permutable elements 

of a Hamiltonian group 0 of order 2” generate a quaternion 
subgroup. Now every element of order 2 in 6r is normal ; 
for if g is such an element, {g} is normal. These elements 
of order 2 form an Abelian subgroup H of the type (1, 1, 1). 
Let = 1, = {ab^ = 6'^ be any quaternion subgrouj) C. 

If d is any element not permutable with a, {a, d} is a 
quaternion group and d* = 

Let y be any element of 0 permutable with a and b. Then 
yb is not permutable with a, and hence a*=(y6)*=y^6*=y*a^. 
Therefore y^ = 1 and y is in H. 

If y is an element of O not permutable with a and 6, three 
cases can arise since y is permutable with {a} and {&], 
namely (i) y"^ay = a, y“^6y = 6®, (ii) y~^ay = a®, y^^hy = 6, 
(iii) y“"^ay = a^, y“^6y = 6^ It is at once proved that a and b 
are both permutable with (i) ay, (ii) 6y, (lii) aby. Hence as 
before H contains (i) ay, (ii) by^ (iii) aby. In each case y is in 

BILTOV F« a. H 
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CH. Hence = {(7, JET}, and H is the central of G. The 
greatest common subgroup of G and H is {a?}. Let B be 
a subgroup of index % m H not containing {a*}. Then 
G ^ {By C} and is the direct product of B and U, i.e. of an 
Abelian group of order and type (1, 1, 1) and the 

quaternion group. 

Ex. 1. The commutant of 6r is {a^}. 

Ex. 2. G contains 2®'“^— 1 subgroups of order 2, 8.2®'* of 
order 4, 2®“^ — 1 of index 2, (2®“^— 1)(2®“2 — i) of index 4, and 
2 ^ 0-6 quaternion subgroups. 

Ex. 3. If every subgroup of order >p in a non- Abelian and 
non-Hamiltonian group K of order p® is normal {p > 2), K contains 
only one normal subgroup of order 

§ 9. Every Hamiltonian group is the direct product of an 
Abdian group of odd order, an Abelian group of order 2^ and 
type (1, 1, 1), and the quaternion group. 

By Corollary IV of XII 1 a Hamiltonian group G is the 
direct product of its Sylow subgroups. Now eacn of these 
subgroups is evidently Hamiltonian or Abelian. Hence by 
§ 8 the Sylow subgroups of odd order are Abelian, and there- 
fore their direct product is an Abelian group A of odd order. 
Again by § 8 the Sylow subgroup of even order is the direct 
product of an Abelian group B of order 2"* and type (1,1,...,!) 
and the quaternion group G. Hence G is the direct product 
of Ay By and C ; which proves the theorem. 

Ex. 1. The commutant of G is of order 2. 

Ex. 2. The central of G is of index 4. 

Ex. 3. Gr is metabelian. 
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CHARACTERISTICS 

§ 1. If a group 0 is simply or multiply isomorphic with 
irreducible homogeneous linear substitution-groups S, S\ S", 
.,.(VII4), then ... are called Tepreaentationia of G. 

Let g be any element of (?, and let s, s' be the coiTesponding 
substitutions of 8, 8' respectively. Then if a fixed substitution 
t can be found such that whatever element of 0 

g may be, 8 and /S' are called equivalent representations of 0 ; 
if not, 8 and 8' are called distinct representations. 

Every substitution conjugate to s in has the same 
characteristic equation (III 6). Hence the substitutions of 8 
corresponding to each element conjugate to g in G have the 
same characteristic equation ; for to an element of 0 conjugate 
to g evidently corresponds an element of 8 conjugate to s. 
The sum of the roots of the characteristic equation of s is 
called the characteristic in the representation of the set 
of elements conjugate to g. 

Suppose 8 is of degree m. Let s be transformed into the 
multiplication WgCCg, ...» (HI 8); then 8“^ is 

transformed into ..., If s is of 

order q\ Wi, 0 ) 2 , ... , are g^-th roots of unity and are the 
roots of the characteristic equation of s. Hence the character- 
istics + ••• <Di“"^4-a)2”^ + ... + 0 )^"’^ of the sets 

of elements conjugate to g and g'^^ are conjugate imaginaries ; 
for is conjugate to If the conjugate set containing g 

is self-inverse (V 6), its characteristic is real. 

If gr = 1, 8 is (ajj, a? 2 , ..., a?^). Hence the characteristic of 1 
is the degree m of 8. 

If we replace each coefficient of every substitution of 8 
by the conjugate imaginary, the substitutions so obtained 
obviously form a group 8 simply isomorphic with 8 which 
is also a representation of G: 8 and 8 are called inverse 
representations. If 8 and 8 are equivalent representations, 
8 is called a self inverse representation. 

N 2 
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Ex. 1. The following table shows the 3 distinct representations 
and the corresponding characteristics for the group 

= 62 — (^ 5)2 == 1 . 


Elements 

Substitutions of the representation I 

Characteristic in 

of group 

s 

S' 

s* 

8 


-H 

1 

X 

X 

(p,y) 

1 

1 

J 

a 

X 

X 

/I .v/S a/3 1 \ 

1 

1 

-1 

a* 

*c 

X 

/ 1 a/3 a/3 1 \ 


b 

X 

— X 

(x, -y) 

1 



ha 

X 

-X 

/ 1 a/3 a/8 \ 

(-^x+-^y, -^x+^y) 

1 

-1 

0 

ha^ 

X 

—a; 

/I a/3 a/3 1 \ 





Ex. 2. One and the same group of linear substitutions may 
give rise to two or more representations of G. 

Ex. 3. The characteristic of a set of elements of order 2 is 
integral. 

Ex. 4. Every representation of G is simply isomorphic with 
a factor-group of G* 

Ex. 6. Every representation of a factor-group of G is a repre- 
sentation of G. 

Ex. 6. The substitution-group of degree and order 1 is a 
representation of every group. 

Ex. 7. Every representation of an Abelian group is of degree 1. 

Ex. 8. A group is not necessarily simply isomorphic with any 
one of its representations. 


§ 2, Suppose is a group whose elements form r conjugate 
sete of which the first is the set containing only identity. 
Denote the elements of the ifc-th conjugate set by (Gj^ = 1). 
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Let ... be the distinct representations of Q ; where 

iS. is the homogeneous linear group of degree and order 1, 
which is evidently a representation of every group. 

We denote by Xk*. characteristic of Gj^ in the represen- 
tation Then Xi* is the degree of >S\*, and x^^ = 1. 

We denote by Xfe> the characteristic in of the set inverse 
to Then xjfe% xJ are conjugate imaginaries, and are real 
and equal if is a self-inverse set. 

We denote by Xk^ characteristic of in the repre- 
sentation inverse to 8^, Then Xk^ and xa;* are conjugate 
imaginai'ies, and are real and equal if 8^ is a self-inverse 
representation. 

The r characteristics Xi*> X 2 *» •••♦Xr* called the set of 
characteristics of 0 in the representation 8^. 

Ex. 1. x/ = Xk'^ and xi/\= Xk^: 

Ex. 2. The modulus of Xk^ < xi* 

Ex. 3. If xi* = Xa* = X 5 *= •••> simply isomorphic with 

G/H, where = Ci + + CJ, 4- .... 

Ex. 4. Let xi9 X2f X 3 > ••• a set of characteristics for the 
conjugate sets JJj, JE^f ... of a factor-group r of G; and let 
C,', 0/, ...^ be the conjugate sets of G corresponding to the 
elements Ej^ of r. Then there is a set of characteristics of G in 
which Xk is the characteristic of each of 

...(*=1,2,3, ...). ^ 

Ex. 5. Every characteristic of a symmetric group is real. 

§ 3. Suppose G is an Abelian group of order n. Then 
r = n, and each conjugate set contains one element only. 
Any representation 8i of G (being irreducible) is of degree I 
by VII 8 ; hence Xi^ = 1- 

Let [ffi, 029 •••> 9t] a base of G, and let be the order 
of g^. Let be the substitution of 8^ corresponding 

to Qg ; so that = 1 and o)^ is the characteristic of in the 
representation 8^, Then the substitution of 8^ corresponding 
to gi^ig%^* ... Ot^t is 0 /^= <Wj^i 0*2^3 .•• and ... is 

the characteristic of 01^^02^^ ••• the representation 

Now a)g may be any one of the a^-th roots of unity ; 
hence there are Ug ... = n. distinct representations of (?. 

If 0^ is any primitive a^-th root of unity (so that 0f^« = 1, 
1 if y < Qg), the characteristics of 91^192^^ ••• 9t^i the 
n representations are 

(K ~ L 2, ... , ; e = 1, 2, ... , t). 

The representations of G may be considered as elements if 
we define the product 8i8j as follows. Let the characteristics 
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of 9x02 representations Si, 8j be respectively 

^jh^2*2 ... 0^Ji62^2 ... e^Jt; then the product SiSj is defined 

as the representation in which the characteristic of 9^92 •••9t 
is 6^^162*2^2 ... 6iU%. It is at once seen that the represen- 
tations considered as elements form a group 2 simply iso- 
morphic with (?, the element 9^1 9*2... g*t in 0 corresponding 
to the element Si in 2 . 

Ex. 1. If every characteristic of an element g in an Abelian 
group is real, = 1. 

Ex. 2. The number of representations of any group G of the 
first degree = the index of its commutant A. 

Ex. 3. The substitution-group a/ = ir, —a? stands for 2®— 1 
distinct representations of an Abelian group of order 2“ and type 
( 1 , 1 , 1 ). 

Ex. 4. The multiplication table of an Abelian group of order 
n considered as a determinant of elements is the product of 
n linear factors. 

Ex. 5. (i) The multiplication table of any group considered as 
a determinant has q linear factors, where q is the index of the 
commutant. (ii) Find these linear factors in V Ij. 

Ex. 6. The sum of the characteristics in any given representation 
of all the elements of an Abelian group is 0, uj^ess each character- 
istic is 1. 

Ex. 7. The sum of the characteristics of a given element of 
an Abelian group in every representation is 0, unless the element 
is identity. 

§ 4 . Let H be any subgroup of the Abelian group 

G = Hy^ + ify2+ ... + Hy^, 

and let S be one of the u distinct representations of 0 /H. 
Since 0 is multiply isomorphic with ( 5 /if and G/ H with S, 
iS is a representation of G, The characteristic of every 
element of H in the representation S of G is 1 . Conversely, 
if the characteristic of every element of H in the represen- 
tation of G is 1 , iS is a representation of G/H, For 
evidently in this case the characteristic of every element 
in Hyi^Hyj is the same. 

Now let 6^1 6^2 ... 6i^t be the characteristic of 9^92.., 9^ in 
the representation S. Then the u elements of the type 
form a subgroup K simply isomorphic with 
G ^ H. For they evidently form a subgroup simply isomorphic 
with the group L whose elements are the u rraresentatibns 
of 0 / H, 9i^i92^2...9t^t corresponding to S: and L^Q/H(\Z). 
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The subgroup bears the same relation to K that K does to 
H. For g ^% . . . g^h is in H if and only if . • . Bfhh = 5 1 

for each of the u sets of values of Again, 

B^B^ 6^ is the characteristic of gig^^^.gt in a represen- 
tation of U / K if and only if ... Bhh = 1 for each of 

the u sets of values of Aj, Arg, whicn is the same con- 

dition as before. For this reason U and K are called re- 
ciprocal subgroups of G. 


Ex. 1. The subgroup of G reciprocal to H depends on the base 
\giy g^, ..., g^ and on the quantities B^y 0^. 

Ex. k if is a subgroup of the group reciprocal to any subgroup 
of//. 

Ex. 3. An Abelian group contains as many subgroups of index 
g as it does subgroups of order q. 

Ex. 4. An Abelian group contains as many subgroups with 
given invariants as it has factor-groups with those invariants. 

Ex. 6. An Abelian group of order with t invariants has 


factor-groups of the type (1, 1, 1, ... to q terms). 

Ex. 6. An Abelian group of order of the type (2, 2, 2, .. 
1, 1, 1, ...) — y 2*8 and z 1 ’s — contains 

py-i 

subgroups of index p\ 

Ex. 7. (i) Any group contains 

- py+^-i 


— py- 
(l)!«-l)(p-i) ^ p-l 


normal subgroups of index where y and z are zero or positive 
integers, (ii) Find y and z in the group of XI 7. 


§ 6. The discussion of the properties of characteristics of 
non- Abelian groups is too difficult to be included in an 
elementary treatise. We shall confine ourselves to a statement 
of the fundamental relations between the characteristics and 
to one application. 

Using the notation of § 2 it may be proved that there are 
r distinct representations of G.* Let be the number of 
elements ; so that 71 = Aj -f + . . . + Now if any 
element g is contained among the h^hi elements we 

prove immediately that Cj^Ci = CiCj^ includes every element 

♦ For a proof of these important theorems see two papers by Prof. W. 
Burnside; Acta MathemcUica, xxviii (1904), p. 369 and Proc. London Math. 3o(., 
2i (1908;,p. 117. 
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conjugate to g. Suppose that the elements Cj^Ci include 
the elements times, the elements times, the 

elements times; i,e. + ^ 2 ’*"••• 

where are zero or positive integers. Then 

= Xi’’(c«i^lXi’ + CfeiAX2*+ ••• +<^klrKXr*) W* 

f'l XiXi^ + hXi^Xi’ + •.. + Kx/xr^ = or 0 

as^ = ^ 

or (ii)* 

In (ii) keep i fixed and let j take the r values 1, 2, r. 
Solving the r equations so obtained we get hj^xj*X = nXjJ , 
where X^*' is the co-factor of in 


A" = 

X.‘ 

X2^ • • • 
X2“ • - * 

Xr’ 


Xi^ 

X/ 


Xi' 

X2'‘ • • • 

x/ 


Now X,.»'xj' + Zj^'xz* + ... + ^/'x/ 

= ^ li^'x/ + ^k‘^Xi^+->> + Xi^'= -X" or 0 

according as *= A: or k, i. e. as Z = A:' or A gfc k'. Hence 


Xfc’xi^ + Xfc’'xz*+-- + X*’'xr = ^or 0 as l=¥ or Z#A:' (iii) 

In (i) keep k fixed and let I take the r values 1, 2, ..., r. 
Eliminating AiXi^ ^ 2 X 2 ^ ••• > ^rXr* between the r e 2 [uations 
so obtained we get 



^kl2 

• • • ^Jclr 

^/v21 


• • • ^k2r 

^krl 

<^kri 

• • • ^krr 


where k = 


hxk' 

Xi 


(iv) 


Ex. 1. The alternating group on the symbols 1, 2, 8, 4 contains 
4 conjugate sets 

Cl =1, C., = (1 2)(3 4)+(l 3)(2 4)+(l 4)(2 3), 

C, = (1 2 3) + (1 4 2) + (l 3 4)+(2 4 3), 

C?4 = (1 3 2) + (l 24) + (l 4 3)+(2 8 4). 


* See footnote on p. 183. 
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The table gives the value of Putting A; = 3 in (iv) we have 
= 64 K. Hence <c = 4, 4W, 4a>® or 0, where 2u) = — 1+ ^ —3. 
Putting these values of k in the 3 equations (i) where A; = 3 and 
1 = 2, 3, 4 we get for the ratios hiXi : ^2X2* • ^*3X3* ^ hXi' 
values 1 : 3 : 4 : 4, 1 : 3 : 4(0 : 4a)‘^, 1:3: ; 4ci), and 1 : — 1 : 0 ; 0. 

Substituting in the result of Ex. 4 (noting that Ci and are self- 



Va^ae of Cj^ie^Cn^e 


inverse, while C3 is inverse to C4) we obtain the values 1, 1, 1, 3 
for Xi* respectively. Hence we get the above table for Xji* 

The corresponding representations are those generated by / = a-, 
sf zzoiXj af ^ (o^ar, (y, Zy x) and (a?, — y, — £f). Of these 8^ and 
are self-inverse representations, while 8^ is inverse to 63. 
There are 3 representations of degree 1, since the commutant 
Cl -t- (/2 ^ ^ ^ 2 )* 
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Ex. 2. (i) hi'=ih^) (u) Ml = c*n*i + c«2^2+ ••• +CwA; 
(iii) Cku = Ct^; (iv) c^u = Ck'tt'i iV Ctu-^ or 0, as c = « or 
e^l; (vi) Cmi = Afc or 0, as ? = *r or i ^ ; (vii) = 0 if 
(I is not in the commutant ; (viii) 

‘Ex. 8. Prove fc,Xi‘ + ^X2 ‘+ +ArX/ = 0 (^.1)- 

Ex. 4. Prove ^iXi'Xi’‘ + ^X2‘X2'‘+ — +*,-X/Xr'* = «• 

Ex. 6. Verify (i) when the elements and are in the 
normal subgroup of 6r corresponding to identity in 

Ex. 6. Verify (i) and (ii) for an Abelian group. 

Ex. 7. Find the characteristics and corresponding representations 
for the group (i) = {abY = 1 ; (ii) = (^abY = 1 ; 

(iii) a® = 6^ = {abY = 1. 

Ex. 8. Find the characteristics for the groups 
(i) a® = 1, a® = {abY = J {^) = {abY ~ 

Ex. 9. Find the characteristics for the group = 6^ = 1, 
ah = 5a2. 

Ex. 10. Find the characteristics for the symmetric group of 
degree 4. 

Ex. 11. Find the characteristics for (i) the alternating group, 
(ii) the symmetric group of degree 6. 

§ 6 . iVb simple group contains a conjugate set of p^ 
elements. 

Suppose that in the group (? of § 6 the conjugate set Cj^ 
contains p^ elements, i. e. = p^. Put ? = 1 in § 5 (iii) then 

Xi‘ Xfc^ + Xi^X + • • • + X/Xk’’ = 0 (j) 

If Xi* = 1 (i ^ 1), the representation 8^ is of degji-ee 1 and is 
therefore Abelian. Hence (?, being isomorphic with 8^ is not 
simple. 

Next suppose Xi*=3^ 1 unless i = 1. Since 
follows from (i) that not all of Xi^X&^j x/XJt^ •••» X\Xk ^ 
divisible by p. Suppose XiXh^ divisible by p. 

Let <r of order q be an element of 8^ corresponding to an 
element of (7^. Then <r can be transformed into a multiplica- 
tion of the form a)®3 ...) where <o is a primitive 

gr-th root of unity, and xjJ' = + + .... Denote by 

0)3, ..., ft>j(= Xi*) quantities obtained by 
putting 0)^, 0)*, ..., 0)^^”^, for ta in Xk*^ 

(a?— a)i)(a;— 0)3) ... + 

Then *..,t^ are integers; for they are integral symmetric 
functions of the roots of = 1. 

Now by § 6 (iv) hj^Xk* •?" Xi^ of *wi equation of the 

form a^4-jPia?’'"^+ == 0, where ...,Py are integers. 
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Then the H. C. F. of of + ... and 

is of the form aj/+ 5^^ «/“' + ... + 5y, where “m?/ a-re 

mtional ; / is 0 since the H. C. F. is divisible by aj — • 

T X r r , 

Let a 5 *^+picc^“^ + ...+Pr 

= (a/+ gi + ... + yy) + ... + r^), 

where r = €+/. Then gy is integ^ral. For let X and /tx be 
the L. C. M.*s of the denominators of the rational fractions 
7i» $'2* •••» Qf ^2» •••> respectively. Then 

A/ui (a?’’ + • • • +2>r) 

= (A a^^ + X a^-^ + . . . + A gy) (fxaj® + /ji a;^-' + . . . + /ut r^), 
and therefore by Gauss* theorem* A = fx = 1 . 

Now the integer q^ is the product of / quantities 

AjWj /tfca>5 

Xi* Xi" Xi* 

Since hj. = »• and Xi^ is prime to the product ^ ~ ^ . 

must be integral. But since ci)|, co^, ... are each the sum 
of Xi* quantities with unit modulus, the moduli of Wj, a)„, wj, ... 

are each < xi*«t Hence the modulus of — ^ ^ is integral, 

since the modulus of is integral. This is only 

, Xi* Xi‘ Xi* 

possible if Qj = Qg = 03 = ..., and then the substitution <r is 
a similarity. Hence contains a normal element cr and is 
not simple. Therefore G being isomorphic with is not 
simple. 

Ex. Prove that a group G of order p^qf^ (p and q prime) is 
(i) composite, (ii) soluble. 

• * If the coefficiente of Oq + 04 + . . . + Om are integers with no common 
factor, and the same is true of - + the ooeillcients of their 

product + . . . + Cm-^-n have no common factor.* In fact, since 

C| Oq ^<+® i given prime dividing a^, a ^, ..., and 
bQf 6,, but not ag or 6* divides Cq, e^, Cg^h^i but not Cg^h» 

t For the sum of the moduli of two or more quantities ^ the modulus of 
their sum. This is at once evident from the graphical representation of com- 
plex quantities. 




HINTS FOR THE SOLUTION OF THE 
EXAMPLES 


CHAPTER I 

§ 1 . Ex. 2. (i) a. aa = ca = ae, aa = e. (ii) gaa = /iaa, 

Ex. 3. ah ... = ah ... h. ... 6~^a-i = ... 

= ah.b^^a^^ = a.a”^ = 1. 

Ex. 4, 5. Prove as in ordinary algebra. 

Ex. 6. aH = (iba = baa = ; and this can be at once 

extended. 

Ex. 7. Prove as in Ex. 6. 

Ex. 8, 9. Prove when w = 1, and then use induction. 

Ex. 10, 11. The identical element is zero when the law of 
combination is that of addition, unity when the law is that 
of multiplication. 

§2. Ex. 4. (ii) If a; = A;n+i (w>?>0), 1 = i = 0. 

Ex. 7. Use I l 7 (i). 

Ex. 8. (i) It x=:kn + l (w>2^0), is permutable with 6. 

i = 0. (ii) Prove as in (i). (iii) Find integers x and y such 
that a;r = 1 (mod n) and ys = 1 (mod m). Then since a^ and 6* 
are permutable, so are a§ **' = a and bv^ = K 

Ex. 9. ab,ba = ab^a = a^ = 1. 

Ex. 10. ba = ba, abab = baobab = b^ab = ah. 

Ex. 11. (i) Find integers x and y such that xr^^yq = 1 and put 
a =: xTy p :=i yq, (ii) a^ = {bc)^ = = c«. 

.\ afi =: cyy = == c. 

Ex. 12. Use I IgO) and (iv>. 

Ex, 13. Use I Ig, putting ^ = 1. 

§ 3. Ex. 1. If a^ = 1, (b-^ab)^ = b“la"b = = 1, and con- 

versely. 

Ex. 3. ab = b~’^(ba)b. Now use Ex. 1. 

Ex. 4. c“^(ab)c = c’^^ac . c~^bc. 

Ex. 5. If a“^ca = b^^cb, boT '^ . c = c. boT^ and ab~^ . c = c . ab""*. 

Ex, 6. (i) Use induction ; 

(ii) (b^aO”^ (^oT) = by.b’^yarnv . b-*a»b« . a^ Now use § 3. 

Ex. 7. Put y icL b'^'abv = a*^ 

Ex. 8. 1 or 31. 
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Ex. 9. = 1 (mod p) for all values of k prime top. 

Ex. 10. b‘'^ab = and a""^5a=6“^, 

b^:=:b. aba = bab .a = a\ 

Hence 6^ -- ^2 ^ a-^a^a = a^^b^a = and b^ = 1. 

Ex. 11. If a''^ca = c® and b^^cb^c^, {ab)~‘^c(ab) ^ b~^^c^b 

^if^p z=i {paY^cifia). 

§ 4 . Ex. 2. a"“^6“^a5 . 5“^a”^5a =*= 1. 

Ex. 8. is the commutator of g^^ag and g''^bg. 

Ex. 4. If b-a^^b^^ab, 6=1. 

Ex. 5. Use I 85. 

Ex. 6. a^^b~^ab = (ba)'"^. (06). Now use 1 83. 

Ex. 7. a^^b-^ab =z (baYHaba-H-^)ba. 

Ex. 8. a^^b~^ab = a6a6. 

Ex. 9. If and hgb'^^ =z g=z a~''^gya = b~^g^b. 

Hence c~^gc = h~^a~^ba . g • a~^b~^ab = b~'^a~^b . gy , b'^^ab 

= b^^a~^ ,gy^ . ab = b^^g^b = p. 
Ex, 10. Put a = the order of a in a~®6“^a“6 = c®. 

Ex. 11. (i) and (ii). Use induction or Ex. 2. (iii) Making 
repeated use of a” 6^ = we have 

b^ya^^.b -'^a'^^.a^by, a^¥ = b~y a^^b^^a^byc^y^¥ - 
Ex. 12. Use induction and g'lgj = gjg'lc^^ 

Ex. 18. (i) 


CHAPTER II 


§ 1, Ex. 2. 6. 

Ex. 4, Call the rows of the hoard 1, 2, ..., m and call the files 
a, 13, ..., /*. Place a queen on the square common to each row 
and file with the same name. 

§a. Ex. 7. Of (a 6) and (be). 

§3. Ex. 1. (18 64 9)(2 8 5)(710), (1 11 10 9 6 2 7 3 5) (4 12 8) 
(18 14), and (a e)(b g c /). 

Ex. 5. (i) (a h ... l)(m n ... x), (ii) (ab c xg b ...). 

Ex. 6. Use Ex. 6. 

Ex. 8. {iUhj xy e — {u) {h j ( rf ^ ...) {i k x y e ...). 

Ex. 9. replaces a^ by 

Ex. 10. (ab c ... l)(a }3 y ... \)(A B C ... L) ... containing k 
cycles = (a a A ... b B c y C I \ L ...)*. 

Ex. 11. (1 2 4 8 7 8 5 6 10 12 11 9f. 

§ 4 . Ex. 2. 6, 20, 2. Resolve into cycles. 

Ex. 8. By II 87 the statement is true for circular permutations. 
Suppose ABC ..., where A, B, C, ... are circular permuta- 
tions, no two of which have a symbol in common; and let 
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A. — AiA^f J? — O— ^ 1^29 wher© IB^yCi^ 

C 2 , ... are of order 2. Then 5= ••• == 

...)(^ 2 -^ 2^2 ***)’ which is of order 2. 

Ex. 4. m!-^rst.., is integral if r+s+<4- ... = w. 

§ 5 . Ex. 1. (5 6 3 4) (9 8 1) (2 7), (4 1 3) (7 8 ) (6 2). 

Ex. 3. If ^ = (a 6 c ...) {him ...) ... and 
B = (a/3y ...) ... 

are the two similar permutations, J? = T'^^AT where 
/a h c ...hi m 

^ Y ... K K fjL ) 

Ex. 4. C is the commutator of A and T. 

Ex. 5. Let A ^ {a h c ... 1) {m n 0 ...) ... and B^{a ^ y ...) ... 
be the permutations. Then A^^B’^AB = A^'^ . B^^AB = 
{c b a I ...) {on m ...) ... . (/3& c ... 2) {mn 0 ...) ... = {afSb). 

Ex. 6 . If the 2 symbols are not consecutive in a cycle of either 
permutation, the commutator is of order 3 as in Ex. 6 . Similarly, 
if they are consecutive in (i) both, (ii) one and not the other, the 
commutator is of order (i) 2, (ii) 5. 

Ex. 7. By § 6 if T^^ST=S, Tia a power of S. 

Ex. 8 . If A ={a b c d e\ B = (1 2 3 4 5), the permutations 
required are the 25 permutations of the form A'^B^ together with 
the 25 transforming A into B and B into A^ i.e. 20 of the form 
(a2d5&3elc4) and 5 of the form (a 3) (6 4) (c 5) {d 1) (e 2). 

§ 6 . Ex. 2. (1 3) (1 6 ) (1 4) (1 9) (2 8 ) (2 5) (7 10) and 

(a c) {a e) {af) {b h) {b i) {h d). 

Ex. 3. {rs) = (1 r) (1 s) (1 r). 

Ex. 4. Assume the result true for the product of any number 
of transpositions < A;. Let Tg, ..., be transpositions 

whose product is a permutation G of degree m with s cycles. 
Then ... = CT^ has by II 84, 5 5 ± 1 cycles ; so that 

jfc— 1 > w— 5 ? 1 and .'. h^m^s. Now use induction. 

Ex. 5. Use § 6 and Ex. 4. 

Ex. 6 . Use Ex. 4, 5. 

§ ?• Ex. 2. Use § 6 . 

Ex. 3. Use Ex. 2. 

Ex. 5. By II 63 any permutation can be expressed as the 
product of transpositions all having a symbol in common, and 
the product of any two of these is circular of order 3. 

Ex. 6. By Ex. 5 every even permutation is the product of 
permutations of the type (1 rs), and (1 r a) = (1 2 5 ) (1 2 r) (1 2 a)*. 

Ex. 8 . If it contains a cycle of even degree, it is permutable 
with that cycle considered as a circular permutation. If it 
contains two cycles of equal odd degree, use IIS^. 
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CHAPTEB III 


§2. Ex. 4. «' = (— (te + 6)-r (car— a), (6a:+8y, 8*+ 18y), and 
{—4x + 8y + 6z, x~y—B, bx—8y—Qz). 

Ex. 6. 2, 2, 3, 3, 12, 6, 4, 2, 4. 

Ex. 7. Its M-th power is a:' = a“a: + 6 (o’* — 1)4- (a— 1). Hence 
the required condition is that a should be a root of unity and ^ 1. 
Ex. 8. (a**«, ♦»a’*“*fta:+o’*y, na‘^~^c x+a^z). 

^ 

Ex. 9. (o**®, -j ca: + d"y). o and d are roots of unity, and 

Cb — (t 


if a = eif, c = 0. 

Ex. 10. {—X’^2y+2js^y,js); (— 3a? + 7 ^+ 82 r, — a:+y+8ier, 

— 2iC+7^ + 5£r). 

Ex. 12. (i) Prove by induction, (ii) -f- tt is rational but not 
in^gral. 

Ex. Id. a; = -<a ... t^C to w-fl con- 

c( a-fd — a + d— — 

vergents, where A = ad— he. 


Ex. 14. Put in the form 


x'—a 

x'—b 


= A; 


x—a 

x—h 


Ex. 15. is derived from /S’* by putting 
= 1, a 4 = 64 = C 4 = di = dg = da = 0. .*. T’* = 1 if S’* = 1. 

Ex. 16. (i) y/ = -yi 4- (yi + 1), y/ = ya (yi + 1), y^' = y®, ... , 

y m-3 ” Vm-Z Vi — Vzt Vi — 2^3* ••• > >n-4 ~ Vm-Zf V m-z 

^ 1 j. y m-4 Vx 

~ ~-l -f -1 -f -1 

(ii) Obvious from (i) ; or notice that the w ! -f- 4 ! anharmonic 
ratios of m points in a line are equivalent to m— 3 independent 
anharmonic ratios, i.e. each such ratio can be expressed rationally 
in terms of any w— 3 independent ratios. 


§ 3. Ex. 2. (i) a;'= i(aa-\-hy)X’\‘{a^l3—aha + ahh—-h^y)'\ 

-r[ya;-f (a8— 6y)]; 

(ii) and (iii) ((Oja;,, (o^x ^, ..., to„xJ, (iv) {x, 2y, 8z ) ; 

(v) (— 32x-26y, 41a:+32y). 


§ 4 . Ex. 1. h,x<*ij+&i202a+ ••• +^t*»®»v = 

+ aig6j..+ 

Ex. 2. The determinant of AA~^ is 1. 

Ex. 3. The determinant of B^^AB is | h 
Ex. 4. The determinant of ^4’* is {| a |}’*. 

Ex. 5. Prove by induction. 

Ex. 9. Use Ex. 5 or Ex. 8. 




I -1 




Ex. 10. (ii) If AA' = BIS' = 1, CC = ASS' A' = 1 by Ex. 8 ; 
)r note that since A and B leave ... +Xf^^ unaltered 

K> does AB. (iii) Prove as in (ii). 
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Ex. 11. (i) If ^ ^ and AA^ = 1, AA' = AA' = 1 ; (ii) and 

(iii) prove as in (i). 

Ex. 15. (ii) If (7= .4.4' have readily = Cj^ and c (ir, i) 
= a:,'5i'+«2'i=/+ ... + 

Ex. 16. (i) By Ex. 7 the deteiminant of A A' is 

(ii) the product of | a | and its conjugate is 1 ; (iii) | a | is not 
altered by changing into ; see also § 5. 

Ex. 17. If A is orthogonal, so is A\ 

Ex. 21. (i) Use Ex. 10 (i) ; (ii) B' AB is symmetric if A 
is symmetric by Ex. 5; and if B is orthogonal, B' 

(iii) prove as in (ii). 

Ex. 22. a:i'=:ai:ri + a 2 ^ 2 + = “T? ^2 + 

Ol± 1 

Ex. 23. (i) Let , 1 f, + ^, -4 ^2 + ... + Then a (x, %j) 

= 2afjyiXj= = = by 

hJ '.J UJ 

Ex. 6. (ii) As in (i). 


§ 5. Ex. 8. If a(a?,5) = ajXiXi + ... +ayX,.Xy 




••• **• "h/^s ^5+1 

- ... 

where all the a ’s and_/3’s are positive, then __ 

a 1 Xi Xi + • • • + CXj-X,. X.f + ^«+l ^s-fl 4" • • • + _ 

= c(r+i^r+i^r-»-i4- ... + a„jX,„X„, 4“f4i Xj + ... -{-iBgYgYg. 

Now if w— 5 + r > wi — r+s we can choose XiyX 2 f ...» so that 

x,^,= ... = x,,= r, = ... = r, = o, 

while not all of Xi, ...,X,., Yg+i^ ..., Y^ are zero. This is 
impossible, and therefore r < s. Similarly r>s; and r = 5. 

Ex. 4. Every positive form is > 0, and the sum of any 
number of positive forms is > 0. 

§ 6 . Ex. 2. |a| 0. 

Ex. 8. Use equations (iii) of § 6. 

Ex. 9. Transform A and B so that (1, 0, 0, ..., 0) is the 
common pole. Then using Ex, 6 the result is obvious. 

Ex. 10. Use Ex. 9. 

Ex. 11. d{\) is not altered by writing a^j for au. 

Ex. 12. Put AX, for a;/, X, for ar^ in III 

Ex. 14. 2XZ = - 2(a,.iXi+a,-2-^2+ ••• 

+ = ;[“SXZ. 

Ex. 16. If a;/ = a,.ia:i + a,* 2 a? 2 + ^iV + ^ 2 ^ 2 '+ ••• 

+ = ^il^l+^t 2 ^ 2 + ... Now put AX,, for .t',., X^ 

for Xi in these equations and eliminate X^, X^, ...y X^, 

BILTOV F. a. O 


BILTOV F. a. 
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Ex. 16. (i) Use Ex. 10, 13 and A* = A"^, (ii) Use Ex. 10, 14. 

Ex. 17. 2 = 2 (a,jXi+ + ...^ 

_ + ^im^m) = ^ ^ 

Ex. 18, 19. Put Vi^Xi in Ex. 12; noticing that, if 
B is real and symmetric or Hermitian when D is. 

Ex. 20. Prove as in Ex. 19. 

Ex. 21. Use equations (iii) of § 6. 

Ex. 22. Let TAT~'^ = X. TA changesa?,. into (ajxXi + a^2^2+ 

... = AXj.ri+ ... ; and LT changes into (X^^n 
”^^21^12+ Hence XXj* = Xjln +l2i^t2 

+ •> ^)* Solving these m equations for 

^21 » •••> ^m\ ^11 ~ ^21 ~ ^31 ~ ~ Hence by 

Ex. 6 (1, 0, 0, ... ,0) is a pole of TAT^^. 

Ex. 23. Use equations (iii) of § 6. 

Ex. 24. Use Ex. 23 and III 42i, 22* 

Ex. 26. (i) (±i, 1). (ii) ± i; (1, 0), (l+i, 2). (iii) ± 1 ; 

(1, 1), (i, 1). (iv) 1, 2, 3 ; (1, 1, 0), (1, ^1, 1), (1, 0, 1). (v) 1, -1, 
— 1 ; (3, —2, 4), (1, — 1, Z) for all values of Z. (vi) — 1, — 1, -- 1 ; 
(3, 1, 2). 

§ 7 . Ex. 6. The w-th power of (a^x^ ... , a^x^ is {a{^Xi^ 

Ex. 7. Use Ex. 6. 

Ex. 12. If S^^AS^ A, a2i = ttgi = ... = a^i = 0. Hence 
(1, 0, 0, .., , 0) is a pole of A. 

§ 8 . Ex. 2. The substitution is obtained by transforming 
a similarity and is therefore a similarity. 

Ex. 3. The a’s and e’s are the roots of the characteristic 
equation of either substitution. 

Ex. 4. The practical method of § 8 can always be carried out in 
this case. 

Ex, 6. Transform one of the substitutions with two distinct 
poles into a multiplication. 

Ex, 6. Transform by (i) (5a;— (8— t)y, 6a;— (84* * * * 1)^); 

(ii) (2a;-(l4-t)y, y) ; (iii) (a;-i>, a;-y) ; 

(iv) (a;--er,a;— y— (v)(a?+y, 2a;+y-£r, 4a;+4y— £r) ; 
(vi) (arj, € 2 a;i-h(a) 2 -a)i)a; 2 , ... , €,„a;,„ + (a)„j-( 0 i)a;J. 

Ex. 7, (i) If L ziz (Aia;^, ^ 2 ^%^ *** ^ where A|, A2, ..., Aj,| 

are the roots of d (A) = 0 corresponding to the m poles, we prove 
at once TA = LT (ii) In equations (iii) of § 6 the determinant 
formed by the F’s = ] 5 | xthe determinant formed by t£e X’a 

Ex. 8. (ii) Use III 42©, 21 ; (iii) ^se III 614. 

Ex. 9, 10, Prove by induction exactly as in § 8. 

Ex. 11. (i) Prove by induction as in § 8, using III 624 and 
noting that the product of two orthogonal substitutions is ortho- 
gonal. (ii) Use III 423. 
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Ex. 12. Prove by induction as in § 8. 

Ex. 14. Transform by (i) (^x+2y, 4aj-i-8y), 

(ii) (-4®+ 3y+6je, x—y—e, 6®— 8y— 6s). 


5 9. Ex. 6. Use III 8#. 

Ex. 7. Use § 6. 

Ex. 8. (i) a, /3 are roots of cx^ + {d—a)x—h — 0. 

_/ ax + b aa + l< _ x—a 

ca + d“(c®+d)(ca + d)' 

(iv) Use (ii). (v) Transform S by = (vi) Use (ii). 

OS Cl 


(vii) Transform by . (viii) and (ix) Use (vii). (x) If 

-ic'—a a;— a 

where r and 6 are real, 8 is the product of 


and ^ ^ ^ • which are respectively hyperbolic and 

a/— )y a?— /3 

elliptic, (xi) Use (vii) or prove directly, (xii) Use (xi) and Ex. 7, 
(xiii) Transform S into a multiplication, (xiv) Use (vii). 


§10. Ex. 1. Uqj a)> • 

Ex. 2, 3. Every other function of the type is re- 

ducible mod p. 

Ex. 4 (i) 



Addition 

O 2 


> 
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(ii) 



LjJ 

2 

3 


LjJ 

6 

7 

IjLi 

/ 

an 

2 

D 

A 

B 

a 

MM 


2 

D 

BD 

e 

D 

B 

B 

a 

B 

3 

a 

3 

□□ 

D 

B 

a 

2 



D 

a 

D 

□B 

B 

s 

e 

B 

5 

3 

a 

a 

6 

□□ 

2 

B 


6 

a 

D 

D 

D 

2 

QQ 

B 

B 

7 

a 

e 

D 

2 

B 

B 

QQ 

B 

a 

e 

MM 


a 

B 


3 

BB 


AcMition 

P(x)sx‘+axtz 


Ex. 5. ^2 ^7’ % ^6* Use the table. 

•n sinn<> . sinn<#> . \ . j 

Ex. 7 (ii). Express ; — -- m odd) or ; . (n even) in de- 

' ' ^ sin0 ^ ' sm2<f) ' 


scending powers of 4 cos^ ; then put 4 cos^ = 


(g+d)^ 
ad— he 


and we 


get the required condition ; cf. Ill 2i2* 

Ex. 8. The number of substitutions on given variables with 
coefficients in a given Field is limited. 

Ex. 9. 8, 4. 

Ex. 10. 2, 2, 5. 

Ex. 11. 2, 2, 2, 4, 3, 7. 

Ex. 12. 2, 2, 2, 5, 6, 11. 

Ex. 18. 2, 5. 

Ex. 14. 3, 4. 

Ex. 15. If we equate two of these marks we get an equation for 
u of degree lower than k- 

Ex. 16. Use Ex. 15. 

Ex. 18. (i) Assume the result true ; replace F'(w) by (w — . F{u ) ; 

and use induction, (ii) and (iii) Prove as in the case of ordinary 
equations, using (i). 


§ 11 . Ex. 1. Use 11127, 3, 3 
Ex. 2. 82, 108. 

Ex. 3. Use 111 10x6, i7* 
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Ex. 5. Every power of an integral mark is integral. 

Ex. 6. (i) 2, 6, 7, 8 ; 5. (ii) 3, 5, 6, 7 ; 4. 

Ex. 7. (i) It is a power of ..., ux^ where u is any 

primitive root. 

Ex. 8. If a given mark i*^ is the square of 2a7 ~ a (mod 1). 
We can always find an integer x satisfying this congruence if 
p = 2 ; but only when s is even if p > 2. 

Ex. 9. Prove ^ in Ex. 8. 

Ex. 10. (i) aa = which is the difference of a square 

and a not-square unless aj = ^2 = 

(ii) If a ^ 0, aab = aabi + aa^g^ ^ 0 unless = 62 = 0. 

(iii) (aj 4* ^2 (mod p) = ai + 

= Oi — = a. 

(iv) Prove as in (iii) that a^^ = a. 


CHAPTER IV 

§ 2. Ex. 4. OC lies in the plane AOB and sin BOC^ m sin AOC^ 

Ex. 5. Let 0 be at infinity. 

Ex. 7, 8. Put = — a in Ex. 6. 

Ex. 10. OA, OBy OC are brought into the positions Oa, 0b\ Oc' 
by a rotation through tt about OA followed by a rotation about 
OB. D^GAy BOA are perpendicular and BOB^ bisects the 
angle between BOA and BOa. Now consider the intersection of 
all lines and planes of the figure with a plane perpendicular to OB. 

§ 4 . Ex. 1. (i) The point about which the inversion of the 
equivalent rotatory -in version takes place, (ii) When the rotatory- 
inversion reduces to a reflexion or gliding-reflexion. 

Ex. 2. S = (a) . (fi ) . (c), where a and b are parallel planes and 
c is a plane perpendicular to them. Let d be a plane perpen- 
dicular to a, by c. Then S = (a) . (d ) . (d) . (b ) . (c), and (a) . (d) = a 
rotation through w, (d) . (6) . (c) = an inversion. 


§ 6. Ex. 3. Rotations about lines through 0 ; rotatoiy- 
inversions whose inversions take place about 0 (including inver- 
sion about 0 and reflexion in planes through 0 as special cases). 

§ 7 . Ex. 1. The product is equivalent to successive reflexions 
in 4r-f3a planes. 

Ex. 4. |[8-(-ir]. 
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§ 8 . Ex. 1. A screw is equivalent to successive rotations through 
TT about two straight lines. Take a pair of such lines to represent 
the screw (§ 6). 

§ 9. Ex. 3. ^ = S~‘^TS. 

Ex. 4. If the lines Oxy Oy represent T and t geometrically, B is 
a rotation through the angle xOy about a line perpendicular 
to Ox and Oy, 

Ex. 5. T is a translation bringing I to coincide with l\ 
s = T~^ST\ now use Ex. 8. 

Ex. 6. = ST, where s is a screw about V similar to 8 and t is 

a translation parallel to I, Now use Ex. 5. 

Ex. 8. Find by Ex. 6 translations t, r such that S^Bt, s = rr ; 
then find t ' such that tr = rr'. Then 

Ss = Btrr = Br, t't Br. T. 

Ex. 10. Use Ex. 8. 

Ex. 12. Use Ex. 10, taking a vertex of the parallelepipedon 
as O'. 

Ex. 13. Use Ex. 10, taking O' as the point on a at a distance 
2 X from the point of a nearest to 6. 

Ex. 14. Use Ex. 10 and 11 taking A as the point O'. A rota- 
tion through TT about a line through D perpendicular to AD 
and making an angle of 30° with CD. 

§ 10- Ex. 1. The lines through the centre perpendicular to the 
faces are 4-al rotation-axes ; the lines joining the middle points 
of opposite edges are 2-al rotation-axes. 

Ex. 2. (ii) The axis of a spheroid. 

§ 11. Ex. 1. The circles in which the inversions take place are 
(i) two intersecting straight lines, (ii) two parallel straight lines, 
(iii) two concentric circles. 

Ex. 2. Invert the circles into a pair of straight lines or a pair 
of concentric circles according as they meet in real or imaginary 
points, and use the theorem * a circle and a pair of inverse points 
inverts into a circle and a pair of inverse points 

Ex. 3. Use stereographic projection and § 2. 

Ex. 4. Prove as in § 9. 

Ex. 5. (i) Inversion about (^d, 0), (ii) Inversion in x^^y^ 
followed by reflexion in = 0. Eeplace inversion about (| d, 0) 
by successive reflexions in x = 4 d, y = 0, and use Ex. 2. 

Ex. 6. See VIII 11. 

Ex. 7. If j is x^+y^ + 2gx^2fy-^m 0 and I is 

xcosd+ysin0 = tf 

we have 

^ ^ = 2<e<»(sf+^)+me«» j+»/; 

V c c 

whence the result follows. 
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Ex. 8. (i) Use Ex. 7. (ii) Prove for the case in which 
a(l— 5c= 1 noting that {a + df is real. Now multiplying a, 

€, d by the same quantity is equivalent to magnifying the figure 
ABCD with respect to the origin and turning the axes of 
reference through some angle. 

§ 12 . Ex. 1. We have + + -f + 

y' = (? 2 a? + W23/ + W 2 )-r + + &c. 

Ex. 2. If i', X are the distances of corresponding points from 
fixed points of the lines, we have a relation of the form 
a/ = (owP+fe) -f- (cx^d). 

Ex. 6. The points whose coordinates are the poles of the 
substitution defining the relations between the coordinates of 
corresponding points when referred to the same (i) points, 
(ii) triangle, (iii) tetrahedron of reference. Exceptions : — a rotation, 
reflexiop, translation, screw. 

Ex. 6. ^i) 0 and the circular points^ (ii) the point at oo on Z 
and the circular points in a plane perpendicular to Z, (iii) 0, tho 
point at 00 on Z, and the circular points in a plane perpendicular 
to Z. 

Ex. 7. Use § 6. 

Ex. 8. Eeferring to rectangular Cartesian axes with correspond- 
ing points as origins the collineation is represented by a 
lioraogeneous substitution multiplying + by a constant, 

since the plane at infinity and the cone + = 0 are fixed. 

§ 13. Ex. 1. Put d-f cZ = 0 in the solution of IV 122- 

Ex. 4. The two fixed lines are I and the line at oo in a plane 
perpendicular to Z. 

Ex. 6. The fixed point or fixed plane are at oo . 

Ex. 6, 7, 8. Prove as in § 9. 

Ex. 9. Use Ex. 8 ; or transform one collineation so that it is 
defined by ic' = — x. 

Ex. 10. Use Ex. 6 ; or transform (t^ into the plane at oo . 

Ex. 12. The collineations can be transformed into (i) inversions, 
(ii) reflexions in parallel planes, (iii) rotations through tt about 
parallel lines. 

Ex. 13. Transform the intersection of the given plane and 
conicoid into the circle at infinity. 


CHAPTER V 

§ 1 . Ex. 4. ^ h = ba^^. 

Ex. 8. See § 6. 

Ex. 9, 10. The elements of order > 2 can be divided into 
pairs each consisting of 2 elements inverse to one another. 
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Ex. 11. Let a2 = 6* = (abf = 1. Then- a-^h^^ah = dbah = 1. 

Ex. 12. See VI 2. 

Ex. 22. (viii), (x), (xii). 

Ex. 23. 2, 4, 6, 8. 

§ 2. Ex. 4. hya^{x = 1, 2, 8, 4, 5 ; y = 1, 2, 8). 

Ex. 5. Use 13. 

Ex. 6. Since A and contains r distinct elements, A 

contains &c. 

Ex. 7, (ABY contains l&^-.a^l; BA^AB, &c. 

Ex. 9. {G, g) = ... + Gg^, where r is the order of g 

relative to 6r. 

Ex. 10. See § 19. 

§ 3. Ex. 4. Put AB B =: in =zh^ =: [dby = 1. Every 

element of the group is of the form ABABAB ... . 

Ex. 6. Put AB^a,B = in ^ {abf = 1. 

Ex. 8. Let POX be the angle, P^OX and P^OX its supplement 
and complement. Then OP^ and OPg are the reflexions of OP in 
lines through 0 making angles of and Jtt with OX. 

Ex. 14. Any element of either group is of the form feya®. Its 
order is found by 1 3. 

Ex. 16. Prove as in Ex. 14 using 1 4^2 . 

§ 4 . Ex. 4. Use Ex. 8. 

Ex. 6. If gf^H and gf^ H have an element in common gjgY^ 
is contained in Hj and . \ i = j. 

Ex. 7. Take L in Ex. 1 as an instance. 

Ex. 8. If H is such a subgroup and ^ is in 6 but not in II, 
G = H^Hg^Hg^-^ ... •^HgP-K 

Ex. 16, 16, 17. UseI 27 . 

Ex. 19. The subgroup composed of (i) the even permutations, 
(ii) the screws, (iii) the substitutions with determinant 1. 

Ex. 22. iV' = (l + tt‘-«)(l + a + 6 + 6a) = (l + 6)(l + a + a2 + a«). 

0 ={l + a‘^)(l + 64* c-hc6) = (l + 6)(l + a 2 -f-c 4 -ca 2 ). 

Ex. 28. lf+if(284) + ir(248)+jtf(1284)+lf(lS24)+£r(14). 

§ 5. Ex. 6 (ii). Let n = n'd, r = /d. Choose integers x, y such 
that /x — Wy = 1. Then {a^} contains a*"® = = a^. 

Ex. 7. (i) They are a®^° ’’{ir= 1, 2, jp§ **). (ii) {a} contains 

elements whose orders divide and -^rhose orders 

divide p^~^, and .*. p’'— of order p^. 

Ex. 8. U) Prove as in Ex. 7. (ii) No two subgroups have an 
element of order m in common. 

Ex. 9. See § 19. 
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Ex. 10. If a, 6, Cf ... are elements of prime orders p, r, ... 
in an Abelian group of order pqr ... (Ex. 9), ahc ... is an element 
of order pqr .... 

Ex. 11. See XIV 1. 

Ex. 12. {ahY^ = 

Ex. 13. 21, 8. 3, 2. 


§ 6. Ex. 3. See 13^. 

Ex. 4. ha = a~‘^{ab)a. 

Ex. 6. {G, a} = 6ra + 6ra2+G^a^+ ... where r is the 

order of a relative to G. 

Ex. 6. g~^hg = h . h~^g'~^hg. 

Ex. 7. (i) Use Ex. 8. (ii) If g'Hg = A", g-^h^ = A«‘. 

Ex. 8. Use Ex. 7, noticing that = 1 (mod m). 

Ex. 9. If hy hi are elements of H, }ii~^}ihi = h (being in U and 
conjugate to h). 

Ex. 12. Prove as in § 1. 

Ex. 13. (i) The elements of G excluding 1 can be divided into 
sets of jp elements such as gyy (^p_ ,. (hi) (ga~^)P = ggi ... g^^i 
is permutable with and .*. with a. 

Ex. 14. Let = {ab^f = {haf = 1. ah^ah^ah^ = 1, 

ah^ab = ha^h^ = h^ahuy since hdbaha = 1 or haha = a^b‘\ Hence 
a. b^^ab = b~'^ab.a. 

Ex. 16. (i) If a is permutable with b^^ab, a is permutable 
with the product c = of and b'^ab. (ii) By 1 4 if 

a® = ft® = 1, c® = a~®ft'’^a®ft = 1 and (fta)® = ft^'o®c^®(®"0 = i. 

Ex. 16. G contains an element of order 2 by V I9. 

Ex. 19. 1 -he, 1 + c/, l + c and {ft, c), {ba% c}. 

Ex. 20. 1, a® and a^®, a -ha® and a^®-ha'^ a* + a^® and 
^22 ^ ^14^ ^3 ^ ^15^ ^21 ^ ^9 and a^ -h a*®, -f ^ and -h a^®, a® + a^®, 
fta^*, fta*'*^^*, fta^^^* and fta®"^^*, {fta}, {fta^}, and (fta*). 


§ 7 . Ex. 6. See § 12. 

Ex. 10. H=g'“^Hg contains g~~^ Kg, g being any element of G. 

Ex. 11. See §11. 

Ex. 12. If H is of index 2 in &, G = H+Hg = H+gll where 
g is any element of G not in H, Hg = gH or g^^Hg = If. 

Ex. 14. See X 2. 

Ex. 16. See § 17. 

Ex. 17. ... is a subgroup of G, and .*. its order 

h divides the order of G. Now X a factor of the order of 

Ex. 18. Let g, g^ be any elements of G, h and ghg"^ = fti 
elements of U. If 

= *1?!. • A = 9~^9\fh9 = * • S'" Vis', 

Ex. 23. The only permutations permutable with the circular 
permutation are its powers. 
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Ex. 25. The subgroup is obviously permutable with a and by 
Eind therefore with {a, 5}. 

Ex. 26. Since 

= {dby^,a\ = a”^(a6)*a = 5“'(a5)^5 = a^{ahYa^y 

the subgroups are permutable with a and b and hence with {a, 5}. 

Ex. 80. {ba^'f = which is permutable with a and b 

by 13. 


§ 8 . Ex. 5. Let G be of order n. Then {(r, a} = G-hGa, and 
the elements Ga are the n elements conjugate to a in {G, a}. 

(i) The order of each element of Ga = the order of a = 2. 

(ii) If g is an element of 6r, a~^ga = {a^^g^^a = g^\ (iii) g is 
not of order 2 m, for otherwise a^^g'^^a = g~'^ = g"^, (iv) If g 
and are elements of G, a transforms gh into g~^h~^ and also 
into (gh)~^. Hence gh = hg. 

Ex. 7. Let /7i, 5 ' 3 > ••• remaining elements and a an 

element of order 2 in G. Then g^a is of order 2 ; g^a^^g^a = 1 
and a-^g^a = gfK Hence {gigjY^ = gf'^gf'^ and g.g^ = gjgi as 
in Ex. 6 . 

Ex. 8 . + {a^b} and { 6 }, {a\b} and {b}, {a^ 5). 


§9. Ex. 5. Use V 6 g. 

Ex. 8 . See XI 1 . 

Ex. 9. Use Ex. 3. 

Ex. 10. Let /fj, H 2 f ..., be a set of conjugate subgroups 
of order m in a group G of order Then //i, ...» 

contain at most A;(m“l) + 1 distinct elements between them, 
since each contains identity. Now A;(m— 1)+ 1 < n ; for m — 1 < 
the order n-^h oi the normaliser of Hi in G. Hence Ui does 
not contain an element from every conjugate set in G. 

Ex. 11. If g is an element of order 3 in 6 r such that g~^hg = 
h = g^^hg^ = ; and .*. = 1 (mod p). But = 1 (mod p) 

and .*. A; = 1. 

Ex. 12 . Let g be any element of G. Then we can find an 
element k of K such that g^^Hg = k~^nk\ i. e. U is permutable 
with Hence ^ is in kV, 


§ 10 . Ex. 2. When H is a subgroup of G. 

Ex. 8 . If k is an element of K, k'^Dk is the G. C. S. of 
A;-im = JET and k'^Kk^K. .*. k-^Dk^B. 

Ex. 9. (i) l + (xw)(yx). (ii) af — ±x, (iii) 1 + 6 . 

X 

§ 13 . Ex. 4. If is any element of prime order in G and 
#1 9i> 9i> — the conjugates otg, G= {g, gi, y*, ...}. 
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§ 13. Ex. 4. If 

(t = + •••, IT = i)^l + -DA2 + -®^3+ 

{GjH) contains the mn -f- h distinct elements Gh^ + Gh^ 4* Gh^, 4 - . . . . 
If Xh = mfiy (G^, //} = Ghi 4 - Gh^ 4- Gh^+ ... = Hg^ 4 - Ilg^'^Hg^ 4- , 
and .-, GH^HG. 

Ex. 5. (i) If the indices are q, r and the order of 6 r is n ; the 

order of the G. C. S. of the subgroups <n'^qr. But the order 

of {H, ^} < w ; now use Ex. 4. (ii) As in (i). 

Ex. 6 . By § 13 the order of the G. C. S. is where q^r is 

the order of {G, //}. 

Ex. 7. Prove as in Ex. 6 . 

Ex. 8 . If d is an element of D and c of dc = where Cx is 
in C and a in A. But a = Cx~^dc is in B and in D. Hence 
Da= CD. 

Ex. 9, 10. G = {//, i5C} and //, K are permutable. 

§ 14 . Ex. 4. = I •** 

Ex. 5. If 7i is any element of //, h'^^Ah is of order a in 

Ir^Gh = G. Hence h^'^Ah = A. 

Ex. 6 . Use Ex. 5 repeatedly to prove that A is normal first in 
Cf then in D, .... 

Ex. 7. Let A be a subgroup of order a, and B a normal sub- 
group whose order ^ divides a. Now proceed as in § 14. 

Ex. 8 . Let ^ be an element of G not in F. Then g~^Tg^ F, 
for otherwise F would contain two subgroups II and g^^Ug of 
order prime to index, H being normal. 

Ex. 9. {«“}, {o*}, {o}. 

Ex. 10. {o, 6 }, {o’, 6 ). 

Ex. 11. {a, 6 }, {o}. 

§ 15 . Ex. 9. 7 ; use Ex. 8 . 

Ex. 12. Take any element gi of G, take any element yg of G 
not in {^i}, take any element g^ of G not in {yj, ^g}, &c. Then 
G is the direct product of {^^^ 3 }, .... 

Ex. 13. Let a, b, c, ... be elements of A, B, G, ... such that 
ahc ... is in G'. Then G' contains {dbc ...J ^ where t is the 
order of be ... . Hence G' contains a, since t is prime to the order 
of a (V5(j); and similarly G' contains b, c, .... Hence G' is 
contained in A'jB'G'..., and since G' contains A'B'O'..., 
G' = A'B'G'.... 

§ 16 . Ex. 6 . If ob = c = ba, a”“^b“"^ = 0 “^ 

§ 17 . Ex. 6 . The order of y is the order of g relative to //. 

Ex. 7. If a is an element of A such that = AT, is 

normal in a‘‘^Ga = G and G/H ^ a^^Gafa^^Ha. 

Ex. 8. If gf^gf^9i9i - 1, yC^yf^Viyj = 1. 
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Ex. 10. If ... and Yi^gi^, yi^yj^ 

for then {g^gf'^Y*' = 1 and g^gf'^ is in H. Again, if gig^ = hgi^ 
where h is in H, y^yj = h”*yjc = y^. Hence y^, y2, ys, ... are the 
elements of G/H. 

Ex. 11. Let 

(t = “!■ -^ 5 ^ 3 ••• G' L^gi "^rl/gi •^L'g^ •¥ •••• 

Then if g^ corresponds to g^ so does every element of Lg^, while 
since g^ corresponds to g^ so does every element of i'^/. Hence 
the above partitions have a (1, 1) correspondence. 

Ex. 14. a2 = == (aiif ^ 

Ex. 15. a»^ = = \ahf = 1. 

Ex. 16. = 1, ah = ha and = 1, a6 = ho^. 

Ex. 17. == ah = ha. 

§ 18 . Ex. 5. Q/L = G/HjLIH and a factor-group of an Abelian 
group is Abelian. 

Ex. 7. If ... ^Dk^y 

(? = //Ifej 4* HA;2 + ... 4- 4" "b •••• 

The partitions 7/A;, combine according to the same laws as DA;,. 

Ex. 8. Assume that such a group G contains a normal sub- 
group II of order Then since G/Il is of order 

P1P2 contains a normal subgroup of order p,., and to this 

corresponds a normal subgroup of order p^Pr+i •••Pf in G. Now 
use induction ; and then V I43. 

§ 20. Ex. 2. (i) If G contained two subgroups P, P' of order 
{P, P) would be a subgroup of order A;>a. (ii) P and 
Q have only identity in common, (iii) If o, &, c, ... ara elements 
of order p®, rv ... in G, 6r= {ahc ...}. 

§ 21 . Ex. 8. (i) Each element of order qr can be put into the 
form a& = 6a where a, h are of orders q, r (1 2ii). (ii) G contains 
at least qr elements whose orders divide qr ; now use (i). 

Ex. 4. H is of order > a by § 21. Again, II is of order < a, for 
otherwise H would contain an element whose order divides k 
by V 19. 

Ex. 6. Since no two cyclic groups of order p® have an element 
of order p® in common, the numl^r of elements of order p in Q 
is (p®— p*”^)w„. Now put r =p* in the corollary of § 21, and 
use induction. 

Ex. 7. There are in the group 15 elements whose 8rd power is 
1, and 8 whose 8rd power is conjugate to a or 


CHAPTER VI 

§ 1. Ex. 3. The symmetric group of degree m = {A, (1 2 ... m)}, 
where A is the symmetric group on 1, 2, ..., m— 1. A and 
1(1 2 ... tn)} are nermutable bv V ISAmv. 
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Ex. 4. {(1 2 ... m)} is a transitive group of order m. 
Ex. 6. (ii) si„» dth» 


or 


/I 2 ... (m— 2) (m— 1) 

Vl' 2' ... (w-2y m' (m-iy. 


2' ... (m-2y(m-iy«i 
(m-2y w' (m-iy) “ 

tation of the alternating group replacing 1, 2, .... w — 2 by any 
given symbols 1', 2', ..., (m— 2)'. 

Ex. 6. If is a permutation of G replacing by , h replaces 
Xi by xj ; where g,h gj. 

Ex. 9. Any permutation permutable with the transposition 
(1 2) has the cycle (1 2) or (1)(2). Hence G is the direct product 
of {(1 2)} and a group acting on symbols 3, 4, 6 , .... 

Ex. 11. {(1234)}, {{12)(34), (13)(2 4)}, {(12), (34)}. 

Ex. 12, 13. Use II 5^, 3. 

Ex. 15. (i) The number of distinct permutations on tho m 
symbols with the given cycles is evidently w I -f- 1?, (ii) If 
O2, U3, ... are the cycles, every permutation of V is of the 
form ... (a,- = 1, 2, ..., i). (iii) When a, y, €, ... = 0 

or 1, /3==8=:C= ... =0. 

Ex. 16. 37,837,800. 

Ex. 17, The number of ways in which a, /3, y, ... can be 
chosen so that a + 2y3 + 3y4- ... = w. 

Ex. 18. If g^^hg^a^ {gc)~'^b{gc) = a; and either g or gc is 


even. 

Ex. 19. (i) The two conjugate sets are the transforms of a by 
the odd and even permutations respectively, (ii) Use II 7^, 

Ex. 20. Use Ex. 15, 19. 

Ex. 21. (ii) 158,400. 

Ex. 24. changes f' into f, a permutation of G leaves / 
unchanged, T changes /into/'. 

Ex. 25. (ii) Use Ex. 24. 

Ex. 26. (i) l + (ac)(6d) + (a6)(cd)4-(ad)(6c) + (a&cd)4-(ac) 

+ {adch) 4 - {hd). 

Ex. 27. Let the function be changed into /i,^,/}, ... by the 
permutations of the symmetric group. Choose X so that the 
discriminant of ••• = ^ 

Ex. 28. Let the function of Ex. 27 be changed into/, /, ...,/• 
by the permutations of G ; Z/ .../ is a solution of the problem 
if X is suitably chosen. 

Ex. 29. Use the properties of the polar triangle. 


§ 2 . Ex. 1. See X 8. 

Ex 2. is odd or even as is odd or even, since contains 
n -7- cycles of degree 

Ex. 4. (iii) ab a b c abed abed abed abed 

ha' bae^ hade bade hdae beda^ 

cb a e d b a' c dab' e a db' c dab 

deab deba deba dabc 

and those obtained by permuting rows in these squares. 
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§ 3. Ex. 6. The subgroup {&} is of index 8 and order 2, and it 
contains no normal subgroup. 

Ex. 7. {a, h} HH+Hb+Hba+Hbd^, where {a}. Denoting 
the partitions by 1, 2, 3, 4 we have a corresponding to (2 3 4) 
and h to (1 2)(3 4) ; since hah = a® . ha\ ha^h ^a,ha. 

Ex. 8. (i) a® =: (6a262)2 — ^5^252 ^ ^^2 — X . Ex. 6. 

(ii) Denoting the partitions by 1, 2, 3, 4, a corresponds to (4 3 2), 
b to (1 2 3 4) ; since ha^a^. h^, h^a = . h, Wa = a . 

Ex. 9. (i) h^ =^{a^h^aY ; now use Ex. 7. 

(ii) Denoting the partitions by 1, 2, 3, 4, 5, a corresponds to 
(12 3 4 5) and 6 to (2 5 4) ; since od = 5^ . . a^, 

6. a, a*h ^ a^h^a. a^. 

Ex. 10. If / is an element of G not in H, the order of / 
relative to H is 3. Hence G contains an element g of order 3. 
Take as the partitions of § 3 the partitions of G with respect 
to \g}. 

Ex. 11. Take the conjugate set of subgroups as Hi^ of 

the Corollary. 

§ 4 . Ex. 4. 2, 3, 4. 

Ex. 5. 4, 2, 2. 

Ex. 6. (i) A red-sided decagon, (ii) Place inside a red-sided 
pentagon a parallel red-sided pentagon. Draw arrows round the 
pentagons in the same directions. Join adjacent vertices by 
black lines (cf. Fig. 9). (iii) As in (ii) but with the arrows in 
opposite directions round the two pentagons, (iv) A decagon 
with sides alternately red and black. 

Ex. 7. Draw four parallel concentric red-sided squares. Put 
clockwise arrows round the two inner squares and counter- 
clockwise arrows round the two outer. Join adjacent vertices 
of the two inner and two outer squares by blue lines, and join 
adjacent vertices of innermost and outermost squares and of the 
other two squares by black lines. 

Ex. 8. (i) Draw p parallel regular concentric A.-sided red 
polygons. Join adjacent vertices of consecutive polygons (and 
of the innermost and outermost polygons) by black lines. Put 
clockwise arrows round each polygon, (ii) Consider the common 
vertices of one red -sided and one black-sided polygon. 

Ex. 9. (i) Draw four parallel regular concentric red-sided 
octagons. Put clockwise arrows round the first and third and 
counter-clockwise an-ows round the second and fourth. Join the 
first, third, fifth, and seventh vertices of the first and second 
octagon and of the third and fourth by black lines. Join 
similarly the second, fourth, sixth, and eighth vertices of the 
second and third octagon and of the first and fourth, (ii) As 
in (i) but with all arrows clockwise. 

Ex. 11. a* = b3=(ab)3 = l. 

Ex. 12. a» = = {abf = L 
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Ex. 18. (i) o"* = 6® = 1, db^ha. (ii) a”*=:h* = 1, db = 

Ex. 14. (i) a”* = 6* = (oft)* = 1. (ii) o”* = 6* = 1, at = do ^ (*»”*). 

m 

(iii) a"* = 52 rr o^r= (ahy = hK 

£x. 15# See American Joumdl Matk^ xviii. p. 159. 


§ 5 . Ex. 2. Prove as in VI I24. 

£x. 3. By £x. 2 the permutations of such a normal subgroup 
would not displace any symbol. 

Ex. 4. Use Ex. 3. 

Ex. 5. (i) {c} is normal in G. Now use Ex. 8. (ii) If one 
cycle of c is of degree r, c** displaces no symbol of that cycle 
and = 1. See also the solution of VI 9^. 

Ex. 6, 7. Use Ex. 5. 

Ex. 8. S is normal in {/9, 6r}. Now use Ex. 5. 

Ex. 9. No two normal elements c, replace by the same 
symbol; for otherwise would be a normal element not 

displacing (Ex. 6). Hence the m symbols are permuted by 
the elements of the central in m -7- M sets of fx each (VI l^). 

Ex. 10. (i) Prove as in Ex. 9 using Ex. 8 instead of Ex. 6. 
(ii) The group P' of VI 2^. 

Ex. 11. The group formed by permutations of the type 


( ^ 


9l 92 ••• 9n 

9r^9‘i9i - 9i~'^9n9i 

not displace the symbol corresponding to identity. 


for these permutations do 


§ 6 . Ex. 1. Prove as in VI 124* 

Ex. 8 . See § 2. 

Ex. 4. The subgroup H not displacing one symbol (VI 5^). 

Ex. 5. Use VI 54. 

Ex. 6 . (i) The m subgroups of order whose elements do 

not displace one of the symbols have identity in common and 

therefore contain at most — 1)+1 = w— m +1 distinct 

\m / 

elements between them. There remain at least n— («— w + 1) 
= tn — 1 elements of G displacing every symbol, (ii) Any 
transform of a permutation displacing m symbols displaces m 
symbols. 

Ex. 7. If in one of the subgroups not displacing one symbol 
there are permutations not displacing r symbols, = £/x^. 

But each of the jjl^ permutations belongs to r of the subgroups 
not displacing one symboL rv^ = w/ix,.. 


Ex. 8 . Suppose i ^ 2. Then there are - elements replacing 

m 




Hence there 


Xi by Xf. and 
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are at least 


m 


w(w— 1) tn(w— 1) 


^ g elements replacing orj 


by Xy. and displacing every symbol. If h are two of these, 
gh~^ does not displace Xi, 

Ex. 9. Since ab = every element of {a, 5} is of the form 
IVa^ ; hence the order of {a, b} is 20. {a, b} is doubly transitive, 

since replaces 1 by 5 and 5 by ^ when u is suitably chosen. 


§ 7 . Ex. 2. Every permutation of G is included in the direct 
product. 

Ex. 3. Use Ex. 2. 

Ex. 4. See § 8. 

Ex. 5. Let A be the subgroup and let gif •••<, 9r replace 
Xi by Xi, ^^2, ..., x^. Then (r = -4^1+ ^5^2+ ••• 

Ex. 6. x^f x^f Xr are a transitive set. 

Ex. 7. Use V4e. 

Ex. 8. [1, 2, 3, 4j, [6, 6, 7, 8], [9, 10] . [1, 2, 3, 4], [5, 6]. 

§ 8 . Ex. 1. H/K=zG/{K, K'} = H'/K\ 

Ex. 2. The permutations formed by multiplying each element 
of H by the corresponding elements of the isomorphic group if' 
are all distinct, are all in 6, and their number = the order of G, 

Ex. 3. (i) K cyclic of order 4, B! = K! cyclic of order 2.. 
(u) «r = [9, 10]; H of order 2, H' ^ Gf if=l, K' non-cyclic 
of order 4. <r = [5, 6, 7, 8, 9, lOj ; Lr = £r' = (f, 

§ 9. Ex. 4. See § 10. 

Ex. 5. Let c be a normal element of a transitive group G. 
Every element of G transforms c into itself and hencfe permutes 
the cycles of c. Hence these cycles are imprimitive systems of G. 

Ex. 6, 7. Use Ex. 1, 6. 

Ex. 8. Si replaces each symbol of Hg^ by a symbol of Hg^^gi. 

Ex. 10. (i) [1, 2], [3, 4], [6, 6]. (ii) [1, 2, 3], [4, 5, 6]. 

§ ID. Ex. 2. G/V is of degree r. 

Ex. 3. (i) r = {{xyg)(abc)} or 1 in the two cases respectively, 
(ii) {(12)(3 4),(34)(6 6)}. (iii) {(1 2 3){4 6 6), (1 2)(46)}. 

§ 11 . Ex. 2. H is transitive ; now use § 6. 

Ex. 3. The group = {H, JBT}, where H is a normal subgroup 
and K a subgroup not displacing one symbol. 

Ex. 4. Use VI 7^ or VI 9^. 

§ 12 . Ex. 1. Use VI 9i, 2* 

Ex. 2. Use II 63. 

Ex. 8. (i) Let e be the first of the symbols 1, 2, ..., m which 
is in an imprimitive system not containing 1, 2. Considering 
the effect of (1 2 ... on 1 and 2 we see that {(1 2), (1 2 ... m)} 

is a primitive group, (ii) Apply (i) to (1 2) and bK 
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Ex. 4. Use III2ie. 

Ex. 5, 6 . Suppose Q contains (128), (124), (1 2e) but not 

( 1 2/). By II 7q 6r contains the alternating group on 1, 2 , ..., e. 
If G contains (1 rs) where either r or s is not in <r, choose t, 
j in o- and distinct from r, s. Then {lji){lrs){lij):={irs). 
Hence G contains the alternating group on 1 , 2, c, r, $ 
contrary to hypothesis. Now proceed as in § 12 , 

§ 13 . Ex. 1 . Since (1 2 3) = (1 2)(45). (4 5)(1 8 ) G contains 
every circular permutation of order 3. 

Ex. 2. See § 14. 

Ex. 3. Let H be a subgroup of index <jp, and a any circular 
permutation of order p. The elements II lla + Ha^ ... are 
more than ml in number and are therefore not all distinct. Hence 
is in H(x < p) and .*. a is in JI by V 1. Hence II contains 
every circular permutation of order p, 

§ 15 . Ex. 1 . By VI I 24 the permutations form a normal sub- 
group of the symmetric group. 

Ex, 2. Let II be a group of degree m and index r <m in 
the symmetric group G. Let be a function of the m symbols 
unchanged by each element of II and changed into the distinct 
functions /u/ 2 , --M/r permutations //i, ..., < 7 ^, where 

^ = JEr(7i + i/^ 2 + ••• (^1128)* Since the ml elements of G 

permute /i, / 2 > r < two elements (^, h say) of G 

permute the /’s in the same way. Hence gJr^ leaves each / 
unaltered. Now by Ex. 1 all the elements leaving each /unaltered 
form a normal subgroup of G and they are all contained in //. 

Ex. 3, If A, B, C, I) are four points on a line, the cross-ratio 
cc of {ABCD) is not altered by any permutation of the normal 
subgroup of order 4 in the symmetric group G on A^ B, C, 2>. 
By the other permutations of Cr a; is changed into (1— a:)"^, &c. 


CHAPTER VII 

§ 1 . Ex. 1. See end of III 1. 

Ex. 5. (i) The product of the two given substitutions of order 2 
is of order r if sin r<#) = 0 by III 2 i 2 , and then the group is of 
order 2r. (ii) Since cos2<#) is rational, 2</) is a multiple of tt, 
^TT, or ^TT. 

§ 2 . Ex. The group generated by 

, x+1 . , X 

of =: and ar = ^ • 

X x+1 

§ 3 . Ex. 2. Use III 8 . 

Ex. 5. (i) By a suitable change of variables the invariant may 
be put in the form ... +X„j‘-^. When G is expressed 

BiLTOH r. a. P 
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in terms of Xj, X 2 , X^ every substitution of & is orthogonal, 
(ii) Transform by (a;— y+jg, z). 

Ex. 8. We have ... x^ = 0 when x^x^ ... x^^ = 0. Hence 
when a?i = 0 one of a;/, x^^ ..., x^ is 0, and one of them 
ttiXi. Similarly the rest = a2a?2) •••> some order 

or other. 

§ 4 . Ex. 2. Transform the common pole into (1, 0, 0, ..., 0). 
Ex. 3. (i) Express G in terms of fi and m— 1 other variables, 
(ii) /1+/2+ ... is an invariant of U ; now use (i). 

Ex. 4. Use Ex. 3 (i) and VII 38. 

Ex. 5. aj+y+jff is a relative invariant of the group. 


§ 5 . Ex. 2. Use 11148. 

Ex. 4. Use III 4io, jj. 

Ex. 6. Use III 6,. 

Ex. 6. To the substitution x{ = atia?i + ai 2 ^ 2 + ••• 


correspond 

f/ = 0^1^1 + 042^2+ ••• ••• /; — 1 2 

= (ri^ifi + a)^2f2+ +04iiyi + a^2^2+ ••• ' ' * 

where • = aj^ + w^jy — 1, and being real. 

Ex. 8, 9. Use III 93. 


m); 


§ 6 . Ex. 2. (i) 2ir5+2^y + {(i|2— l)a;y+((tf— 1)%; 

(ii) 2r^+2^y— (1— (l + i)%; 

(iii) xx-^yy-hzz. 

Ex. 3. Choose new variables such that when ^he positive 
Hermitian invariant of the group is expressed in terms of these 
variables it is in canonical form. Then express the group in 
terms of these new variables. 

Ex. 4. (i) Every substitution of the group changes x^ X 2 , ..., jr, 
into functions of 0:1, 372 > •••> (i|) The hypohermitian invariant 

can be expressed in the form XiXi + X2X2+ ... -hXgXs, Now 
use (i). 

Ex. 5. Take real positive quantities a and p such that a + = 1. 
is always positive when /3 -+ a = 0 and is always 
negative when )8 •+ a = 00. Hence we can find a value of -f- a 
such that af--pf is zero for certain values of Xi, X 2 f ..., x^ 
but is never negative. In this case Qf-^Pf is a hypohermitian 
invariant of the group. Now use Ex. 4 (ii). 

§ 7 . Ex. 2. Every substitution in the completely reduced form 
of the group is a multiplication. 

Ex. 4. One of the variables is a relative linear invariant of 
the completely reduced form of the group* 

Ex. 6. Use VII 64, 5. 
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§ 8 . Ex. 2. Use VII 7^. 

iJx. 3. By § 8 if every element of a group Gr is permutable with 
an element which is not a similarity, G is reducible. 

Ex. 4. Transform by (— 4a; + 3y+5jr, x—y—z, 3y— 6-er) 
and the generators become 

{-X, -y, e), (-X, y, e), and {-x, -y, e). 


§ 9. Ex. 1. Thep’^ expressions + 02^2+ ••• +®m^w obtained 

by putting = any mark of the Field are permuted by every 
substitution of the general group. 

Ex. 2. (i) Every substitution of P permutes the p’’ marks of 
the Field, while 0 is changed into an arbitrary mark u by 
a;' = a; + w. (ii) Every substitution of Q permutes the p** marks, 
while 0 and 1 are changed into u and v by a?' = (t;— w)a7 + M. 
(iii) Every substitution of P permutes the p*" marks together 
with 00 (i. e. any mark -rO), while 00, 0, 1 are changed into 

u, V. tv hy ^ ~ • 7 — - . (iv) We can always find a mark 

u of the Field such that {ad—hc)u^ = 1 or r, and 

h _ aux-i-bu 
cx-^d cux-^du 

(vi) Q = P+Ps4 * ... where s is a;' = ux, u being a primitive 
root of the Field, 

Ex. 4. We get the substitutions of K corresponding to any 
substitution of Hi by changing 8 into —8^, 1. 

§ 10. Ex. 1. Let A be any substitution of the central. Since 
A ispermutable with (Xa^i, ixx^y ... , <*12 = ®i3 = ••• = ^ 5 

and similarly = 0 if 

Ex. 2. m = 2, pr = 5, 7, 8, 11, 13, 17, 19, 16 ; m = 3, p^* = 3. 

Ex. 6, If ad-bc = 1, a:' = “--jj is when 

’ cx+d 

C # 0 and is TESTS'* rS(i+W» when 0 = 0; where cy = d8 = 1. 
Ex. 6. Use Ex. 5 and III 2,]. 

Ex. 8. U8 eE=«=l; = E, J)E=EJ); C^ = E, CE = EC, 

CD = EDC-, B^ = E, BE = EB, BD = CDB, BC = DB; 4* = 1, 
AE = EA, AD = CA, AC - DA, AB = ECB^A. 


CHAPTER Vin 
§ 1 . Ex. 8-7. Use IV 1 and IV 2. 

§ 3. Ex. 3. (i) If a point Q approaches P indefinitely, the n 
points equivalent to Q coincide in seta of m. (ii) Prove as in 
(i) using Vm Is. 

P 2 
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Ex. 4 . If 1 , g^, ... are the movements of G bringing P to 

P, Pi, Pjj, brings Pj to Pj, where gj = 

Ex. 6. P, Pi, P„ ... are permuted in the same way as the 
symbols 1 , g^y ... in VI 2 . 

Ex. 6-8. Use IV 9 . 

§ 6. Ex. 3 . The order of 22 is n ; of J is - { 3 — ( — 1 )”}. 

Ex. 4 . By Ex. 3 6r contains an element of order w. 

§ 6 . Ex, Combine §§ 2 , 6. 

§ 7 . Ex. 1 . Ce, De, D, D, O, T, O, E, E. 

Ex, 3 - 8 . Use § 3 . 

§ 8. Ex. 6. A(= A2), c(= Cl), A, A, C2, A4, O, 6, 0 , H, H, Cg, 
®2> ®2» ^2* 

Ex. 10. r^, A^, 82, 0 , O, H, (m not a power of a prime). 

§ 9 . Ex. 4 . (i) If 0A\ OB' represent the net 

formed from OA'^ OB' coincides with that formed from 0 ^ 4 1, 
OBi if the triangles OAiB^^ OA'B' have equal area. 

A 71 

(ii) A = Oa /?2 72 = 

as /^3 73 

(iii) A^ = 1. Prove by considering the parallelepipedon 
whose sides represent Tj, T2, T3. 

Ex. 6. The groups generated by the movements of C^, c^, 

8^, r^, Art (including the case a = 1) and a translation parallel 
to the line OA of §§ 7 , 8 • by a screw about a line Z f by a screw 
about I and a 2-aJ rotation or rotatory-inversion about a line 
meeting I at right angles.; by a screw about I and an inversion 
about a point of 1. 

Ex. 6. Let P be the point whose coordinates referred to 
rectangular reference-axes through 0 are {Xy y) ; and let Q be the 
point (j^i, y^ where ^^1+ V — is a period. Then the function 
has the same value at all points derived from P by multiples 
of the translation OQ. Now proceed as in § 9 . 

§ 10. Ex. 1 . Gy o ; C2, C2, 1^2; E, 82, A; C3, C3, 83, ^3, A^; 
^ 4 » r 4, 84, ©4, A4 ; Ce, Ce, dg, Fq, 85, Ee, Ae ; T, 0 , 0 , 0 , fl. 

Ex. 2 . The corresponding nets have meshes which are parallelo- 
grams, rectangles or rhombi, squares, rhombi with angles of 60 ^ 
and 120". 

Ex. 3 - 9 . See books referred to in § 10 . 

§ 11. Ex. 1. Take rectangular axes through the fixed point 
and proceed as in § 11. 

Ex. 2. (i) The determinant of an orthogonal substitution is 
± 1 . (ii) H can be derived as in § 11 from C„„ E„|, T, O, or E. 



SOLUTIONS. CH.Vin 


213 


Ex. 3. The groups generated by (i) (— x, —y, e), (x, y, —z), 
and (-X, y, zV, (ii) {-z, -x, -y) and (y, x, z)-, (iii) (-y, x, z) 
and (y, x, -z)-, (iv) (z, x, y) and (-x, -y, z)\ (v) (x + «, y, «), 
(x, y+6, z\ {x, y, z-i-c), and (-x, -y, -^r); (vi) {a-x, -y, 
z+c) and (— a— x, — y, z+c). 

Ex. 4. The groups generated by (i) (—y, x) and (— x, y); 
(ii) (a—x, — y) and (— o— x, -y); (iii) (a— x, —y) and (— x, y). 

2 IT t 2 ir i 

Ex. 5. The groups generated by (i) a?' = e x; (ii) a/ = e a; 

and a:' = i ; (iii) a:' = « and a/= - • 

X ^ ' 1 + a; a; 

Ex. 6. Use VII 5g and then reason as in VIII 7 using the 
points representing the poles of the substitutions instead of the 
lines OA, OB, OC, .... 

. a a 
sin^— cos^ . z 

Ex. 7.' (i) = — = ^ , (ii) y 

a .a 
cos 2 —sin 2 . z 

§ 12 . Ex. 1. 0 is the group of movements bringing a regular 
tetrahedron to self-coincidence. Each movement of 0 permutes 
the vertices of the tetrahedron, and no two movements of 0 
permute the vertices in the same way. 

Ex. 2. Let OAy OV he lines about which take place 3-al and 
5-al rotations of S. Let OA be brought to the positions OB^ 

2tr 

0(7, OBy OE by successive rotations through -g- about OV, 

Consider the group generated by the 15 collineations of order 2 
which leave unaltered the figure consisting of the regular pentagon 
ABODE and the line at infinity in the plane ABODE perpen- 
dicular to OV, If BO and ED meet in A\ CD and the line at 
00 meet in A*', &c., these collineations have as fixed point and 
line A and A'A^, A' and A^Ay A’' and AA\ &c. They all 
interchange AA'A^ and the 4 similar triangles ; the permutation 
being even. 

Ex. 3. (i) Use IV 13 q. (ii) By IV ISjo the group consists of 
identity and 8 collineations whose fixed points and lines are the 
vertices of a triangle and the opposite sides. 

Ex. 4. By IV ISjo the group consists of 4 perspective col- 
lineations whose fixed points and planes are the vertices of a 
tetrahedron and the opposite faces, together with identity and the 
3 non-perspective collineations of order 2 whose fixed lines are 
a pair of opposite edges of the tetrahedron. 

Ex. 5. UselVlSi^. 

Ex. 6. Transform the generating collineations into (i) reflexions 
in parallel planes; (ii) 4 inversions; (iii) 2-al rotations about 3 
parallel lines. 
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§ 1. 'Ex. 2. {a, h} is finite. 

Ex. 3. (i) See XIV 1. (ii) Every element of {a, h} is included 
once and only once in bya^{x = 1, 2, ..., A ; y^l, 2, ..., /3). 

Ex. 4. Use Ex. 3 (i). 

Ex. 6. Hence o = = a*'"’, 

and the order of a is finite. Now use Ex. 3. 

Ex. 0. Since 6"®. &«+»=: 

— (14), every element of {a, &} is of the form 

a^hy(^. Now use I 

Ex. 7. Every element of {a, 5, c} is of the form 

Ex. 9. (i) We may arrange the work as follows. The elements 
in any row are the uncancelled (unbracketed) elements of the 
preceding row multiplied on the left by a and 6. An element 
is cancelled if it is identical with some element already found. 

a h 

ah ha h^ 

ah^ (aha = 6^) a^h (a^ = 1) hai^ (hah = a^) h^a (h^ = 1) 
ah^a (aha^ = h^a) (o?b^ = ha) (a^h = h) (ha^h = ah^a) (hah^ = d^h) 

(h^d^=:ab) (¥a^a) 
(a^b^a^ha^)(ha¥a=:ah^). 

Hence we have 

{a, 6} = l+a+6 + a^ + a&+ 2 >a+ 6 * + a^& + a&^-|-&a 2 +Z» 2 a-|-a& 2 (i. 
(ii) Proceed as in (i) ; {a, h} is of order 24. 

Ex. 10. (i) (6a)‘“^ = .% a^h^ =^h^a^. Hencp 

ah = a^ ,a^b^. 6^ = (aH'^y^ = (ha)^. 

Therefore (6a)® = (ah)^ = a(haYh = a . a6. 6 = 6a. (ii) Put h = 6a, 
g ^h. Since every element of h} is of the form g^hy, it is 
of order 20. 

Ex. 11. a6 = (haY, (haf^ = a(6a)^6 = 6a as in Ex. 10. 

Ex. 12. If 

{a}, the group = A + A6+A6a + A6a6+.A6a6a+ .... 

Ex. 13. 20, 18. 

Ex. 14. 12, 24, 60, 168. (i) Put a = a'l, ^ = a6; then 

= (aPY = 1. Now use Ex. 9 (i). (ii) Put a =6, (3 = a‘^. 
Then = (a^)^ = 1, a“^aa = a“ = A 6“^a6 = a, 

^-1^6 = ; .'. the group contains a normal subgroup of index 

2 simply isomorphic with (i). (iii) Put a = a6, jS = a^ha^. Then 
since a® = == (ct^Y = 1» P} is of order 12. Now the 

group = H" + Ha + Ha^ 4- lla^ + Ha\ since 6 = a^a, ah = a, 
a^b = Pa% cfib = /3aa\ a^h = a^^a^. (iv) Put a = a®6aS = a6. 
Then since = (a)^)’^ = 1, If = {a, P] is of order 24. Now 

the group = ff + //a 4* Ha^ + Ha? + Ha^ + H(^ + Ha?, since h^P^a, 
ah = /8, a26 = fiaa^, a?h = a® a®, a^h = po?p?aa\ a^b = Pa?^^a\ 
a®6 = aa®. 
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§ 2 . Ex. 1. (i) H is norxaal in G. (ii) H = ••• } is 

cyclic of order v. 

Ex. 2. is normal in the given group. 

Ex. 3. (i) If a = (128)and bS(12)(34), = (ab)^ = 1. 

the alternating group of degree 4 generated by a and b is 
isomorphic with a® = = (ahf = 1. Since both groups are of 

order 12, the isomorphism is simple. Next take a as ;2;^=a7+li 

b as a;' = -, &c. (ii) Take a = (1 2 3 4), b = (1 4 8), &c. (iii) Take 

X 


a = (12 34 6), b = (12)(8 4). Next take a as a;' = 1, b as 

4 2a;4-l 

a;'=:-; and then a as a:' = — ^ — , b as a;' = a;+3, &c. (iv) Take 
a = (12 34 6 6 7), b = (12)(4 7). Next take a as a;' = a;+l, 


±=^^±^±1 ? + V.=: 




0 

b as a/= - ; and then a = I , ;> w = i — n 

X* \ X X r V 2 / + 1 

Ex. 6.' The following scheme shows the element of {a, 6} 
corresponding to each element of {a, b}, and suggests the 
equivalence of apparently distinct elements of {a, h) (e. g. hd^b 
and a^hd) in cases where this equivalence is not immediately 
obvious. We must, however, verify the equivalence in each case 
by means of the relations a® = = (a6)^ = = 1 ; for a 

and b might possibly be connected by relations independent of 
a® = b2 = (ab)® = (a®b)2 = 1. 


1 

123466 

h 

126463 

ha 

231564 

ha^ 

842615 

a 

234661 

ah 

264631 

aba 

315642 

a&a® 

426153 

345612 

a^b 

646312 

a^ba 

166423 

a^bd^ 

261534 

o® 

456123 

a^h 

463126 

d^ha 

564231 

a® bd^ 
616842 

a* 

661234 

a*b 

631264 

a^ba 

642315 

d^ bd^ 
158426 

a* 

612345 

ai’b 

812646 

a^ha 

423166 

634261 

Ex. 7. Take a = (2:r, 2x-\-y)j b 

= {x, x+y). 


Ex. 8. Take a = (1 2 3 4 6], b = (1 2). {a, h} is of order 120 ; 
for if a = a® and p = (a&) , {a, P} is a normal subgroup of 
order 60 and index 2, since a® = ^ = 1, 

Ex. 9. (i) Since 0 is the direct product of T and c, 0 is 
simply isomorphic with a® = — (ayS)® = = 1, ay = ya, 

py = y/?. Now put a = ay, 6 = /5y and we have 0 simply 
isomorphic with a® = 6^ = (a&)® = (a® 6)^ = 1. (ii) a® = 6^ = (a® 6)® 
= {a^by = 1. (iii) = 6® = (a® 6)® = (a®6)® = 1. 
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§ 6 . Ex. 2. The orders of H and K are ^ = nin^n^n ^ ... and 
V =: .... Hence H and X^have no element in common, 

since the order of {JET, X"} is fxv. 

Ex. 3. G is the direct product of {^i}, {g^y ..., {g^}. 

Ex. 5. Its base is evidently ..., g-^i, g^^^, 5^x1* 

Ex. 6. Its base is evidently [gi^i, gj^iy ..., 

Ex. 8. (i) [ah]y (12) ; (ii) [o&, h^l (120, 6) ; (ih) [5. a&^J, (36, 2) ; 
(iv) a®], (180, 5); (v) [ah, 6c j, (30, 30); (vi) [6, ab^, a*bc]y 

(72, 3, 3). 

Ex. 9. {m)y{2y 2), (2, 2, 2),(wi,2). 

§ 7 . Ex. 3. Every cyclic subgroup of order pK contains 
1) elements of order p^y and no two such subgroups 
have an element of this order in common. 

Ex. 4. If a, by Cy ... are elements in G of orders i^, ..., 

every element of order ... in 6^ is of the form abc.... 

Similarly, in the case of subgroups (V 2O2). Hence the numbers 
required are LMN..,y L'M'N' ...y LMN.». -r ...). 

Ex. 6. If hy k are elements in G of orders a, contained in 
the subgroups if, K with only identity in common, hk is in a 
subgroup L having only identity in common with H or K. Now 
{JkkY = is in JT and X, and hence p divides a. Similarly a 
divides p, and .•. a = Now use Ex. 6. 

Ex. 7. Let g be an element of order p in G, and denote a’^^gaf 
by /ij*. Then a is permutable with JT = {\y h^y \_i} and 
.*. K=G. But the order of K<p^-^ (cf. V613). ' 

Ex. 8. (i) See V In. (ii) Let x be the order of a relative to 
6r. Since a® is in Gy (a®)^ = 1 and a: = r or Jr. Hence 
{Gy a] = Ga-\-Ga^-\- ... is of order 2«r or 2«“^r. 

Ex. 9. (i) = a”^6„ja®=a~®66ia® = a“®6a*.a“*6ia® = 6s63+i. 

hle=bhi.b^h^ = = 

(ii) Since 6, 61, bbi are all of order 2, bbi = 616. Now assuming 
by biy ..., all permutable prove 6, ..., b^ all permutable. 

Then by induction {61, 62) ^mS ^ ^ Abelian group of order 
2^ and type (1, 1, ..., 1), k <m. 

Ex. 10. (i) If the h'a are not independent, it must be possible 
to express h„^ in the form hi^ih ^% ... Equating powers of 

Ou 9%^ -M 9m eliminating a?i, x^y ..., we have 


Ou 


• “im 

oa 

• • 

^28 • • 

• • . 

• ®2m 

• • 

Oml 

Oma* • 

• • 

•Oinm 
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If the ^*8 generate (?, every element of the form ••• 9 it?^ 

can be expressed in the form 

+ 021^2+ — +awi^m{^ = hence Dr, =^,1^1 

+ -4,2^2+ — +^imym (^0‘ cofactor of oi^j in D). .-. D 

must be a factor of A^j, Let A^j = A^JD, Then 

D»"“^ = 1 Aij I = Uf^ 1 A^j I and hence D = ± 1 , 

(ii) The Ws generate G if D 0 . 


§ 8. Ex. 3 . If [^1, ^2» •••> ® every element 

of order p in and hence every subgroup of type (1, 1, ..., 1) 
is contained in the group whose base is ^ •••> 

Now use § 8. 

Ex. 4 . Let Qi be any element of G. Take [^j, ^3, ...] as 

a base of G, Then is not in the subgroup [g^j ^3, ...} of 
index p. 

Ex. 5 . ' Prove as in V 613 and IX 

cyclic subgroups and ^ 1)~ 

non-cyclic subgroups. 

Ex. 7 . p\p+l){p^^p^l). 

Ex. 8. p^^ {jp^4-i)+ 1 )^. The group contains (p^ — l)p^2 elements 
of order ; hence the first generator hi of the subgroup may be 
chosen in (p^ — l)p^^ ways. The second generator ^2 then 
be chosen in (p^— l)p^^ ways, for it may be any one of the 
(p2— l)p '3 elements of order p® in (r whose p*^-th power is not in 
{^1}. The third generator may then be chosen in (p'* — l)p® 
ways, for it may be any one of the (p-*— l)p® elements of order 
p^ in G whose p-th power is not in {^1, /ig}. Hence a base of 
the subgroup may be chosen in X = (p^ — l)(p‘^— l)(p* — l)p*** 
ways. Similar reasoning shows that when the subgroup is given 
its base may be chosen in Y = (p^— l)(p— l)(p—l)p^® ways; 
and the total number of subgroups is X -r Y. 

Ex. 9 . (p— l)»»»piw»(w-'l)(2m+6)^ 


CHAPTER X 

§ 1 . Ex. 5 .* If g, gif g^f g^f ••• are a conjugate set of elements, 
9^^929 9 ~'^ 9 Bi ftre distinct commutators of G. 

Ex. 6 , a . g^'^ag = g^^ag . a since a’^^g^^ag is permutable 
with a. 

Ex. 7 . If gag""^ = a® and hah^^ = o^, {gh) a{ghy^ = 

= {hg) a {hgy\ a. g-^ hr^gh =5? g^^h~'^gh . a. 

Ex. 8 . Since e = c is permutable with 

a and 6 . Every element of (a, h] is evidently of the form 
and the commutator of two such elements is a power of c by 1 4 ji, 

Ex, 9 . {a*} ; ; use 1 4^3. 
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§2. Ex. 4. Use VI 14. 

Ex. 5. The determinant of every substitution in the commutant 
is 1. 

§ 3 . Ex. 1. If A = 6?, A' = r. 

Ex. 2. Let jBT be a normal subgroup of G contained in no other 
normal subgroup. Then G/H is simple and is non-Abelian, since 
II does not contain A. 

Ex. 3. e. g. the direct product of K and any perfect group. 

Ex. 4. Let ZjT be a normal subgroup of index jp. Since G/H is 
Abelian, II contains A. 

Ex. 6. If Vi, y2> — ill correspond to 

G = {^1, g^y g^y •••}y tho y’s sro permutable. .*. G/H = {yi, yg, 
y3, ...} is Abelian. 

Ex. 6. If a, b are two commutators of G and a, /3 are the 
corresponding elements of T, a, are commutators of V, Since 
ah = ha, a/? = /^a. 

Ex. 7. (i) ft}, (ii) {a, h}. (iii) If a"i6“^a5 = c and 
ca = oci, we can prove that CiU = ac, chc = 5 = CjtCi, cci = c^c. 
Hence by Ex. 5 A = {c, c^}. If the H. C. F. of m and r is d, 
the order of c is mr-^d and the order of Ci relative to {c} is 

j[3-(— ly^J (cf. VI 49). Therefore A is an Abelian group of 

index 4 or 8. (iv) Cyclic of order r. 

Ex. 8. or as m is odd or even, D, T, SS. 

§ 4 . Ex. 1. For every element of G corresponding to such an 
element of A would be in C. 

Ex. 2. (i) Let a, h be any elements of G> Then ah = haci, hh = hhc^ 
where Ci, are in C7. .*. a~^h~^ah.h ^a''^h~^ahhc 2 

= a"”i5"i/ia&CiC2 = a^^lih'^ahCx = h. a~^h ^ah^ 
(ii) The element of A corresponding to c is 1. (iii) See 1 4. 
(iv) hf is in (7. (v) Use (iii) and (iv). (vi) If r is the maximum 

order of c as ^ runs through the elements of G, the order of c 
divides r whatever element h may be. . *. is ^ways in C, and 
hence t divides r. But = 1 and .*. ^ = r. 

Ex. 3. Use Vlbeand V17 i2. 

Ex. 4. The normaliser in G of an element g corresponding to 
a is of index < 5, and its central contains {g, C] of order ry. 

Ex. 5. (i) Identity ; non-cyclic of order 4 ; (ii) non-cyclic of 
order 4 ; (iii) a/ c ^ = 1, ad = ha, he = ch^, ac = ca. 


§ 5, Ex. 1. Let a, h be any two commutators of G and a, jS the 
corresponding commutators of A. Then P is normal in A and 
.'. d is permutable with every commutator of G by X42(i). Hence 
ad = da. 

Ex. 2. Use X I7. 
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Ex. 8. By 14 {aby = (&oy= &<o<c since c is 

permutable with a and h* Hence if t is the order of ab and 
ba (1 83), = 1. Again a'~^b^^ab^ = c^, and hence = 1 if 

is in {a}. 

Ex. 4. (i) If t is the order of ab in Ex. 3, = 1 since t is 

odd and r = 1. Hence if a, ... are permutable elements 
corresponding to a, &, ... having the same orders and such that o 
has the same order relative to {13} as a has relative to {b}y &c., 
{a, &, ...} and {a, ...} are conformal, (ii) The second group 

of V 83 is metabelian but not conformal with any Abelian group. 

§ 6 . Ex. 3. If g'y a' correspond to the elements a in any 
automorphism of Gy a! corresponds to ar^ga in the auto- 

morphism. Hence the elements conjugate to ^ correspond to 
the elements conjugate to g. 

Ex. 4. a~^^b~^ = if 

Ex. 6. The only class of outer automorphisms admitted by G is 
that interchanging A and B when A = 2^. 

Ex. 7. No element of one of the groups can be transformed 
into an element of another. 

Ex. 9. If g and h are two elements of G not in iT, g and /» are 
permutable with each element of K, since K is complete. Hence 
gh is permutable with each element of K and is not in K. 

Ex. 11. If ^ is an element of order p®, there is an auto- 
morphism of in which g^ corresponds to g^ where r is any one 

of the 1) integers less than and prime to jp”. If 

b^^gb = gT, b'“^g¥ = ; hence when r is chosen so that 

1) is the least value of s satisfying r® = 1 (mod jp“), every 
automorphism of {g} is obtained by transforming by powers of 6. 

Ex. 12. The generator of order corresponds to the auto- 
morphism in which g"^ corresponds to where r is chosen so that 
2“’'2 ig Igast value of a satisfying r* = 1 (mod 2”). The 
generator of order 2 corresponds to the automorphism in which 
g^^ corresponds to g. 

Ex. 13. A cyclic group of order 2® 3^ 5"^ ... is the direct 
product of cyclic groups of orders 2®, 3^, 5'^, ... ; now use Ex. 7. 

Ex. 14. (i) If gigj^gj,, 

(ii) 

Ex. 15. (i) [ar^giay a^'^g^a, a''^g^a\ is a base of a ^Ga, 

Ex. 16. (i) The elements g^t g^/^i ••• gn^^w! are all distinct 
when for x^y x^^ we put any of the integers 1, 2, ..., j?, 
if and only if the determinant | a | ^ 0 (mod 

Ex, 17. g divides the order of the group of automorphisms of G* 

Ex. 18. By I 4ii the commutator of a' and V is c^^'V^y and 
.-. xs^-yr"^ 0 (mod p\ The order of {a, 6} is and the order 
of the group of automorphisms = the order of the general homo- 
geneous linear group of degree 2 in the GF\p] = (p^— l)(p‘^— !>)• 

Ex. 19. 24, 24, 120. Suppose that a' corresponds to a, V to b 
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in an automorphism. Then (i) a' may be any one of the 8 
elements of order 3, V any one of the 3 elements of order 2 ; 
(ii) a! may be any one of the 6 elements of order 4 and then 
V may be one of 4 elements of order 3, as is easily seen by 
considering the simply isomorphic group O and remembering 
that ^ ^ S similarly. 

§ 7 . Ex. 7. Use V2O2. 

Ex. 9. If A is any element of Gr not in there is an auto- 
morphism of Q in which gh corresponds to g. 

Ex. 10. (i) Use Ex. 9. (ii) There is only one invariant of 
maximum order. 

Ex. 14. UseX6e. 

Ex. 15. Use Ex. 14. 

Ex. 16. Use X 6,3. 

Ex. 17. r contains a normal subgroup H simply isomorphic 
with G formed by substitutions of the type a?/ = + while 

V/H is simply isomorphic with the general homogeneous linear 
group of degree m in the GF\p\ Now use XOjg. 

§ 8 . Ex. 1. X does not displace the symbol corresponding to 
identity in G. K contains a transitive subgroup P of the same 
degree. 

Ex. 2. (i) If r were such a ^oup, H would contain P' (§ 6) ; 
which is impossible, (ii) Use (i). 

Ex. 3. Use § 8. 

Ex. 4. (i) Use § 8 taking c as the automorphism in which a 
corresponds to a, ha to h and d as the automorphism in which 
corresponds to a, h to 5. 


CHAPTER XI 


§ 1. Ex. 4. See X I5. 

Ex. 5. If H and K are two normal subgroups of order j?, II and 
K both contain the commutant of G since G/H and G/K are of 
order and Abelian. 

Ex. 6. If XT is a normal subgroup of index G/H is Abelian ; 
. *. II contains the commutant of G* 

Ex. 7. As in Ex. 6 each such normal subgroup contains the 
commutant. 

Ex. 8. If A is an element of a normal subgroup E ot Gy H 
contains every element conjugate to h in G. Then if the G. C. S. 
of H and C is of order p, the order of H =: *** * 

proceed as in § 1. 

Ex. 9. Use Ex. 8 and X 3* 

Ex. 10. Let ^ be an element of G corresponding to a normal 
element of G/Cy and let A be an cdement of G not permutable 
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with g. Then the commutators of h and g^ are in C 

and are all distinct. 

Ex. 11. Use Ex. 10. 

Ex. 12. (i) Let r be a normal subgroup of G contained in no 
other norm^ subgroup of (r. Then G/V is simple and is of 
order p. 

Ex. 13. Since in Ex. 12 G/V is Abelian, V contains the corn- 
mutant of G. 

Ex. 14. Let a, 6 be elements of G such that a is of order p and 
ah = haK Then = a by Fermat’s Theorem (1 8). 

Hence the index of the lowest power of b permutable with a is 
a factor both of p — 1 and of the order of b (1 2g). 

Ex. 15. c is in every subgroup of index p in G (Ex. 7) and 
is in the normalisers of a and b. The conjugates of a in 6r 
are b~^a¥ = ac^(t = 1, 2, ...,p). cP = 1. 

Ex. 16. By Ex. 16 (bay = b*‘a^ when e is a multiple of p, since 
cP = 1 (1 4). Hence the order of ba divides p^. Also any 
conjugate of ba such as g^^hag ^ g~^bg , g~^ ag is of the form 
6ac^, and ba is an element of a conjugate set of 1 or p elements. 

Ex. 17. is in C; hence {(7, g) ^Cg^Cg^^- ... ’¥CgP and 
is evidently Abelian of order p^+'. If A; is any element of G 
and K, y are the elements of G/G corresponding to k, g in 
K~^yK = y and .*. k^^gk = gc (c in Q, Hence g has at most p^ 
conjugates in G\ and the normaliser of g in G has a central 
containing {0, g} and is of index < p®. 

Ex. 18. Use induction and Ex. 17, so long as 

a— 4/3(2a;-fi3-l) > 

Ex. 19. G contains a subgroup II of order By 

Ex. 18 H contains a subgroup K of order 

^^f{2X + C-l) + l-J(€-l)(2x + €~2) =jpX + e 

whose central is of order This is only possible if X is 

Abelian (X 4). 

Ex. 20. Use Ex. 19. 


§ 2, Ex. 1. Let G be the direct product of prime-power groups 
A, B, C, .... Find normal subgroups A', B', C\ ... of A, B, Cy ... 
respectively such that the pr^uct of their orders is m. Then 
{A'y B'y Gy ...} is a normal subgroup of order m in G* 

Ex. 2. The subgroups required are those corresponding in G to 
the series of norm^ subgroups in G/V^ 

Ex. 8. (i) The subgroup required is one corresponding to a 
normal subgroup of order in GjH. (ii) {ZT, K) is of index 
p^(A < y) and .-. the G. C. S. 2) of if and K is of index p®(6 2: P) 
by V 18. The subgroup required is the subgroup of G correspond- 
ihg to a normal subgroup of index p^ in Gfl)* (Gf. XI 62). 
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§ 3. Ex. 2. If H is a subgroup of index piaG containing Ki, 
El contains JTg, ^3, ... since H is normal. 

Ex. 4. (i) if contains C since otherwise G = {E, C} and is 
Abelian ; similarly K contains C. Again, every element of the 
G. C. S. of E and K is normal in E and in K and hence in 
G = {E, K}» (ii) G/C is Abelian of type (1, 1) since it is non- 
cyclic of order Again, if a and h are two non-permutable 
elements of G, c = is permutable with a and h since 

the commutant A is in G (XI I7). Hence = 1 

and every element of A is of order 1 or p. 

Ex. 5. Using Y 13^ we see as in Ex. 4 that the central is of 
index p^ and hence contains the commutant. 

Ex. 6. If ^ is an element of G not permutable with every 
element of jD, G contains p conjugates to g (XI5); .*. the 
normaliser of ^ in G is of index p but does not contain D, 

Ex. 7. If g is any element of order < p“ in G, {g} is in some 
subgroup of index p (Ex. 1) and .*. ^ is in P. Hence G contains 
elements of order p^. 

Ex. 8. As in Ex. 7 G contains an element g of order p'^(r > s), 
being of order p* is identical with K. 

§ 4. Ex. 2. G/D is a subgroup of G/A. 

Ex. 3. For the p-th power of such an element would not be in D. 

Ex. 4. Since the G.C.S. of all subgroups of index p in G/J5 = 1 
(IX 84), the G. G. S. of all subgroups of index p in G containing 
E is E. But this G. C. S. contains Z>. 

Ex. 6, (i) Since the p-th power of each element of G is in 
{A, P}, each element of G/{A, P} is of order 1 or p. ' (ii) By 
Ex. 4 {A, P} contains B and by § 4 2> contains {A, P}. 

Ex. 6. If G contains two Abelian subgroups of index p, the 
central 0 is of index and is contained in every Abelian subgroup 
of index p (XI 84). Now proceed as in § 4. 

Ex. 7. Let Jf be a subgroup of index p not containing ga. 
Choose elements g^ g^y ... , as in § 2 for the group E. Then 
g^ satisfies the conditions that g^p and g~^g(x~^gga are in E* 

Ex. 8. (i), (ii) By V the G. C. S. of the normal subgroups of 
index p or p^ is of index p^. Now proceed as in § 4. (iii) The 
non-normal subgroups can be divided into conjugate sets each 
containing pm subgroups (m integral). 

§ 6. Ex. 2. If It is a subgroup of index p in H not normal in G, 
E contains every subgroup conjugate to Jt in G. Now the 
number of groups conjugate to Jt = the index of the normaliser 
of JSr = a multiple of p. But E contains Zp-fl subgroups of 
index p ; hence at least one is normal in G. 

Ex. 8. The elements of G permutable with every element of K 
form a subgroup P. The Al^lian subgroups of order in G 



SOLUTIONS, caxn 


223 


containing H are the subgroups of F corresponding to the sub- 
groups of order jp in F/jET. 

Ex. 4. Let Bij B^ be the normal subgroups of this 

index ; A^y A^y Ay the normal subgroups of index p. Then 
the proof runs as in § 5 using XI 23. 

§ 7 . Ex. 2. Each set is of the form ly {I = 1, 2, 
unless a? = y = 0 (mod p) ; see X I5. 

Ex. 6. It is the only non-cyclic subgroup of the same order. 

Ex. 6. By 1 4 = hva^-^^P. Now if a: = fx < a - 8, 

we have {bya^Y^*^P = on putting m = Hence 

by Ex. 2 every subgroup of is normal except the p subgroups 
conjugate to {&}. 

Ex. 7. Every normal subgroup of G contains the commutant. 

Ex. 9, Let ax = hya^ correspond to a and to h in any 

automorphism of G. Then since = 1, r = 0 (modp®“^) ; since 
' = 1, a; is prime to p ; since = OjP” 5=1 

(1 4||). Hence the order required is plp^~^—p^~^)p = p®* (p— 1). 

Ex. 10. Let X be a normal cyclic subgroup of order p*. By 
XI 22 we can find normal subgroups Ky Xj, .JTg, ... each of index 
p in its successor. The first which is non-cyclio contains a 
characteristic non-cyclic subgroup of order p^ which is the normal 
subgroup required. 

Ex. 11, Abelian of type (8), (2, 1), or (1, 1, 1) ; = 1, 

ah = ha^’^P ; {a, h} where a and h are each of order p and per- 
mutable with their commutator. Note that in a non-Abelian 
group of order p^ the central and commutant coincide and are 
of order p (XI Ijo). 


CHAPTER XII 

§ 1. Ex. 1. They are Sylow subgroups of K. 

Ex. 2. The Sylow subgroups are all conjugate. 

Ex. 4. (i) If F^- = F^-, Fj- contains two normal Sylow subgroups 
Hi and Hj. (ii) Since Fj is the normaliser of in &, the 
normaliser F^* of hf^Hxhi^Hi in hf^Qhi^G is 

(iii) Since F^ is one of ^+1 conjugate subgroups in Gy the 
normaliser of F^ is of order n-7-(^+l)= the order of Ti, 

(iv) Apply Corollary II to F,-. 

Ex. 5. In the proof of Corollary II the number of quantities 
py jy ... = r must be = 1 (modp). 

Ex. 6. The G. C. S. of H and H^y i. e. of hf^Hhi and hf^xhi 
is which is of order p^. Hence G contains p®*'^ sub- 

groups conjugate to H having with H a G. C. S. of order p^, 
having with JET a G. C. S. of order p7, .... 

Ex. 7. Use V 16^3. 

Ex. 8. Use Ex. 7. 
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Ex. 9. Use Ex. 8 and IX 67, IX S^. The number is (i) 28, 
(ii) + -f 3i>®-h3i>* + 2i)^ + 2j92 +^-h 1) + + 

(r+1). 

Ex. 10. If a, h are elements of Sylow subgroups of 6r whose 
orders are unequal, the order of c = divides the orders 

of a and h (1 4jo), and .*. c = 1. 

Ex. 11. (i) The commutant of Q: = 1, for otherwise A would 
contain an element of order (ii) If pP is the order of 6rj*, the 
order of {A, 6r^} is pp^pp^ since A is normal in {A, Gp while 
A and G^ have only identity in common. Hence G^ is a Sylow 
subgroup of (A, G^}. If there are ^^4-1 Sylow subgroups of 
order pP in {A, &,}, J^i + 1 is a factor of Now use 

Corollaiy IV. 

Ex. 12. If g generates one of these cyclic Sylow subgroups, 
the permutation of P (VI 2) corresponding to g contains an odd 
number of cycles of even degree and is an odd permutation. 
Then the even permutations of P form a normal subgroup of 
index 2 ; which contains every permutation of odd order when g 
is of order 2. 

Ex. 13. If P and Q are Sylow subgroups of order and qP, 
every element of G is included once among the elements PQ 
or QPj since P and Q have only identity in common. 

Ex. 14. Take //, Hi as subgroups of index p. If Hi is not 
normal in 6r, Fj = Hi and Hi is not permutable with any element 
of G not in Hi. Then the proof of § 1 would show that there 
are Icp-hl subgroups conjugate to Hi which is impossible. 

Ex. 15. (i) Let K be the subgroup of order t formed by the 
permutations not displacing one symbol x (VI 5), The per- 
mutations of U not displacing x evidently form the G. C. S. of 
H and which = 1 since t is prime to p. Hence every 
permutation of H displaces every symbol, and the number 
of symbols in any transitive set of H = the order of H. 
(ii) G^HK = KH. 

Ex. 16. If is the highest power of p which divides e, G 
contains a group of order jp* which lies in L. Hence A is a 
multiple of p* ; and so for every prime-power factor of e. 

Ex. 17. Let P = (9 in G). Since E is normal in H, F 

is normal in g~^Hg; and H and g~^Hg are Sylow subgroups 
of the same order in the normaliser P of P in G and are hence 
conjugate in B. •*. there is an element 5 of P such that 
H = h'^\g^^Hg)h. Then gh is in V and (gb)~^E{gh) = F. 

Ex. 18. G contains ^ + 1 subgroups of order p® where ^+1 
divides e. In this case A; = 0. 

Ex. 19. By § 1 a group G of order pq contains elements a, b of 
orders p, q. The Sylow subgroup {a} is normal, since 0 
(mod ^p+1) unless A? = 0. Let = If #c = 1, ab is of 

order pq and G is cyclic. If ic^l, = (13) and .’. 
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= 1 (mod p\ ^ 1 (mod i^) it* c < 2 ; for otherwise a and ?/ 
and a and h would be permutable. 

Ex. 20. (i) Cyclic and dihedral ; (ii) cyclic ; (iii) cyclic and 
= 53 cyclic and = 1 , uh = h(t? ; 

(v) cyclic and = 1 , ah = ; (vi) cyclic ; (vii) cyclic : 

(viii) cyclic and = 1 , ah = ba-^. 

Ex. 21. 825 = 11 . 3 . 52 . No factor of 825 -f- 25 is of the form 
5A;+1, and no factor of 825 -f- 11 is of the form ll/i:-f 1 unless 
= 0 ; but 11.5 and 5^ are of the form 8^*4- 1. 

Ex. 22. As in Ex. 21 the group contains a normal subgroup 
of order 25, 17, 13, 11, 7, 13, 127, 169, 121. 

Ex. 23. As in Ex. 21 prove that every Sylow subgroup is 
normal and use Corollary IV. (i) cyclic ; (ii) cyclic or Abelian 
of type (665, 5) ; (iii) 10 types ; see XI 1 and XI 7^ . 

Ex. 24. (i) 520 = 2-^. 5. 13. The only factors of 520 -f- 13 of 
the form 13A;-fl are 1 and 40. Hence a simple group O of 
order 520 must contain 40 subgroups of order 13, since it contains 
no normal subgroup of order 13. Similarly G contains 26 sub- 
groups of order 5. Now two groups of prime orders have only 
identity in common. Hence G contains 26(5 — 1) distinct 
elements of order 5 and 40(13 — 1) distinct elements of order 13. 
But 26 . 1 + 40 . 12 > 520. (ii) G contains 6 subgroups of order 5 
and 10 of order 3 ; (iii) 20 subgroups of order 19 and 76 of 
order 5; (iv) 45 subgroups of order 11, 11 of order 5, and 55 
of order 9 ; (v) 78 subgroups of order 7 and 14 of order 13. 

Ex. 25. (i) As in Ex. 24 a simple group G of order 616 
contains 56 . 10 elements of order 11 and 8.6 of order 7. {Since 
616 = 560-4-48 4*8, G contains only a single subgroup of order 
8 which is .*. normal, (ii) G contains 8 subgroups of order 7 ; 
(iii) 27 subgroups of order 13. 

Ex. 26. (i) As in Ex. 23 a simple group G of order 450 
contains 6 subgroups of order 25 and is .*. isomorphic with a 
simple transitive permutation-group (/ of degree 6. The 
isomoi’phism is simple since G is simple. G' contains no odd 
permutation, for otherwise the even permutations of G' would 
form a normal subgroup of 6r', .*. G' is a subgroup of the 

alternating group of degree 6 ; but 450 is not a factor of 6 ! -f- 2. 
(ii) The order of G is not a factor of 3! -r 2, (iii) 5 1 -r 2, (iv) 6! -r 2, 
(v)6!-r2, (vi)ll!-T-2. 

Ex. 27. (i) As in Ex. 26 a simple group G of order 90 is simply 
isomorphic with a transitive permutation-group G' of degree 6 
containing only even permutations. By § 1 (r' contains a per- 
mutation g of order 2 which (being even) is the product of two 
transpositions and .*. does not displace every symbol. Hence g 
is contained in some subgroup of index 6 consisting of the 
permutations of G' not displacing one symbol. But 90 -f- 6 is 
odd. (ii) Here G' is of degree 18 and each of the 18 subgroups 
of 6r' not displacing one symbol is of order and degree 17, while 

Q 
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there are 18 permutations of 6r' (not included in these 18 sub- 
groups) which displace every symbol. One of these is of order 2 
and is .*. the product of 9 transpositions and is an odd permutation. 

Ex. 29. (i) {a}; {b}, {ba\y {ha^]. (ii) {a, b] ; {cb^} (r=l, 
2, 7). Note that every element of the group can be put in 

the form c^a^by which transforms c into cb^y. 

Ex. 30. {(12)(34), (14)(23)f; {(234)}, {(341)}, {(412)}, 

{(1 2 3 )}. 

Ex. 31. Apply Sylow’s theorem to the general homogeneous 
linear group. Since the period of every mark divides p’'— 1, no 
multiplication is of order divisible byp. 


CHAPTEE XIII 

§ 3. Ex. 1. Let A be the maximum normal subgroup of G 
containing Hj B the maximum normal subgroup of A containing 

... . Then G, A, E, ... , //, ... is a composition-series containing 
H ii H IB normal. 

Ex. 2. (i) A cyclic group of order p^* contains only one normal 
subgroup of index p. (ii) Use XI 6. 

Ex. 4. By XII li 9 6r contains only one normal subgroup which 
is of order p. 

Ex. 5. Use VI 14, 15. 

Ex. 6. One composition-series is 6r, //, 1, and . *. the composition- 
factors are m ! -r 2 and 2. Hence if G contains a normal subgroup 
other than //, it is of order 2. Evidently no such normal sub- 
group exists. 

Ex. 7. Use V 20. 

Ex. 8. Use Ex. 7, noticing that a cyclic group cannot have more 
than one subgi'oup of given order. 

Ex. 9. (i) The composition-factors of G are a p’s, p ^'s, y r’s, ... 
which can be arranged in e different orders. Now use Ex. 8. 
(ii) If all the Sylow subgroups of K are cyclic the theorem is 
true by V 202(iii). If the Sylow subgroup of order p^* is non-cyclic, 
Ex. 2 (ii) shows that there is more than one composition-series of 
K in which the a composition-factors p occur last. 

Ex. 10. Let Ua be the number of distinct composition-series 
of G. Then the second group Gi of a composition-series may 
by XI 7 be one of p cyclic subgroups of index p each giving rise 
to a single composition-series, or may be a given group of order 
p(t-i a cyclic subgroup of index p giving rise to 

compositiomseries. . *. Wa = • Now use induction. 

Ex. 11. Let tici be the number of composition-series of G* The 
second group Gi in the series can be chosen in (p®**^ — 1) -f* (p~ 1) 
waysbylXS. .*. Wa = w„.i(p«— 1) -f (p— 1). Now use induction. 

Ex. 12. Use Vl4e. 
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Ex. 13. G has a composition-series containing a Sylow subgroup 
of order Now use Ex. 12. 

Ex. 14. (i) By Ex. 12 all the Sylow subgroups of G are normal. 
Now use XII 1 Corollary IV. (ii) As in XI 3 we can show that 
every subgroup of is contained normally in some subgroup of 
higher order. 

Ex. 15. The number is 1, 5, 21, 7, 3 according as the group 
is Abelian of the type (3), (2, 1), (1, 1, 1), dihedral, or dicyclic. 

Ex. 16. (i) d3, (D3) 83) C3), C3, 1 and d3, C3, c, 1. (ii) 12, (O, 0, 0), 
T, D, (C„ C2, C>), 1. (hi) H, E, L 

§4. Ex. 2. If H = + ... , {G,, II} = G,h 

^G,k, + G,h,+ .... (See V 13.) 

Ex. 3. In Ex. 2 every subgroup of II/Hi is simply isomorphic 
with a subgroup of {G,., 11} /G,, and .*. with a subgroup of 
6r^._i/U, , since G,,_] contains U,. and IL Now apply to II^ the 
same reai^oning as was applied to II and use Ex. 1, &c. 

Ex. 4. A and cyclic groups whose orders are the prime factors 
of -f- (y — l)d ; except in the case wi = 2 and = 2 or 3 
when all the composition-factor-groups are of prime order. 

§ 6. Ex. 2. A soluble group has a normal subgroup of prime 
index, and this must contain the commutant. 

Ex. 3. Use XIII 4v 

Ex. 4. Use XIII 3;. 

Ex. 7. Use Ex. 2 and 5. 

Ex. 8. Use § 4. 

Ex. 9. Take [a] as the group 7/ of § 4 ; then G/II is cyclic. 

§ 6. Ex. 1. G is the direct product of groups of order p and is 
.*. Abelian. 

Ex. 2. If / is a composition-factor of G, we have 
and . *. f = 0. 

Ex. 3. Let / be a composition-factor of the alternating group. 
Als in Ex. 2 = 3.4.5 m\ and .*. < = 0. 

Ex. 4. If A is a normal subgroup of P contained in /f, its order 
is not a multiple of p ; for otherwise K would contain one Bylow 
subgroup of order p in P, and K would contain all the Sylow 
subgroups of order p, since they are all conjugate and K is normal. 
Hence since K is of degree pAr, K is intransitive (VI 6), which is 
impossible (VI 11). Now use Ex. 2. 

§ 8 . Ex. 1. Prove as in § 4. 

Ex. 2. Take the composition-series {a, 8}, h}^ 1 of 

the group a* = = {aby^ = 1. 

Ex. 6. By XI 2 the chief-factor-groups are of prime order. 

Ex. 7. UseXIlg. 

Ex. 8. Use § 6. 
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Ex. 9. (ii) Use X 

Ex. 10 . Use XI 7q and XIII 

Ex. 11. (i) 1, 5, 21, 3, 3. (ii) 4, 3, 1. 

§ 9 . Ex. 1, 2. Use § 6 . 

Ex. 7. Any element permutable with a group transforms a 
chief-series into a chief-series. 

§ 11 . Ex. 1. Use XIII 5„ 3 . 

Ex. 2. The group preceding identity in the series of derived 
groups. 

Ex. 3. Use X3. 


§ 12 . Ex. 3. See X5i. 

Ex. 6 . (i) .1 is Abelian, .*. contains Aj. (ii) The 

commutant of G/C; 3 is Abelian (Ex. 3) ; . by X 3 each 
commutator of [A,, (.\ 3I/C, 3=1, and hence every commutator 
of {A,, C, 3 I is in 0, 

Ex. 7. Use XI I 9 . 

Ex. 8 . Prove as in XI 2 . 

§ 13 . Ex. 1. Use XIII 5.. 

Ex. 2. By XIII 89 the central JT of A ^ 1, since a chief-series 
of G can be formed containing A ; while by X 3 the commutant of 
G/K is \/K, Now every chief-factor-group of G/K is cyclic, and 
.*. the central of A//f ^ 1. Continuing this reasoning we see that 
the class of A is finite. 


CHAPTER XIV 

§ 1. Ex. 2. (iii) Use X5. 

Ex. 3. = 6 * = (abY = 1 . 

Ex. 4. They are permutable with a and h. 

Ex. 5. Let a' be the lowest power of a in any subgroup //, and 
suppose that // contains b*fa^ but no element where p < y 
or p = <T < .r. Then 1 3 shows that yu = /:! whei^ w is integral 
and that H contains the elements — 12 , 

..., u\ i = 1, 2, ..., f-f-A). Putting f = w we have I a factor of 
r-|-ir(A^ — l)-r(A:^— 1). The groups i/, {a', by a-} are distinct; 
for if// contains bya-y it contains {bya^Y'^{byn-) = which is 
impossible when Z > > .r > 0 . 

Ex. 7. By Ex. 4 G contains a normal subgroup of prime index. 

Ex. 8 . Suppose k a primitive root of = l (mod A). Then 
[a, h^} is Abelian and its Sylow subgroups are all cyclic. Hence 
by V 20 . 2 nu) is cyclic ; and it is normal by Ex. 4. Hence 
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§ 2 . Ex. 1 . Use XIV Ig. 

Ex. 2. (ii) is of o^er (I) 4 w-f* (the H.C.F. of 2 m and 
(II) 2 or 4 as is even or odd; (III) 2 ; (IV) 4 . 
(iii) The conjugate sets are of the form (I) ^nd 

6a* + 6a® ’*' 2 ’"; (II) + and 6a* (a? odd), 6a® (a; even) 

each form one or two conjugate seta as m is even or odd ; 
(iii) a* + a~*; and the elements 6a* form one or two conjugate 
sets as m is odd or even; (IV) a*-fa“*; and 6a* {x odd), 6a* 
{x even) form conjugate se^ 

Ex. 3 . Use XIV I5. 

Ex. 4 . {a*, 6a*} is Abelian or of the type I as Hs even or odd. 

Ex. 7 . 2 <#>( 4 m) or 4 </)( 4 m) as m is odd or even; 2 m 0 ( 4 m); 

; 3 m<#)( 2 m). In any automorphism let a* correspond to a, 
ha^ to 6 ; then a* and ha^ satisfy the same relations as a and 6. 
In group I we can have 6a® corresponding to a and 6tt* to 6 if m 
is even. (See Footnote, p. 82 .) 

Ex. 8.' The normal su^roups of III are the subgroups of (a) 
and {a^, 6}, {a^, 6a} when m is even. Now use XIIIBq and 
induction. 

Ex. 9 . Use § 1 . 

§ 3. Ex. 2 . Since {a} can have only one holomorph, the meta- 
cyclic group is abstractly the same whatever primitive root h 
may be. 

Ex. 3 . Use 13 . 

1^1 

Ex. 6. (a, 6 2 }•, 

Ex. 6. It is contained in {a} or {hVa^}, 

Ex. 7 , 8. If - 1 = gr ... tna where q, r, ... , u; are primes not 
necessarily all distinct, every composition-series is of the form 
{a, 6}, {a, 6^, {a, 6^, -m (a, {a}, 1. 

Ex. 9 . If in an automorphism of G of corresponds to a and 
6ya* to 6, (6J'a*)"^a^(6J^a*) = ; which gives y = 1. Ilonce 

the order of the group of automorphisms =i9(p—l) = the order 
of the group of inner automorphisms = the order of G, 

Ex. 10 . See X84. 

Ex. 11. Prove = 1 , TSK Since T^S* replaces 

1, p hy ky-hx, X respectively, and ky^^x^x may be made equivalent 
to any two whatever of 1, 2, ... , p ; the group is doubly transitive. 

§ 4 . Ex. 1 . If gi, P2> •••> 9 m ©knaents of orders p/*], ^2^2, 
... ... grn is of order n. 

Ex. 2 . P is the only subgroup of its kind in U. 

Ex. 3 . Since g^^^ is permutable with {gjs = 9 m} 
is of order Similarly {9^-29 9 m- ly 

Ex. 4 . By XII 1 Corollary II every Sylow subgroup of H is 
contained in some Sylow subgroup of G. 

Q 3 
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Ex. 8. As in § 4 (4) prove the existence of and then use Y 14. 

Ex. 9. Q contains elements whose orders divide 
- Pm"- bit not iJr«p^+i 

Hence G contains an element of order proceed as 

in § 4 (1). 

§ 5s Ex. 1. By § 5 r is of the type =1, = a*", ab =: ba^. 

Putting = b', we have T generate by a and b' which satisfy 
relations of the given form since X. is prime to /3. 

Ex. 2. (i) or = 0, 2 / = 1 (mod fi), p is prime to X, x{Jc^—l) -r 
(A:— 1) = (p— l)f (mod X). 

(u) <#) (A) X (the H. 0. F. of A and • (See Footnote, p. 82.) 

§ 6. Ex. 4. Use Corollary IV of XII 1. 

Ex. 6. Since (ab)^ = a~^ha = b“^ and a“^b^a = b”^ = a”*. 

b^ = and = 1. 

Ex. 7. ba® =:ah^ hab ^ ; a* = b^. Now use Ex. 6. 

Ex. 9 (ii). If c, d are the elements of the group of automorphisms 
corresponding to those automorphisms in which b^ corresponds to 
a and ha to b, a to a and ha to b, then ^ {cdY = 1. Now 

use VI 8^. 

Ex. 10. UseX4i. 

§ 8 . Ex. 2. (i) Generated by the elements of H excluding 
identity ; (ii) generated by the elements aB, hB, ahB. (iii) and 
(iv) The G.C. S. of all subgroups of index 2 or 4 is {a^}. Now 
consider the number of subgroups of index 2 or 4 in^G/{a^} 
which is Abelian of order 2®*^^ and type (1, 1, ..., 1). (v) The 

first generator of such a subgroup may be chosen in 2“-~2”"2 
ways and then the second in 2®“^ ways. Hence the generators 
may be chosen in 2”''^(2«— 2®*"^) ways. Putting a = 8 we have 
24 ways of choosing the generators of a quaternion group. Hence 
the number of quaternion subgroups is ^■'^(2®— 2®“^) -r 24. 

Ex. 8. If E is a normal subgroup of order p, K/E has every 
subgroup normal and is therefore Abelian. Hence E is the 
commutant of K, 


CHAPTER XV 

§ 1 . Ex. 2. The distinct representations of the cyclic group {a) 
of order 8 are obtained by making 1, a, correspond respectively 
to (1) 07, X, X ; (2) x'= x, wx, w^x ;( 3 ) x'ss X, <u*x, wx, where 

(D^ = 1. Representations (2) and (8) give the same substitution- 
group. 

Ex. 3. Each of 

Ex. 4. With tr/H, where H is the normal subgroup formed 



SOLUTIONS, CH. XV 231 

by the elements corresponding to (o^, ...) in the repre- 

sentation. 

Ex. 7. Use VII 8. 

Ex. 8. e.g. a2 = 62 = (a^)2 = 1. 

§ 2 . Ex. 2. Xfc* is Xi* quantities whose modulus is 1. 

Now use the theorem Hhe sum of the moduli of two or moi*e 
complex quantities is < the modulus of their sum 

Ex. 3. By Ex. 2 every element of II must correspond to 
(^1, ...) in 8^. 

Ex. 5. Every conjugate set is self-inverse. 

§ 3 . Ex. 1. Let ^ = gi^ig./2 ... g^^t. Put = 1, = Oa, ^3 = 0(3, 

..., = a^. Then fii = Oi or Similarly ^2 = ^2 or Joa, .... 

Ex. 2, Each such representation is Abelian and is therefore 
a representation of (r/A by X3 and XV I4. But the number 
of representations of ^/A = its order. 

Ex. 3. Use § 3. 

Ex. 4. Multiply each row by the characteristic of the element 
heading the row and do the same for the columns. If wo then 
add each row to the first, every term in the first row is the same, 
and is therefore a linear factor of the determinant. Do this for 
each of the n characteristics. 

Ex. 6. (i) Apply the method of Ex. 4 to the characteristics 
in the q representations of the first degree (Ex. 2). 

?ii) l + a + 6 + c+d-he, 1 +a + 6— c— d—e. 

Ex. 6. Xji:(Xi+X 2 + ••• +Xn) = XiX*+X2Xfc+ ••• +XnXfc = Xi + Xa 
+ ... -hxn‘ choose Xfc ^ 

Ex. 7. As in Ex. 6. 

§ 4* Ex. 4. If Hy K are a pair of reciprocal groups, K and O/II 
have the same invariants. 

Ex. 6. Use Ex. 4 and IX 83. 

Ex. 6. Use Ex. 4 and IX Sq. 

Ex. 7. (i) Use Ex. 6 and proceed as in XI 4. (ii) y = ;8r =s 1, 

§ 5. Ex. 3. Put j = 1 in (ii). 

Ex. 4. Put Xe^ ^nr x/ in (ii). 

Ex. 6. Use XV 83. 

Ex. 7. (i) Two Abelian representations and ^(p— 1) generated 
by substitutions of the form 

/ 2f7r . 2fir . 2f7r 2f7r \ . 

{ cos — a;-sin — y, sm — a:+cos-— y ), (-ar, y). 

\ P p p JP ' 

(ii) Four Abelian representations and that generated by (—y, x), 
i^Xf y). (iii) Four Abelian representations and those generated by 

(^cos-y x-smy y, smy^-fcos-^y {—x,y) and 
coSga?-Bmgy, smg»+cos^y J, {-x, y). 
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Ex. 8. Taking in (i) Ci = 1, (72 = Q == C| = a^+a^ ; 

C5 = ; Ce ^ + and in (ii) = 1, C2 = a^, 

(7, = a4*a^ C 4 = & + 6a^ (75 = 6a + &a^ we have as sets of 
characteristics respectively 

111111 11111 

1111-1-1 111-1-1 

1 1 i and 1 1-1 1-1 

1 I i 11-1-11 

2 2 -1 -1 0 0 2 -2 0 0 0 
2-2 1-1 0 0 

Ex. 9. Taking Ci = 1, (72 = a4•a^ + a^ = 

h + 5a + + ha^ + 5a® + 5a® ; = 5^a + h^a^ -f 52 a® + 52a^ 

+ 52 a® + 52 a®, we have as sets of characteristics 
11111 
1 1 1 CD 0)2 

1 1 1 0)2 CD 

3 Oj Og 0 0 

3 02 Oi 0 0 

where (d® = 1, 0^02 = 2, + 02 + 1 = 0. 

Ex. 10. Taking Ci = 1, 02 = the permutations of order 3, 
C 3 = the permutations of order 4, = the even and = the 

odd permutations of order 2, we have as sets of characteristics 
11111 
1 1-1 1-1 

2-1020 
3 0-1-1 1 

3 0 1-1-1 

Ex. 11 . Taking Cq = 1, O 2 , O 3 , H the permutations pf orders 
3, 4, 5 respectively, O 5 = the even and Cq the odd permutations of 
order 2 , O 7 the permutations of order 6 , we have as seta of 
characteristics. 

(i) 1 1 1 1 1 

8 0 Ml-v'S) iU + '/B) -1 

8 0 i(l+-/ 6 ) i(l--/5) -1 

4 1-1 -1 0 

6-10 0 1 

(ii) 1111111 

1 1-1 1 1 - 1-1 

4 1 0-1 0 2-1 

4 1 0-1 0-2 1 

6 - 1-1 0 1 1 1 
6-1 1 0 1 - 1-1 
6 0 0 1 -2 0 0 

§ 6 . Ex. (i) The number of elements conjugate to a normal 
element of a Sylow subgroup of order is a power of p. (ii) No 
factor-group of £f is simple unless it is of prime order. 



APPENDIX 


In the hope that some of my readem will wish to add to existing 
knowledge of group-theory, I give a few interesting questions still 
awaiting solution.* 

1. Can a group of odd order be both non-cyclic and simple? 

2. Discuss every type of gi-oiip with an Abelian commutant 
(See X 5i). 

3. Can a perfect group contain elements which are not commu- 
tators of the group ? 

4. The greatest common subgroup of the normalisers of no 
two elements of a gi’oiip G is identity. Can G be simple ? 

5. Can a group be simple if it cannot )>e generated by less than 
three independent generators ? 

G. A group G has a finite number of generators^ and the order 
of every element < a finite number r. Is G necessarily finite ? 

7. Can a non-Abelian group have an Abelian group of auto- 
morphisms ? 

8. Can a group of order have a group of automorphisms 
whose order is also a power of jp ? 

9. Can an outer automorphism |>ermute among themselves the 
elements of each conjugate set of elements of a group, or does it 
necessarily permute some of the conjugate sets?t 

10. Find the group of automorphisms of the group in XIV l.§ 
Find also its group-characteristics. 

11. Find a proof of the theorem of XV 6 which does not involve 
the properties of irreducible gi’oups of linear substitutif)ns. 

12. Is it always possible to transform a finite homogeneous 
linear substitution-group into a group in which the coefficients of 
every substitution are rational functions of roots of unity? 

* I am indebted for the majority of these questions to the kindness of 
Prof. \V. Burnside, who is one of the greatest authorities on the subject. 

t See X 63. 

$ For the special case of the group in XI 7 , see Amer, Jovrn, Math, xxv, 
p. 206. 
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Bauer's theorem, 145. 
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Cdnonical Hermitian form, 20. 

Juayley’s colour-groups, 86. 

teentral, 63, 167. 

Centre of symmetry, 42. 

Characteristic equation, 21. 
of a conjugate set, 179. 
s^ies, 165. 

"«->Bubgroup, 139. 

Chief-composition-series, 164. 

Chief-factor-groups, 164. 

Chief-factors, 164. 

Chief-series, 164. 

Circular permutation, 7. 

Class of a group, 167. 
of integral functions, 28. 
of outer automorphisms, 137. 

Cogredient automorphism, 136. 
groups, 167. 

CoTlinear transformation, 44. 

Collineation, 45. 

Colour-groups, 86. 

Commutant, 133. 

Commutative elements, 1. 
group, 51. 

Commutator, 4. 
of a group, 133. 
subgroup, 133. 


subgr 
Complete group, 137. 

Completely reaucible group, 100. 
Component groups, 69. 

Composite group, 63. 


Composition-factor-groups, 158. 
Opposition-factors, 158. 
imposition-series, 158. 

Conformal groups, 55. 

Congruent figures, 39. 

Conjugate complex quantities of 
a Field, 32. 

elements and subgroups, 61. 
substitution, 

Contragredient automorphism, 136. 
Cycle, 8.^*^ 

Cyclic or cyclical group, 60. 

D, d^, 8,„, A, A,„ (point- 
/ groups), 113, 114, 115. 
decomposable groups, 67. 

Definite Hermitian form, 20. 
Degree of a cycle, 8, 
of a permutation, 6. 
of a permutation-group, 79. 
of a substitution, 12. 
of a substitution-group, 98. 
Derived groups, 166. ^ 

Determinant of a substitution, 16. 
Dicyclic group, 150, 170. 

Dihedral group, 113, 11 Oy''^ 

Direct product, 69. 

Distinct representations, 179. 

B, H (point-groups), 113, 115. 
Element, 1. 

Elliptic substitution, 27. 
Enantiomorphous figures, 39. 
Equivalent representations, 179, 
system of points, lines, &c., 109. 
Jailer’s construction, 36. 
dven permutation, 11. 

Extended point-groupjy 114. 

Factor-group, 72; 

Finite group, 51. ^ 

First adjoined group, 135. 
central, 167. 
cogredient, 135. 
derived group, 133. 
Fractionallinear substitution, 26. 
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Fractional linearsubstitution-group, 
98, 107. 

Frobenius' theorem, 75, 156. 

r„. (point-group), 114. 

Galois Field, 29. 

Gauss’ theorem, 187. j 

Geometrical movement, 33. 

representation of a movement, 40. 
General homogeneous linear sub- 
stitution-grou^ 105. 

Generator, 55^^^/^ . 

Generators of an Abelian group, 126.v 
Gliding-reflexion, 38. 

^nomonic i)rojection, 47. 

Greatest common subgroup (G.C.S. ), 

66 . 

Group, 51. 

of automorphisms, 137.v.-^ 
of cogredient isomorphisms, 135. 
of inner automorphisms, 135. 
of isomorj>hisms, 137v..x^ 
of movements, 108. 

Hamiltonian group, 175. 

Hermitian form, 18. 
group, 104, 
invariant, 102. 
substitution, 16. 

Hints for solution of the examples, 
189. 

Holoaxial point-group, 111. 
Holohedral isomorphism, 71. 
Holomorph, 139. 

Homogeneous linear substitution, 
12, 15. 

linear substitution-group, 98. 
Hyperbolic substitution, 27, 
Hypohermitian form, 20. 

Icosahedral group, E, 1^ 

Identical element^.Y/^ 
group, 67. \y^ 

Imprimitive group, 93. 
systems, 93. 

Independent elements, 55. 

Index of a subgroup,^ 

Infinite group, 51.\Jr 
Inner automorphism, 136. 

Integral mark, 29. ^ 

Intransitive group, 79. 

Invariant element, 62. ^ 

of an Abelian group, 127, 130.^ 
of a substitution-^oup, 99. 
subgroup, 63. 


Inverse conjugate sets, 61. v/ 
element, 1. 
representations, 1 79. 

Invei-sion about a point, 33. 
Irreducible group, 100. . ' 
Isomorphism, 70. 

Isomorphisms, group of, 137. V.^ 


Latin square, 82. 

Lattice, 117. 

^oxodromic substitution, 27. 

Marks of a Galois Field, 29. 

Maximum normal subgroup, 158. 

Merohedral isomorphism, 71. 

Metabelian group, 135. 

Metacyclic group, 171. 

Minimum normal subgroup, 162. 

Modular group, 102. 

Monomial substitution, 23. 

Movement, geometrical, 33. 
of the first or second sort, 39. 

Multiple isomorphism, 

Multiplication, 23, 
table of a group, 51. 

Multiply transitive group, 79. 

H-al rotation or rotatory-inversion, 

110 . 

Negative permutation, 11. 

Net, 115. 

Non-perspective collineation of 
order two, 47. 

Normal element, 62. 
fonn of a substitu^on, 26. 
subgroup, 63.v/^ y 

Normaliser of an element^. 
of a subgroup, 65. 

Not-square of a Field, 32. 

O, Q (point-groups), 113, 115. 

Octahedral group, O, 113. 

Odd permutation^ll^s.^^.-'^^ 

Operation, 1. 

Order of a group, 
of an element, 2, 
of an element relative to a group,’ 
51. 

Orthogonal substitution, 16. 

Outer automorphism, 1^. 

Parabolic substitution, 27. 

Partition, 58. 
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I'erfect group, 133. 

Period of a mark, 31. 

Permutable elements, 1. 
clement and group, 6 
groups, 67. 
movements, 38. 

Permutation, 6. v- 
Permutation-group, 79, 

Perspective collineation, 47. 
Point-group, 108. 

Pole of a fractional linear sub- 
stitution, 27. 

of a homogeneous linear substitu- 
tion, 20. 

Positive Hermitian form, 20. 
.permutation, 11. 

*rime-power Abelian group, 180. 
group, 142. 

Primitive group, 93. 
root of congruence, 156, 169. 
root of equation in a Field, 31. 
root of Field, 82. 

Product of elements, 1. 
of movements, 39. ^ 

of permutations, 
of substitutions, 12, 13. 
Projective transformation, 44. 
Pseudo-substitution, 121. 

uadratic group, 113. 
uaternion group, 175. 
uotient'group, 72. 

Rank of hjrpohermitian form, 20. 
Real substitution, 16. ^ 

Reciprocal subgroups, 183.v/^ 
Reducible group, 100. 

Reflexions, product of two, 33. 
Regular permutation, 8. 

Relative invari^t, 
order, 51. 

Representations, 179. 

Residue of a function, 28. 

Resultant of elements, 1. 

of two reflexions, 33. 

Rodrigue's construction, 36. 
Rotation-axis, 42. 
Rotatory-inversion, 37, 41. 
Rotatory-reflexion,37. 


Screw, 38. 

Self-conjugate elen^nt, 62. 
subgroup, 63. ^ 

Self-inverse conjugate sets, 61. 
representation, 179.^ 

Semi-group, 51. 

Series of adjoined groups, 167. 
of derived groups, 166. 

Set of characteristics, 181. 

Similar movements, 41. 
permutations, 8. 

Similarity-substitution, 23. 

Simple group, 63, 107. 
isomorphism, 71. 

Simply transitive group, 79. 

Soluble group, 161. 

Solutions of examples, 189. 

Speciality of a group, 167. 

Square of a Field, 32. 

Stereographic proj^tiom 43. 

Subgroup, 57. 

Substitution, 6, 12. * ^ 

Substitution-gi*oup, 98 

Sylow subgroup, 153. 

Sy low’s theorem, 152. 

Symmetric group, 79. 
substitution, 16. 

Symmetry, 42. 

Symmetry-axis, 42. 

Symmetry -plane, 42. 

T, 0, 0 (point-groups), 113, 114. 

Tetrahedral group, T, 113. 

Transform of an elemrft, 3i 
of a group, 61. ^ 
of a movement, 41. 
of a permutation, 9. ' 
of a substitution, 14. 

Transitive permutation-group, 79 
sets, 91. 

Translation, 33. 

Translation-group, 110. 

Transposed substi|^tion, 

Transposition, 7. 

Type of an Abelian group, 127, 13j 
of any group, 167. 

Unitary substitution, 16. 

Vierergruppe, 113. 
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